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Infinitely many solutions for a nonlinear Navier boundary systems
involving (p(x), ¢(x))-biharmonic

Mostafa Allaoui, Abdel Rachid El Amrouss, Anass Ourraoui
ABSTRACT: In this article, we study the following (p(x), ¢(z))-biharmonic type
system

A(|Au|p(x)_2Au) = AFy(z,u,v) in Q,
A(|Av|1®) =2 Ap) = AFy(z,u,v) in Q,
u=v=Au=Av=0 on 9.

We prove the existence of infinitely many solutions of the problem by applying a
general variational principle due to B. Ricceri and the theory of the variable exponent
Sobolev spaces.
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1. Introduction

The study of differential equations and variational problems with variable ex-
ponents has attracted intense research interests in recent years. Such problems
arise from the study of electrorheological fluids, image processing, and the theory
of nonlinear elasticity (see [15,20] ). In this paper, we consider the existence of
solutions for the following system

A(|Au|p(z)_2Au) = AF,(z,u,v) in Q,
A(|Av|" P2 Av) = AF, (2, u,v) in €, (1.1)
u=v=Au=Av=0 on 0,
where () is an open bounded subset of RY (N > 2), with smooth boundary 9%,

A € (0,00) and p, ¢ € C(Q) with % <p~ =inf gp(z) < pt = sup,qp(r) <
too, ¥ < ¢ = inf__5q(x) < ¢t :=sup,gq(zr) < +o0. F: QA xR* - Risa
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function such that F(.,s,t) is continuous in Q, for all (s,t) € R? and F(z,.,.) is
C' in R? for every = € Q, and supys<g.¢|<a) (|Fu(.,s,t)| + |FU(.,s,t)|) € LY(Q)
for all # > 0, with F,, F,, denote the partial derivatives of F', with respect to u, v
respectively.

There are many works devoted to the existence of solutions for variable exponent
problems, both on bounded domain and unbounded domain, we refer to [1,4,7,19]
as examples. For existence results on elliptic systems, we refer to [8,16,18].

The investigation of existence and multiplicity of solutions for problems in-
volving biharmonic, p-biharmonic and p(x)-biharmonic operators has drawn the
attention of many authors, see [2,3,5,6,11] and references therein. Candito and
Livrea [5] considered the nonlinear elliptic Navier boundary-value problem

A(|AulP72Au) = Af(z,u) in Q,

(1.2)
u=Au=0 on ON.

There the authors established the existence of infinitely many solutions.

In the present paper, we look for the existence of infinitely many solutions of
system (1.1). More precisely, we will prove the existence of well precise intervals
of parameters such that problem (1.1) admits either an unbounded sequence of
solutions provided that F(z,u,v) has a suitable behaviour at infinity or a sequence
of nontrivial solutions converging to zero if a similar behaviour occurs at zero.

In the case when p(x) = p and ¢(z) = ¢ are two constants, we know that the
problem (1.1) has infinitely many solutions from [12]. Here we point out that
the p(x)-biharmonic operator possesses more complicated nonlinearities than p-
biharmonic, for example, it is inhomogeneous and usually it does not have the so-
called first eigenvalue, since the infimum of its principle eigenvalue is zero.

This article is organized as follows. In Section 2, we introduce the generalized
Lebesgue-Sobolev spaces and some important related results. In section 3, we give
the main results of this paper. In section 4, we use the general variational principle
by B. Ricceri to prove the main results.

2. Preliminaries

To study p(z)-Laplacian problems, we need some results on the spaces LP(*) (),
WHP@)(Q) and properties of p(z)-Laplacian used later.
Define the generalized Lebesgue space by

LP(I)(Q) = {u :  — R measurable and / |u(z)|p(z)dz < oo},
Q

where p € C4(Q) and

Ci(Q):={peC@):px) >1 VaecQ}.
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Denote

pt =maxp(z), p~ =minp(z).
e e

One introduces in LP(*)(2) the norm

fulyey = inf {A > 0 /| Jp@ge < 1}.

The space (LP(*)(Q), ) is a Banach space.

|-lp(a)

Proposition 2.1 ([10]). The space (LP™) (), |.|p(x)) is separable, uniformly convex
and its conjugate space is LI (Q) where q(x) is the conjugate function of p(x), i.e

m m:l, Vx € Q.

