SOME SETS OF y?— SUMMABLE SEQUENCES OF FUZZY
NUMBERS DEFINED BY A MODULUS

N. SUBRAMANIAN!

ABSTRACT. In this paper we introduce the x? fuzzy numbers defined by a modulus,
study some of their properties and inclusion results.

This paper is dedicated to my beloved teacher Dr. Professor Umakanta
Misra, Department of Mathematics, Berhampur University,
Berhampur-760 007, Odissa, India, for his sixtith birth anniversary.

1. INTRODUCTION

Throughout w, ¥ and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (x,,,), where m,n € N, the set of

2

positive integers. Then, w~ is a linear space under the coordinatewise addition and

scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [4]. Later
on, they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir
and Solancan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:
M, (t) == {(:z;mn) € W? 1 SUPmneN |xmn|tm" < oo} ,
C, (1) := {(:Umn) € w? : p— liMyn oo | Timn — l\tm" =1 forsomel € (C} ,

Cop (1) == {(Tmn) € W? 1 P — liMum psoo [Tmn| ™ =1},
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L, (t) = {(xmn) cwr: Y 0 S |Z | ™ < oo} ,
Cop (¢) := €, (1) M () and Copy (1) = Cop (1) (N M (2);

where t = (t,,,) is the sequence of strictly positive reals t,,, for all m,n € N and
p — limy, .o denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € N; M, (¢),C, (), Cop (t),Lu (t),Chy(t) and Copp, (t) reduce to the sets
My, Cp, Cop, Loy, Cpp and Cgpp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Colak
[21,22] have proved that M, (t) and €, (t),Cy, (t) are complete paranormed spaces
of double sequences and gave the a—, f—,y— duals of the spaces M, (t) and Cy, ().
Quite recently, in her PhD thesis, Zelter [23] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [24] have recently introduced the statistical con-
vergence and Cauchy for double sequences and given the relation between statistical
convergent and strongly Cesaro summable double sequences. Nextly, Mursaleen [25]
and Mursaleen and Edely [26] have defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem and in-
troduced the M —core for double sequences and determined those four dimensional
matrices transforming every bounded double sequences x = (i) into one whose core
is a subset of the M —core of . More recently, Altay and Feyzi Bagar [27] have defined
the spaces B8, BS (t) , CS,, 8y, €S, and BV of double sequences consisting of all dou-
ble series whose sequence of partial sums are in the spaces M, M, (t) , C,, Cpp, €, and
L, respectively, and also examined some properties of those sequence spaces and de-
termined the a— duals of the spaces BS, BV, C§;, and the § (¢) — duals of the spaces
C8, and C§, of double series. Quite recently Feyzi Bagar and Sever [28] have in-
troduced the Banach space £, of double sequences corresponding to the well-known
space {, of single sequences and examined some properties of the space £,. Quite
recently Subramanian and Misra [29] have studied the space X3, (p,q,u) of double
sequences and gave some inclusion relations.

Spaces of strongly summable sequences were discussed by Kuttner [31], Maddox
[32], and others. The class of sequences which are strongly Cesaro summable with
respect to a modulus was introduced by Maddox [8] as an extension of the definition
of strongly Cesaro summable sequences. Connor [33] further extended this definition

to a definition of strong A— summability with respect to a modulus where A = (a, 1)
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is a nonnegative regular matrix and established some connections between strong A—
summability, strong A— summability with respect to a modulus, and A— statistical
convergence. In [34] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [35]-[38], and [39] the four dimensional matrix transformation
(Az), , = D01 Doty a3 Tmy Was studied extensively by Robison and Hamilton,

We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 <p<1, we have

(1.1) (a+0b)P <a’+ 0P

The double series Y ° | ., is called convergent if and only if the double sequence

(8mn) is convergent, where s, = > ", ;5(m,n € N) (see[l]).

