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Existence and upper semicontinuity of global attractors for a
p-Laplacian inclusion

Jacson Simsen and Edson N. Neres Junior

ABSTRACT: In this work we study the asymptotic behavior of a p-Laplacian in-
ou
clusion of the form 8—;‘ — div(DVux|P~2Vuy) + [ua|P~2uy € F(uy) + h, where

p>2, h€ L%(Q), with @ C R, n > 1, a bounded smooth domain, D* € L>(Q),
00 > M > DMx) >0 >0ae inQ, A€ [0,00) and D — D> in L®(Q) as
X = A1, F i D(F) C L2(Q) > P(L2(Q)), given by F(y() = {€() € L2() : €(x) €
fly(z)) z-a.e. in Q} with f: R — €y (R) a multivalued Lipschitz map, where C,(R)
is the set of all nonempty, bounded, closed, convex subsets of R. We prove the exis-
tence of a global attractor in L2(2) for each positive finite diffusion coefficient and
we show that the family of attractors behaves upper semicontinuously on positive
finite diffusion parameters.

Key Words: Partial differential inclusions, p-Laplacian, attractors, upper
semicontinuity.
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1. Introduction

Let us consider the problem

A1) — div (D Fun ()P Vun (1)) + fur (0 2un(t) € F(ur()) + b, 1 >0

ux(0) = ug,»,

(1.1)
where p > 2, Q C R", n > 1, is a bounded smooth domain, h,ug \ € H := L?*(),
D* € L®(Q), 00 > M > D*z) > 0 > 0 ae. in Q, A € [0,00) and D* — DM in
L) as A — A1, F: D(F) C L3(2) — P(L?(Q)), given by
F(y(-)) = {£() € L*(9) : &(2) € f(y(x)) z-ae. in Q}
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with f : R = C,(R) a multivalued map, where C,(R) is the set of all nonempty,
bounded, closed, convex subsets of R. Assume that f is Lipschitz, i.e., there exists
C' > 0 such that

distgc(f(z), f(2)) < Cllz — z|| for all z, z € R.

Consequently, the map F(u) + h has values in C,(L?(2)) and is Lipschitz.
The authors in [21] proved that the operator

AP () i= —div(DM VuP"2Vu) + [ulP2u

is maximal monotone in H and is the subdifferential of a proper, convex and lower
A
semicontinuos function " : H — R U {+oc} defined by

1 [ N
x ) - Dz Vupdx—i—/ updx}, ue WhP(Q
e s pr@wrds [ @
400, otherwise
Moreover, it is not difficult to see that there are constants w; = wy(o) > 0,

we = wa(p, M) >0, c; =0 € R and p > 2 such that for all u € E := W1P(Q) the
following two conditions hold:

A
(AP w,u) g p > wr | u |} +c1 (1.2)

and R
—1 —1
AT (| < wo || w || < wa(|l [ +1). (1.3)

As a consequence we can conclude that D(AP*) = H and the operator A” e
@(ADX) C H — H generates a compact semigroup SDA, [7].

During the last ten years, many researches have spent much effort in ob-
taining results on global attractors for p-Laplacian problems (see for example
[1,4,8,6,10,11,12,13,16,18,19,21,22,23,24,25,26,27]). To prove existence of a global
attractor for Partial Differential Inclusions it is necessary to use theory of multival-
ued semigroups or generalized semiflows (see [2,5,17,20]). In this work, in order to
prove existence of a global attractor for problem (1.1) we use the theory developed
in [17].

The paper is organized as follows. In Section 2 we present some preliminaries
results. In Section 3 we prove the existence of the global attractor for the problem
(1.1). Moreover, in Section 4 we obtain H and E estimates for the solutions uy
of the problem (1.1), uniformly on A € [0, 00). Finally, in Section 5 we prove the
upper semicontinuity of the global attractors.