For v € LP®)(Q) and v € L™ (Q) we have

1 1
|/u($)v($)d$| < (== + =) ulp(o) o]g(a)
0 g

The Sobolev space with variable exponents W#?(#)(Q) is defined as
WHEPE (Q) = {u € LP®)(Q) : D*u € LP(Q), || < Kk},

where D% = ol ~u (the derivation in distributional sense) with a =

0z 1 0x52 .. 0xY
(a1,...,an) is a multi-index and |o| = vazl ;. The space W*P@)(Q), equipped

with the norm
[ulk @) = D 1Dy,
la|<k

also becomes a Banach, separable and reflexive space. For more details, we refer
the reader to [9,10,13].
We denote by Wi P (Q) the closure of Cg°(€) in WHr(®)(Q).

In this paper, we shall look for weak solutions of problem (1.1) in the space X
defined by

W2,p(z) ﬂ Wl P(I) W2,q(m) ﬂ Wl Q(I)
which is separable and reflexive Banach spaces with the norm

[[(w; 0)l| = lullpe) + [0l g();

where [|.|[pz) (resp. ||.|[q(z)) is the norm of
WP () YWy P (Q) (resp. W) () Wy (),

[ullp(e) = inf{o >0 /(| =[Pl +| = [ 4 I—I’”(I))dw <1}
Q
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and
[ullg(z) = inf{o > 0: / (=2 4 | e 4 |—|q<w>>dz <1},
Q

According to [17], the norm |[.|5 ;) is equivalent to the norm |A.|,,) in the space
W2r)(Q) ﬂWOl’p(z)(Q). Consequently, the norms |.|3 (), |A.]p@) and |||y are
equivalent.

The following proposition will plays an important role in our arguments.

Proposition 2.2. The embedding X — C(Q)xC(Q) is compact whenever p~ > &
and ¢~ > % So there is a constant K > 0 such that

max|u(z)|
K = max{ sup L,
weW2:p(@) (QNWEP@ ()\{0} [[ellpa)
max|v(z)|
sup L} < oo. (2.1)

veEW2a(®) (Q)NW 1) ()\{0} [0llg(z)

Proof: Tt is well known that X < W?2P®)(Q) x W24@)(Q) and W2PE)(Q) x

W24@)(Q) < WP (Q) x W24 (Q) are all continuous embedding. And the em-

bedding W2 (Q) x W4 (Q) — C(Q) x C(Q) is compact when p~ > % and

q- > % So we get, the embedding X — C(Q2) x C(Q) is compact when p~ > %
and ¢~ > % O

Using the similar proof method with [9], we have the following result.

Proposition 2.3. Let I(u) = [, | Au [P®) dz , for u € W3PE)/(Q QN WP (@)
we have

1. For u#0, |lullpw) =B 1(3) =1;

2. Jullpy < U(=1,>1) & I(u) <1(=1,>1);

.
8. Nullpay < 1= Jull?y) < I(u) < llull%,):

b Mullpay = 1= Jully ) < I(u) < HUHP(E),

p(z) =
5. 1Moo [k |lp(z) = 0 € limp—s oo I (ug) = 0;
6. limg— 400 ||Uk||p(ac) = 400 & limg 4 o0 I(ug) = +00.

Let us recall for the reader’s convenience a smooth version of a previous result
of Ricceri [14].
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Proposition 2.4. [1/] Let X be a reflexive real Banach space, let &, ¥ : X — R
be two Gadteaux differentiable functionals such that ® is sequentially weakly lower
semicontinuous and coercive and ¥ is sequentially weakly upper semicontinuous.
For every r > infx @, let us put

(Supue<l>*1(]—oo,r[) \I](U)) B \I](u)

= inf
P = it 0 r—®(u)
and
v i= 17}1’—I>1-‘,1-20f 90(7"); 6= T—}%Hllfi(n‘gfr (10(74)

Then, one has

(a) for every r > infx ® and every \ €]0, ﬁ[, the restriction of the functional
In=® - \V to (] — 0o, r|) admits a global minimum, which is a critical point
(local minimum) of I in X.

(b) If v < 400 then, for each X €]0, %[, the following alternative holds: either

(b1) I possesses a global minimum,or

(b2) there is a sequence (u,) of critical points (local minima) of I such that
limy, 400 P(uy) = +00.

(¢) If § < +oo then, for each A €]0, 5[, the following alternative holds: either
(c1) there is a global minimum of ® which is a local minimum of Iy,or

(c2) there is a sequence of pairwise distinct critical points (local minima) of I
which weakly converges to global minimum of ®.

For each(u,v) € X, we define

1 1
v = [ Lo [ s
(wo)= | p@ol et

Then, the operator L := ®' : X — X*, where X* is the dual space of X, defined
by
L, 0)(p.0) = [ 182 Aubpde + [ |Aoft® 2 M0dvde ¥ip.0) € X,
Q Q

(2.2)
satisfies the assertions of the following proposition.