1/m+n

A sequence T = (x,,,)is said to be double analytic if supm, |Tmn| < oo. The

vector space of all double analytic sequences will be denoted by A2. A sequence

)1/m+n

T = (Tyy) is called double gai sequence if ((m + n)! || — 0 as m,n — oo.

The double gai sequences will be denoted by x?. Let ¢ = {all finitesequences} .

Consider a double sequence # = (z;;). The (m,n)™ section x™" of the sequence

is defined by zl™" = iim0TijSi; for all m,n € N; where Sy; denotes the double
sequence whose only non zero term is a ﬁ in the (z’,j)th place for each 7, j € N.

An FK-space(or a metric space) X is said to have AK property if (3,,,) is a Schauder
basis for X. Or equivalently zI™" — x.

An FDK-space is a double sequence space endowed with a complete metrizable; lo-
cally convex topology under which the coordinate mappings z = (xx) — () (m,n €
N) are also continuous.

The notion of difference sequence spaces (for single sequences) was introduced by

Kizmaz [30] as follows
Z(A)={z = () ew: (Axy) € Z}
for Z = ¢, ¢y and {,, where Axy = xp — xp, for all k € N.

Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued single

sequences respectively. The difference space bv, of the classical space ¢, is introduced
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and studied in the case 1 < p < oo by Feyzi Bagar and Altay in [42] and in the case
0 < p < 1 by Altay and Feyzi Bagar in [43]. The spaces ¢ (A), ¢y (A), ls (A) and bu,

are Banach spaces normed by
lll = [21] + suppz1 [Azy] and [z, = (52, |24”) 7, (1 < p < 00) .

Later on the notion was further investigated by many others. We now introduce the

following difference double sequence spaces defined by
Z(A) ={x = () € W : (Azypy) € Z}
where Z = A27 X2 and A:L‘mn = (:L‘mn - xmn—i—l) - (xm—&—ln - xm—i—ln—&-l) = Tmn — Tmnt+1 —

Tmain + Tmains for all myn € N

2. DEFINITIONS AND PRELIMINARIES

Throughout a double sequence is denoted by (X,,,) , a double infinite array of fuzzy
real numbers.
Let D denote the set of all closed and bounded intervals X = [aj, as] on the real
line R. For X = [aj,as] € D and Y = [by, bo] € D, define
d(X,Y) =maz (|a; — by|, |ag — ba))
It is known that (D, d) is a complete metric space.
A fuzzy real number X is a fuzzy set on R, that is, a mapping X : R — I (= [0, 1])

associating each real number t with its grade of membership X (7).
The a— level set [X]*, of the fuzzy real number X, for 0 < a < 1; is defined by
(X]*={teR: X (t) >a}.
The 0— level set is th closure of the strong 0— cut that is, cl {t € R: X (¢) > 0}.

A fuzzy real number X is called convex if X (t) > X (s)AX (r) = min{X (s), X (1)},
where s < t < r. If there exists ¢ty € R such that X (¢y) = 1 then, the fuzzy real num-
ber X is called normal.

A fuzzy real number X is said to be upper-semi continuous if, for each ¢ >
0, X 1([0,a + ¢)) is open in the usual topology of R for all a € I.

The set of all upper-semi continuous, normal, convex fuzzy real numbers is denoted
by L (R).

The absolute value, | X| of X € L (R) is defined by

- fpeOx o e
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Let d: L(R) x L(R) — R be defined by

d(X.Y) = supo<a<id ([X]", [Y]").
Then, d defines a metric on L (R) and it is well-known that (L (R),d) is a complete
metric space.
A sequence (X,,,) C L (R) is said to be null if d (X,,,,0) = 0.
A double sequence (X,,,,) of fuzzy real numbers is said to be chi in Pringsheim’s
sense to a fuzzy number 0 if [im,, oo ((M + n)!an)l/m+" =0.
A double sequence (X,,,) is said to chi regularly if it converges in the Prinsheim’s

sense and the following limts zero:
lim, o0 (M + n)!an)l/m+" = 0 for each n € N,

and

1/m+n

limp oo (M 4+ 1)1 X 00) = 0 for each m € N.