2. A preliminary theory

This section is based on the paper [17], therefore we strongly suggest that the
reader consult the original sources when using the results for further research. We
include them to make this text self-contained.
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Consider the following evolution inclusion

WO ¢ A + Fly). t e 0.7], (2.1)

with the initial condition
y(0) =yo € H. (2.2)
Let us consider the next conditions:

(A) The operator A is maximal monotone in H.

(F1) F: H— C,(H), where C,(H) is the set of all nonempty, bounded, closed
and convex subsets of H.

(F3) The map F is Lipschitz on D(A), i.e., there exists ¢ > 0 such that

distyr (F(y1), F(y2)) < ¢l y1 — y2 ||, for all y1,y2 € D(A),
where distg (-, -) denotes the Hausdorfl metric of bounded sets.

Consider also the next inclusion

dil—(? € A(y(t)) + f(t), t € [0,T], (2.3)

with the initial condition
y(0) =yo € H, (2.4)

where f(-) € LY([0,T]; H) and L'([0,T]; H) is the space of Bochner integrable
functions.

Definition 2.1. [17] The continuous function y : [0, T] — H is called an integral
solution of the problem (2.3), (2.4) if:

i) y(0) = yo;
ii) Vu e D(A), Vv e A(u),

ly() =l < lly(s) — ully +2/ (f(r) +vy(r) —wdr, t =5 (2.5)

Definition 2.2. [1/] The continuous function y : [0,T] — H is called a strong
solution of the problem (2.3), (2.4) if y(0) = yo and y(-) is absolutely continuous
on every compact subsets of (0,T) and satisfies (2.3) almost everywhere on (0,T).

Definition 2.3. [17] The continuous function y : [0, T] — H is called an integral
solution of the problem (2.1), (2.2) if:
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i) y(0) = yo;

1) For some selection f & I, H), f(t) € t)) a.e. on |0, and the
i) F lection f € L([0,T], H), f(t) € F(y(t)) (0,T] and th
inequality (2.5) holds.

Definition 2.4. [1/,21] The continuous function y : [0,T] — H is called a strong
solution of the problem (2.1), (2.2) if there ewists a selection f € L'([0,T], H),
f(t) € F(y(t)) a.e. on [0,T] such thaty : [0,T] — H is a strong solution of the
problem (2.3), (2.4).

Remark 2.5. [3,17] If the condition (A) holds and f € L*([0,T); H), then for ev-
ery yo € D(A), there exists a unique integral solution y(-) of the problem (2.3), (2.4)
for each T > 0. We shall denote y(-) = I(yo)f(+). Moreover, for any integral solu-
tions y;(+) = I(yio) fi(+), i = 1,2, the next inequality holds:

ly(®) = 2D < llya(s) —w2(s)ll + / [f1(7) = fao(T)lldr, t = 5. (2.6)

Let us denote by D(yp) the set of all integral solutions of (2.1) such that y(0) =
Yo-

Lemma 2.6. [17] The multivalued map G : Ry x D(A) — P(D(A)) defined by
G(t,y0) == {y(t) : y(-) € D(yo)} is a multivalued semigroup.

3. Existence of the global attractor

Using the properties on the external forcing term and on the operator we obtain
from Lemma 2.6 the following

Proposition 3.1. The inclusion (1.1) defines a multivalued semigroup (or m-
semiflow) Gx(t,-) : H — P(H) where Gx(t,ug) is the set of all integral solutions
of (1.1) beginning at ug € H valuated at time t.

Let us consider the following condition:

(H) The sets Mg :={u € D(p) : |ullp < K, ¢(u) < K} are compact in H for
any K > 0.