Proposition 2.5. (see [4]).

1. L s continuous, bounded and strictly monotone.

2. L is of (Sy) type.
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3. Main results

Fix zg € Q and pick Rs > R; > 0 such that B(xg, R2) C Q. Set

Ly _ F(1+N!2) . (Rg—R%)p* 1
(B ((p+)/e” + (gh)V/am))mintema}eN/2 X 2N RY — RY’ (3.1)
Lo e Lt/ .\ L
(K ((pT)Y/P~ + (g+)1/a~))min{p™.a~ } 7 N/2 2N RY — RY

where I denotes the Gamma function and K is given by (2.1).

Definition 3.1. We say that (u,v) € X is a weak solution of problem (1.1) if
/ |AuP® =2 Aulgp dx —|—/ |Av|1®) =2 Av Ay dx
Q Q

- )\/ F,(z,u,v)pdx — )\/ Fy(z,u,v) de =0,
Q Q
for all (p,¢) € X.
Define the functional Jy : X — R, by
Ix(u,v) = ®(u,v) — AU (u,v),

for all (u,v) € X, where

1 1
D(u,v) = / —|Au|p(z)dac+/ —— A" @ dz and  W(u,v) = [ F(z,u,v)dz.
a p(z) a q(x) Q

The functionals &, ¥ : X — R are well defined, Gateaux differentiable functionals
whose Gateaux derivatives at (u,v) € X are given by

(@' (u,0), (¢, ) = / | AuP) 2 AuApdr + / | Av|®) 72 AvAyda,
Q Q
(W(w0), () = [ Fulwuvlpdo+ [ Flouo)ids,
Q Q
for all (¢, v) € X.
In view of (2.2) and proposition 2.5, we see that ® € C'(X,R) and (u,v) € X

is a weak solution of (1.1) if and only if (u,v) is a critical point of the functional .Jy.

Since X is compactly embedded in C(Q) x C(Q), we can see that ®, ¥ : X — R
are sequentially weakly lower semi-continuous. Moreover ® is coercive.

Our main results are the following two theorems.
Theorem 3.2. Assume that

(i1) F(z,s,t) >0 for every (z,s,t) € Q x [0, +00)?;
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(i2) There exist zp € 2, 0 < Ry < Ry as considered in (3.1) such that, if we put

o Josupp < Fla, s, t)da . J5(e0ry) Fla s, t)da
« := liminf (= a") , B :=limsup = - ,
b—r+00 pminip~,q s, t—r400 ELARST A
P q
one has
a < LB, (3.2)

where L := min{ L+, L+ }.

Then, for every
1

11
ren= (K((pH)vr + (q+)1/q7))mi“{p7’q7}]L_ﬂ’ E[

problem (1.1) admits an unbounded sequence of weak solutions.
Theorem 3.3. Assume that (i1) holds and
(i8) F(x,0,0) =0 for every x € Q.
(i4) There exist xo € 2, 0 < Ry < Ra as considered in (3.1) such that, if we put

a® := lim inf JoSuPpi i< F(2: 3, D)o 80 .= lim sup By F@ s t)da
b—0+ pmin{p~,q~} ’ 5,t—0F g + i ’
P q
one has
a® < L% (3.3)
where L := min{L,+, L+ }.
Then, for every
1 1 1

AN R Gr T + ey £
problem (1.1) admits a sequence (uy) of weak solutions such that w, — 0.
4. Proofs of main results
Proof: [Proof of Theorem 3.2] To apply proposition 2.4, we set

(Sup(u,v)elb*l(]—oo,r[) W (u, U)) — ¥(w, 2)
r—®(w,z2)

o(r) ==

= in
(w,z)€P~1(]—o00,r)
Note that ®(0,0) = 0, and by (il), ¥(0,0) > 0. Therefore, for every r > 0,

(Sup(u,v)e<l>*1(]—oo,r[) \Il(uv U)) - \Il(wa Z)
r—®(w, z)

r) = inf
(P( ) (w,z)€P~1(]—00,r)

(4.1)

) U(u,
< SUD (y,0)e®—1(]—o0,r]) (u, v)
r
SUD (1) <1 Joo F (0,4, v)d
r
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Let (b,) a sequence of positive numbers such that lim,_, 4 b, = +00 and

Jo SUD s 11t 1<b,, F (2,8, t)dx

lim — =a < +o0.
n—+oo bﬁm{P N
Put
N ( bn )min{}’*vq*}
ONK((ph)Ve 4 (gh) V) '