A fuzzy real-valued double sequence space ET is said to be solid if (Y,,,) € EF
whenever (X,,,) € EF and |Y,,,| < | X,/ for all m,n € N.

Let K = {(m;,n;):i €N;my <mg <mg---andn; <ng <nzg<---} C NxN
and EF be a double sequence space. A K—step space of Ef is a sequence space
Mg = {(Xongn,) € W2 (X)) € BV}

A canonical pre-image of a sequence (X,,,,,) € E¥ is a sequence (Y,,,) defined as
follows:

v _ {an, if (m,n) € K,
" 0, otherwise .
A canonical pre-image of a step space M\ is a set of canonical pre-images of all
elements in \£.

A sequence set Ef is said to be monotone if Ef' contains the canonical pre-images
of all its step spaces.

A sequence set EF is said to be symmetric if <Xﬂ(m),ﬂ<n)> € EY whenever (Xomn) €
EF, where 7 is a permutation of N.

A fuzzy real-valued sequence set E' is said to be convergent free if (Y;,,) € EF
whenever (X,,,) € EF and X,,, = 0 implies Y,,,,, = 0.

We define the following classes of sequences:

A%F = {(an> L SUPmn S (J (X%TZM",())) < 00, Xun € L (R)} .
xj = {(an> Moo f (J (((m ) X ) ())) = O} .



6 N. SUBRAMANIAN

Also, we define the classes of sequences X?F " as follows :

A sequence (Xpn) € X7 T (L) € x7" and the following limits hold
LMy —soo f (cz (((m + n)!an)l/m+" , 0)) = 0 for each n € N.

limp oo f <ci(((m ) X ) (_)>> = 0 for each m € N.

2.1. Definition. A modulus function was introduced by Nakano [12]. We recall that
a modulus f is a function from [0,00) — [0, 00), such that

(1) f(x) =01if and only if x =0

2) fle+y) < f(z)+ f(y), forallz >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f (z) — f (y)| < f(|x —y]|), it follows

from here that f is continuous on [0, 00) .

3. MAIN RESULTS

— Pmn
3.1. Thoerem. Let N; = min {ng L SUPmnsno | (d (((m + ) (Xppn — Ymn))l/m+" : O)) < oo}
Ny = min{ng : Supmn>nePmn < 00} and N = max (N1, Na) .

i) v2F" is not a paranormed space with
X7 p p

B0 g (0) =ty s (1 (o m)H (X = Vo) 0))

if and only if p > 0, where p = limy_00in frnn>N Pmn and M = maz (1, suppn>nPon)
(ii) X?ch is complete with the paranorm (3.1).

Proof: (i) Necesity: Let X?«f " be a paranormed space with (3.1) and suppose that
i =20.Then o = infrn>nFmnn =0 for all N € N and

g AX) = limy_eoSUpmpsn [N/ =1 for all A € (0,1], where X = (a) € X?{R
whence A — 0 does not imply AX — 6, when X is fixed. But this contradicts to (3.1)
to be a paranorm.

Sufficiency: Let x> 0. It is trivial that ¢ () = 0,9 (—X) = g (X) and

g (X +Y,0) < g(X,0)+ g(Y,0). Since u > 0 there exists a positive number 3 such
that P,,, > [ for sufficiently large positive integer m,n. Hence for any A € C, we
may write |A\|""" < max <|)\]M AP ) for suffciently large positive integers m,n > N.
Therefore, we obtain g (AX,0) < max <|)\| : |)\|’B/M> g (X) . Using this, one can prove

that AX — 0, whenever X is fixed and A =+ 0or A = 0 and X — 6, or X is fixed and
X — 0.
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Because a paranormed space is a vector space. Xfcf " is a set of sequences of fuzzy
numbers. But the set w' = {(X,,,,) : Xpnn € L (R)} of all sequences of fuzzy numbers
is not a vector space. That is why, in order to say that Xfcf " is a vector subspace (that
is a sequence space) it is not sufficient to show that Xfcf " is closed under addition and