We intend to use the following

Theorem 3.2. [17] Let () be satisfied. Suppose that there exist § > 0, M > 0
such that for every u € D(Dyp) with ||ul] > M and for each y € —dp(u) + F(u)+ h,
we have

(y,u) < 0. (3.1)

Then the multivalued semigroup G has a global attractor R. It is the minimal closed
set attracting each bounded set. It is compact, invariant and maximal among all
negatively semi-invariant bounded subsets in H.
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Now, considering a growth condition on f, we establish the following

Theorem 3.3. If there exist constants My > 0 and ¢y > %+
that for all s € R and for every z € f(s),

1
——— 1 such
Mo|Q+3|R[12

25 < =[5’ —co |s|” + Mo, (3.2)
Y

where vy is the immersion constant of WHP(Q) — LP(Q), then the multivalued
semigroup associated with problem (1.1) has a global attractor Ay. It is the minimal
closed set attracting each bounded set. It is compact, invariant and mazximal among
all negatively semi-invariant bounded subsets in H.

Proof: First, we will to prove that the condition () is satisfied. Indeed, since
E CC H and

A A _
My = {ue D )illulln < K, ”"(u) < K } = Iy,

it is sufficient to show that for each K > 0, My is a bounded set in E. Let be
K >0 and u € Mg. Using (1.2), we have

wr||ul|y < g {/Q D/\(:L') |Vul? do + /Q lul? d:c} :pchA (u) < pK =: K;.

So, Jullg < [5—11]% and the the condition () is satisfied.

Now, we intend to show that the condition (3.1) in Theorem 3.2 is satisfied.
Let u € 'D(ADA) and & € F(u). Then, using Cauchy Schwarz and the hypothesis
(3.2) we get

(=AP"(w) + €+ hou) <

IN

wq
—wlul + | (; u(@)? — eollula) 2 + Mo) da -+ |l o

w1 w1 1 1
*gl\uwﬁp + ;nunip — eollullF + 5||h||?q + §IIUII§1 + Mo ||

1 1
(50 Il + (Malo2 + 510l

Considering M := M, |2 + 3||h||3, > 0 and 6 := (9 — 3) M? — M >0 we have
that

<—ADA(u) +&+ h,u> < -9, forallu € SD(ADA) with [Ju||g > M.

So, condition (3.1) is satisfied and the result follows from Theorem 3.2. O
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4. Uniform Estimates

In this section we obtain H and F estimates for the solutions u)’s of the problem
(1.1), uniformly on A € [0, 00). Since the map f has values in C,(R) it’s easy to see
that there exist Dy, Dy > 0 such that

sup |y| < D1+ Dsls|, for all s € R.
yef(s)

Consequently, there exist ﬁl, D5 > 0 such that

sup  |luall < D1 + Dalluyl|, for all X € [0, 00). (4.1)
vxEF (uy)

By Lemma 1 in [14] each integral solution u) of problem (1.1) is a strong solution of
this problem. Since co > M > D*(z) > o > 0 a.e. in Q, A € [0, 00), working with
selections we can repeat the same arguments used in [21,22] to obtain the desired
estimates. What essentially change is the control on the right hand side, i.e., being
uy a solution of (1.1), then there exists £, € LY(0,T; H), £,(t) € F(ux(t)) t — a.e.
in (0,T) such that

%(t) — div(DM[Vux(t) [P Vux(t)) + [ux(t)[P?ux(t) = 5 () + h.

Multiplying the equation by wuy(t) we control the right hand side using (4.1):
(Ex(®) + hun(t)) < Dallua(®)ll3 + (D + (R ) ua(@®)llar, ¥ X € [0,00).
Thus, we obtain

Lemma 4.1. Ifuy is a solution of (1.1) in (0,00), then there are positive constants
0, to such that |[ux(t)||g < ro, for each t >ty and A € [0, 00).

Remark 4.2. We observe that the constants ro, to in Lemma 4.1 depend neither
on the initial data nor on .

Remark 4.3. For each fized A € [0,00), there exists a positive constant 7o (uo, x, to)
such that ||ux(t)|lm < 7o(uo,x, to), for each t € [0,to] and, for initial conditions in
bounded subsets of H, we have that |[ux(t)||g < 70, for each A € [0,00) and t €
[07 tO] :

Corollary 4.4. There is a bounded set By in H such that Ay C By, V A € [0, 00).