Let (u,v) € ®~ (] — 00, 7,[), so we have

1 1
/—|Au|p(z)dx+/ —— A" < 1y,
o p(x) aq(x)

then ) )
— | |AulP@dz + —/ A" @ dz < 1y,
pt /Q| | qt Q| |

so, by proposition 2.3, we have

1 . + - 1 + -
- min{ [l [l + = ming ol [ b <o

thus

1 +
; P
= mln{Hqu(m)’ qt a(z)’

+
g(z) < Tn, SO ||u||p(z) < (p+rn)
Z(m) < Tn, 8O ”u”p(m) < (errn)p
Hence, for n large enough (r, > 1),

When [|ul[pz) < 1, we have p%HuH

R

When [[ul[ ) > 1, we have p%HuH

1

ullpy < (pFra)?

1

and ”qu(z) < (quTn)q

Using (2.1) and (4.3), we obtain, for all 2z € Q

1

u(z)] < K(pTrn)?

1

and  [o(a)] < K(q*r)7
Therefore, for n large enough (r,, > 1),

a -

lu(@)] + |v(@)| < K((pT)7~ + (¢F)a )ra™" ) = b,
Then
SUP{ (u,0)e X :|u(z)|+|v(2)|<bn,V z€Q} fsz F(z,u,v)dx
b )min{piq*}

(RGm7 7

(K@ +(@h)))

IN

bfin{’f 47}

1 . +
Jull?} < 7n and — ming o2, olZ,} < ra.

min{p™,a"} [o, SUP|g 11t <p, F (2,8, 1)dx

(4.2)

(4.3)
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Let

~ = liminf ¢(7).

r—400

It follows from (4.2) and (4.4) that

~v < liminf ¢(ry,)

n—-+o0o

< (K(@HY7 +(@)M")

)min{p’ytf} lim fQ Sup\s|+\t|<bn F(.’L', S, t)
n—-+oo bgin{p*,q*}

(4.5)

- — \min{p~,q7}
= a (K" + (")) < +oc.

From (4.5), it is clear that A C]0, 1].
v

For A\ € A, we claim that the functional Jy is unbounded from below. Indeed,
i 1 +y1/p” +)1/q” mintpa ) i
since ¢ < (K((p ) + (¢7) )) LB, we can consider a sequence

(n,,) of positive numbers and § > 0 such that lim,, 4 7,, = 400 and

1 - Cmin{p a7} [0 gy F(@0,,m,)de
T << (K@ +@)Y)) A T (46)
A L/ A
P a
Now we consider the function wu,, defined by
0, S Q\B(zo,RQ),
Un () = < Ny x € B(xo, R1), (4.7)
ﬁul' — $0|2 — R%), xr e B(wo,RQ)\B(.To,Rl),
then (un,un) € X and
8un(x) . 0, T e (Q\B(l‘o, Rg)) UB(.To, Rl),
u; 772 (v — 20), @ € B(wo, R2)\B(zo, Ry),
82un(a:) o 0, S (Q\B(SC(), RQ)) UB(SC(), Rl),
8:0? %, €T GB(.TO,RQ)\B(ZCO,Rl),
i 0*u,(z) [0, z € (N\B(zo, Rs)) U B(xo, Ry), 48)
£ Oa? g, @ € Blwo, Re)\B(wo, Bu). '
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Then, for n large enough

1 1
D(un, un) < — / |Aun|p(m)d$+—,/ | Ay |1 da
b Ja qa Ja

1 1
<L PP+ = Al d
D JB(zo,R2)\B(xo,R1) 9 JB(zo,R2)\B(xo,R1)
< W% ( 2N77n )p+(RN *RN)
Tp T+ 5 RI-RY T
N
2 2N, \at N N
+ Ry, — R
o o)
1 ( 7751+ 77(711+ )
(I () (g )T L Ly
(4.9)
By (il1), we have
Q B(xzo,R1)

Combining (4.6), (4.9) and (4.10), we obtain

J/\(un; un) = (I)(Unaun) - )\\I](Unaun)

+ +
1 n, U

< ——
< i + @y Ly L
B(Io,Rl)
- ! (A (4.11)
= L(K((p+)1/p7 +(q+)1/q—))min{:niq*} P q
- )‘/ F(‘Tannann)d‘r
B(Io,R1)
. 1-X) (B,
)P g (g+) ey g
L (K((pH)YVe™ +(g+)V17))

for n large enough, so
lim Ty (up,u,) = —o0,
n—-+o0o
and hence the claim follows.
The alternative of proposition 2.4 case (b) assures the existence of unbounded
sequence (u,) of critical points of the functional Jy and the proof of Theorem 3.2
is complete. O
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Proof: [Proof of Theorem 3.3] First, note that
min® = (0,0) = 0. (4.12)