. R .
F'is not a vector space, then Xfcf 1Isnot a

scalar multiplication. Consequently since w
vector subspace so that not a sequence space. Therefore it can not be a paranormed

space.
Proof: (ii) Let (X**) be a Cauchy sequence in X?{R, where Xk = (X¥

m”>m,n6N :
Then for every € > 0 (0 < € < 1) there exists a positive integer sy such that

(3.2)
g (XM — XY = limy o SUPmn> N f <J (((m +n)! (XEE — Xﬁn))l/mM , 0))Pmn/M <

for all k,¢,r,t > so.

[NRNe

By (3.2) there exists a positive integer ng such that

_ i N\ Prn/M

3.3 suppmon f (d (((m +n)! (XE — xrt )™ g <<

= mn mn 2
for all k,¢,r,t > sq and for N > ngy. Hence we obtain

7 m+n = Pn /M
(3.4) 7 (@ ((Om+m)! (ke = x220)™ " 0) ) <5<l
so that
(3.5)

7 (om0t = 00)7.8)) < 7 (2 (oo Ot = 580) 7))

for all k£, 0, r,t > sy. This implies that <X7lffn>keeN

fixed m,n > ng. Hence the sequence <X§fn> peen 18 convergent to Xon say,

is a Cauchy sequence in C for each

(3.6) limkgﬁoonrfn = X,un foreach fixedm,n > ng.
Getting X,,,,, we define X = (X,,,). From (3.2)we obtain
(3.7)
_ ot N\ Prn/M
g <XM — X)) = limN oo SUDmn>N | <d (((m +n)! (Xffn - an))l/ " ,O)) < %
as r,t — oo, for all k, £, r,t > sq. by (3.6). This implies that lim_. X* = X.
Now we show that X = (X,,,) € X?ER. Since X* € X}fR for each (k,1) € N x N for

every € > 0(0 < € < 1) there exists a positive integer ny € N such that

- Pon /M
(3.8) f (d <((m - n)!an)l/m+n,0>) < gforeverym,n > ny.

NN e
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By (3.6),(3.7) and (1.1) we obtainp .y .
7 (@ (0 + ) (X)) 0)) "M (@ (((m+m (xhe)) ™" 0)) o
(o (08, = 2n)) V7 0)) ™ < 5 g = tor > )

and m,n > max (ng,ny) . This implies that X € Xfch.

3.2. Proposition. The class of sequences A?F is symmetric but the classes of se-
2F and +2F" ;

quences x7 and xj = are not sysmmetric.

Proof: Obviously the class of sequences A?F is symmetric. For the other classes of

sequences consider the following example

Example: Consider the class of sequences X?F . Let f(X) = X and consider the

sequence (X,,,) be defined by
( (_t+1)l+n

e for t = —1,

Xin (t) = (t(_li);;n, for t =1,
L0, otherwise .

and for m > 1,
( (t+2)m+n f t = 2
Ty fort==2,
m—+n

an (t) = (_(tn_1+)n)!’ fOI"t: —1,
L0, otherwise .

Let (Y,n) be a rearrangement of (X,,,) defined by

(_8:;!2”, for t = —1,
Yon (t) = %, fort =1,
0, otherwise .
and for m # n,
—(t(;i)r:;n, for t = —2,
Yo () = %, for t = —1,
0, otherwise .

Then, (X,m,) € X?F but (Y.) ¢ X%F . Hence, X?;F is not symmetric. Similarly other

sequence also not symmetric.