Lemma 4.5. If uy is a solution of (1.1) in (0,00), then there exist positive con-
stants 11 > 0 and t1 > to such that |[ux(t)||g < r1, for each t > t1 and X € [0, 0),
with ty as in the Lemma 4.1.

Remark 4.6. If uy is a solution of (1.1) with initial conditions in bounded subsets
of E, we have that there is a constant r3 > 0 such that |[ux(t)||g < T3, for each A €
[0,00) and t € [0, t1].

As an important consequence of Lemma 4.5 it follows that U)\E[O ) Ay is a
bounded subset of ' and once £ CC H, we can conclude:

Corollary 4.7. A := U/\E[Om) Ay is a compact subset of H.
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5. Upper semicontinuity of the global attractors

In this section we guarantee that {Ax}rc[0,00) IS upper semicontinuous at Ay,
ie.,
dist(Ax,Ax,) = sup dist(ax,Axr,) =0 as A — Aq.

ay€EAN

To accomplish that we appeal to

Theorem 5.1. [15] Let A be a metric space, A\ be a non-isolated point and let
Gy : Ry x X — P(X), XA € A, a family of m-semiflows in the Banach space X
satisfying:

(i) For each A € A, G\ has a compact and invariant global B-attractor Ay and
Usea 4 € B(X);

(ii) The multivalued map X — Gx(t,A), A = U\cp Ar, i w-upper semicontinuous
at A1 for large t, i.e., there exists tg > 0 such that for each t > tg fixed, given
>0, 35> 0 such that G(t,A) C O (G, (t,A)), Y X € Os(\1).

Then dist(Ax, Ax,) = 0, as A = \q.

To prove the next theorem we intend to use Theorem 3.3 in [9]. So, we need
impose one more hypothesis on F'. We suppose that F' is upper w-semicontinuous
on H, ie., for any ¢ > 0 and zy € H, there exists 6 > 0 such that, for any
x € Bs(xp), we have F(z) C B.(F(zo)).

Theorem 5.2. The map A — G (t, A) is w-upper semicontinuous at \y for each
t>0.

Proof: For simplicity, we consider A\; = 0. Suppose, on contrary, that there exists a
number ¢y > 0 such that the map A — G (to, A) is not w-upper semicontinuous at
A1. So, there exists a y-neighborhood O, (Go(to,A)) such that for each n € N there
exists 0 < A\, < 1 and &, € Gy, (to,A) with &, & O,(Go(to,-A)). ( Note that
An = A =0asn — +00 ). Then, §, = ux,(to), ux,(0) € A. It is enough to show
that there is a subsequence {gm} of {£,,} with Ex,, 260 € Go(tog,A), and so we
obtain a contradiction. Indeed, we have that uy, is a solution of (1.1) with uy, (0) €
A. So, there exists fr, € L*(0,T; H), with fy, (t) € F(uy,(t)) + h, a.e. in (0,7T),
and such that uy, is an integral solution over (0,7 of the problem (Py ) below:

ou . _ _
(Py.) 82" — div(D*|Vuy, [P72Vuy, ) + ux, [P 2ux, = fa

in (0,7).

n

We can suppose to € (0,7). As A is compact uy,(0) — ug € A. Let uy, (-) =
I(uo ) fr, () and 2y, (+) = I(uo) fx, (+) be the solution of the problem

0z . _ _
(Py ){ 8? — div(D* |[Vax, [PV 2y, ) + o, P72, = fa,
Ap sU0
zx,, (0) = up.