Let (b,) be a sequence of positive numbers such that b, — 07 and

lim Jo 5P s 4oy <v, F (@, 5, t)da

_ .0
n—-+oo bglin{Pﬂqf} =" <+, (413)

Put

Tn =

bn min{p~,q" }
(K((Iﬁ)l/”’ + (q+)1/q’))
It follows from (4.1) and (4.13) that

, 0 :=liminf p(r).

r—0+

0 < liminf @(ry,)
n—

+oo
- _ \min{p~,q"} f sup b Fx,s,t)
< +\1/p +\1/q : Q 2 Pls|+[t][<bn
< (K" + (")) lim ol (4.14)
_ _ min{p~,q" }
— ol (K((er)l/P + (qu)l/q )) b < 400.

By (4.14), we see that A CJ0, .
Now, for A € A, we claim that J) has not a local minimum at zero. Indeed,

. . ~ \min{p~ ¢}
since 1 < (K((p")"/7" + (¢")/1))
(n,,) of positive numbers and § > 0 such that n,, — 07 and

LB°, we can consider a sequence

min{p~,q" } fB(mo,Pq) F(‘Tannann)d‘r

1 _ _
T <8< L(K(@HY + (@)Y i, (4.15)
)\ i_,_n%

p q-

for n large enough. Let (u,) be the sequence defined in (4.7). By combining (4.9),
(4.10) and (4.15), and taking into account (i3), we have

J/\(un; un) = (I)(Unaun) - )\\I](Unaun)
pt at
S 1 i — ( nn nn
(K((p+)H/e + (qr)a))y™™ P01 p= Ly g7 Lot

_)‘/ F(‘Tannann)d‘r
B(Io,R1)

1 np+ nq+
S min{p~,¢" } (L— + L—)
L (K((p)Y/r™ + (gr)Y/a )™ 0 7 opma

B(Io,Rl)

- : (ﬁ ﬁ)
L (K((er)l/p* + (q*)l/q’ ))mm{piq*} P q
< 0=Jx(0,0)

(4.16)

<
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for n large enough. This together with the fact that ||(un,u,)|| — 0 show that Jy
has not a local minimum at zero, and the claim follows.

The alternative of proposition 2.4 case (¢) ensures the existence of sequence (u.,)
of pairwise distinet critical points (local minima) of Jy which weakly converges to
0. This completes the proof of Theorem 3.3. O

Example 4.1. Let Q = (] — 1;1[)2, p,q two functions defined on 2 by:

pla,y) =2° +9° +3, qlw,y) = 2" + ¢y +4,
and F : R? = R a function defined by:

1—

1
F(s,t) = (ant1)Te GmenPH e )T (s1) € nng((a"H’a"H)’ 1)

)

0 otherwise, N
(4.17)
where
ay =2, aniy = n(an)% Vn € N*

and B((an+t1,an+1),1) is an open unit ball of center (any1,an+1).
It is easy to verify that F is non-negative and F € C1(R?). for all n € N*, the
restriction of F' on B((an+1,an41),1) attains its mazimum in (ani1,an+1) and

Flany1,an41) = (an+1)7,

hence
. F(ant1,any1
lim sup M = 400
n—s4oo Inti1 +an+1
3 4

Therefore

S F(s,t)dx
. B(x ,R1 ’
p: = lmsup (0£)+£

s, oo 3 1

F(s,t
= |B($0731)|hmsups(7tz
s,t—+o00 % T

= +o0.
On the other hand, we have

sup F(s,t) =a’ for alln € N*.
Is|+]t|<any1—1

So
SUD 5| 4|t <aps1—1 F(5: 1)

)

oo T (an — 1P

accordingly
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SUP 5| 1|t <o £'(5,1)

lim inf 3 =0
o—+o0 o
Thus
S sUPLs <o F (s D)da
«: = liminf 5
o——+o0 o
su F(s,t
— | lim jnf SRletinise £
o—+00 o
= 0
< Lp.

From Theorem 3.2, for each A > 0 the problem

A(|Au|m2+y2+lAu) = A\F,(z,u,v) inQ,

A(| A" T2 A0) = AF, (2, u,0) i Q,
u=v=Au=Av=0 on d9,

admits an unbounded sequence of weak solutions.
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