3.3. Proposition. The classes of sequences A", x7" and x3" " are solid.
Proof: Consider the class of sequences x5 Let (X,n,,) and (Y;n,) € X3 be such that
d (((m £ ) Yy )0 (_)> <d (((m ) X ) ()) . As f is non-decreasing, we

have
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L soo f (CZ (((m ) Y)Y o)) < iMoo f (CZ (<<m ) X ) o))
Hence, the class of sequence X?F is solid. Simlarly it can be shown that the other

classes of sequences are also solid.

3.4. Proposition. The classes of sequences x5 and x3" " are not monotone and
hence not solid.

Proof: The result follows from the following example.

Example: Consider the class of sequences 7" and f (X) = X. Let J = {(m,n) : m > n} C
N x N. Let (X,,,,) be defined by

(t+3)m+n
(m+(n)!)’+ oy for —3<t< —2,
— mt)" " 3m)" " 1
an (t) - ngil)m-ﬁ-n(m‘i»n)! + (3m71)m+n(m+n)!7 fOl" - 2 S t S —]_ —I— E’
0, otherwise .

for all m,n € N.
Then (Xym) € X3 Let (Yiun) be the canonical pre-image of (X,,); for the subse-
quence J of N x N. Then

v _ Xonn, for (m,n) € J,
0, otherwise .

Then, (Yinn) ¢ X7 Hence x3" is not monotone. Similarly, it can be shown that the
other classes of sequences are also not monotone. Hence, the classes of sequences X?F

and x 3" ™ are not solid.

.- F
3.5. Proposition. (i) Xfl ﬂxf2 C Xf1+f27 (ii) Xf ﬂX " fcl+f2
Proof: It is easy, so omitted.

3.6. Prop051t10n Let f and fi be two modulus functions, then, (i) x7" € x5,
(11>Xf1 < Xf0f1 (Hl)A%F A?cffl
Proof: We prove the result for the case 3" C x75; , the other cases similar. Let

€ > 0 be given. As f is continuous and non-decreasing, so there exists n > 0, such
that f (1) = e. Let (Xyn) € X3 Then, there exist mg,no € N, such that

fi (J(((m + ) X ) 6)) < n, for all m > mg,n > ny,

= fofi (J (((m + n)!an)l/m+n,(j>> < ¢, for all m > mgy,n > ny.

Hence, (Xon) € X7hp,- Thus, x5 C X35,
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3.7. Proposition. (i) x7" € A" (i) x7" " c A3F. The inclusion are strict.
Proof: The inclusion (i) x7" € A3 (i) x7" e A3F is obvious. For establishing that
the inclusions are proper, consider the following example.

Example: We prove the result for the case X?F C A?F , the other case similar. Let
f(X) = X. Let the sequence (X,,,) be defined by for m > n,

(mt—m—1)"T"(m—1)"("+n)

(m+n)! ) for 1+ % <t< 27
Xonn (t) = § &0 for 2 < ¢ <3,
0, otherwise .

and for m <n

mt—1)"F" (m— —(m+n)

— ?m(—i-n)!l) - , for % <t<l,
KXo () = % for 1 <t <2,

0, otherwise .

Then, (Xpn) € A7 but (Xp,) ¢ x5

3.8. Proposition. The classes of sequences A?F , X?F and XffF " are not convergent
free.

Proof: The result follows from the following example.

Example: Consider the classes of sequences X?CF . Let f(X) = X and consider the
sequence (X,,) defined by ((1 + n)!X1,)*™ =0, and for other values,

1m+n

T for 0 <t <1,
X (8) = § )T o ) ey gy ] < p <24 L
0, otherwise .
Let the sequence (Y,,,) be defined by ((1 + n)!Yln)l/H" =0, and for other values,
%, for 0 <t <1,
Yoon (t) = (m_t)wr(:rff&l)i(mﬂ), for 1 <t <m,
0, otherwise .

Then, (X)) € x3° but (Vo) ¢ x5 Hence, the clases of sequences x3" is not

convergent free. Simlarly, the other spaces are also ot convergent free.
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