By (4.1) and Remark 4.3, there exists L > 0 such that || fx,(t) ||z < L for all
t €[0,7], and for all n € N. Let K = {fy,;n € N} and M(K) = {z),;n € N}.
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Once K is a bounded set, it is easy to see it is a uniformly integrable subset. Given
t € (0,7] and h > 0 such that ¢ —h € (0, T}, consider the operator Ty, : M (K)(t) —
H defined by Ty2y, (t) = S*(h)zy, (t — h). By Statement 1 in [21], the operator
Ty : M(K)(t) — H is compact. Then, from Theorem 3.2 in [21], the set M (K)
is relatively compact in C([0, T]; H) and so there exists z € C([0,T]; H) and there
exists a subsequence {zy, (-)} such that z\, — z in C([0,T]; H). As each z), is a
solution of (Pf, .,), then zy, verify

3120 =01 512001 + [ () —m s () =0 61)

for all§ € D(AP™) C WP(Q) C H and g5, = AP™" (6) and for all 0 < s <t < T.
As || fa, (1) |lg< L, for all 0 < 7 < T and for all n € N, we conclude that
there exists a positive constant L such that || Ian z20,m:m) < L for alln € N. As
L?(0,T; H) is a reflexive Banach space there is f € L?(0,7; H) and subsequence,
which we do not relabel, {fy, } such that f, — f in L?(0,T; H). Consequently
fr, — fin LY(0,T; H). Moreover,

sup | ux, (t) —2(t) [u < sup || I(uon,)fx, () = L(uo)fx, (8) [
te[0,T] t€[0,T]

+ sup | 25, (t) = 2(@t) |z
t€[0,T]

A

< |uon, —wuo |l

+ sup || zx, (t) — 2(t) ||z— 0 as n — +oc.
t€[0,T]

Therefore uy, — z in C([0,T]; H). So, from Theorem 3.3 in [9], f(t) € F(2(t))
t-a.e. in [0,T]. Since fy, — fin L?(0,T; H) implies that fy, — f in L%(s,t; H),
V0<s<t<T;and z\, = z in C([0,T]; H) implies that z), — z in C([s,t]; H)
and consequently z), — zin L?(s,t; H), V0 < s <t < T; then

<f)\n - h7 ZAn T 9>L2(s,t;H) — <f - h’a Z = 9>L2(s,t;H)

for all §,h € H. Now, consider 8 € D(AP") ¢ W'P(Q) C H and let be
h:= AP’ () € H. We consider

yn, = AP (@) = —div(D |VO|P~2V0) + (07~ 24.
Note that D(AP™") = D(AP’), ¥V n € N. We already knows by (5.1) that holds

1 — 1 _ t _
31 0=01F < 512, =T1F+ [ ()= heaa, () ~Bhar

+ /t@ — Yx,,2x, (T) — O)dT. (5.2)

Repeating the arguments as in [21], we have

t
/ (E —Yx,» 2, (T) —§>d7' —0
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as n — +o00. So, taking the limit in inequality (5.2) as n — 400, we obtain

3120 =T P< 51260 =T+ [ (70 =Toz(r) = yar

for all § € D(ADU) and h = ADO(a) and for all 0 < s <t < T. So z € Gy
with z(0) = up € A. Then, z(t) € Go(t,A), V¢t > 0. Thus, defining &, = z(to) €
Go(to,A), we obtain

I €x, = €o lla=Ilux, (to) = 2(to) [l < sup_ | ux, (1) = 2(7) |[a— 0 as n — 400,
T7€[0,T

which is a contradiction, and so we conclude that the map
[0,00) 3 A= Gi(t,A)
is w-upper semicontinuous on \; for each ¢ > 0. O

Therefore, the family {Gx}aepo,00) satisfies the condition (44) of the Theorem
5.1. Therefore, using Corollary 4.7, we obtain immediately by Theorem 5.1 the
following result:

Theorem 5.3. The family of global attractors {Ax;\ € [0,00)} of the problem
(1.1) is upper semicontinuous at Ai.

Remark 5.4. All the results in this work can be reproduced in a similar way for
the problem

%(t) — div(DMVux(t)[P~2Vux(t)) € F(ux(t)) + h.
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