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Some remarks on statistical summability of order & defined by
generalized De la Vallée-Poussin Mean

Meenakshi, Vijay Kumar and M. S. Saroa

ABSTRACT: In this article we define (X, u)—statistical summability and (V, A, p)—
summability of order & for double sequences and obtain some relations between
these summability methods. We demonstrate examples which shows our method of
summability is more general for double sequences.
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1. Introduction

Fast [6] introduced the notion of statistical convergence as a generalized summa-
bility method in order to assign limits to those sequences which are not convergent
in usual sense. He used the concept of natural density of subsets of N, the set of
positive integers. The natural density of a set K C N, is denoted by §(K) and is
defined by

S(K) =Tim 3" xe (1)
k=1

provided the limit exists, where xj denotes the characteristic function of K. As
the sum on the right side of the above expression denotes the cardinality of the set
{k <n:ke K} so Fast [6] defined statistical convergence as follows.

Definition 1.1. [6] A sequence x = (xx) of numbers is said to be statistically
convergent to a number L provided that, for every e > 0,

0({k<n:lxp—L|>e€})=0.
In this case, we write S — limg_y00o T = L.

Let S(x) denotes the set of all statistically convergent sequences.
Although, statistical convergence was introduced in the mid of last century but
a rapid development on statistical convergence starts with the papers of Salat [20],

2000 Mathematics Subject Classification: 40A05, 40C05, 46A45

Typeset by Bsf&style.
147 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v33i1.22743

148 MEENAKSHI, VIJAY KUMAR AND M. S. SAROA

Fridy [7] and Connor [5]. For more details and related concepts, we refer to [12],
[19], [21,22,23,24] and [28].

In [13], Mursaleen presented an interesting extention of statistical convergence
namely A\—statistical convergence and show how it is related with (V, \)—summa-
bility.

Let A = (\,) be a non-decreasing sequence of positive numbers tending to oo
with Ap41 < Ay + 1, A1 = 1. The generalized de la Vallée-Poussin mean is defined
by

tn(z) = /\—1n Z Tk,

kel,,

where I, = [n — A\, + 1,n].
A sequence x = () of numbers is said to be (V, \)—summable to a number L
(see[11]) if ¢, (z) — L as n — oo.

Definition 1.2. [13] A sequence x = (x1,) of numbers is said to be A\—statistically
convergent to a number L provided that for every e > 0,

1
lim —{n—X\, +1<k<n:|z,—L|>¢}=0.
n—oo n
In this case, the number L is called \— statistical limit of the sequence x = () and
we write Sy — limg_ oo xx = L. We denote the set of all \—statistically convergent
sequences by Sx(x).

Further, an interesting generalization of statistical convergence was introduced
by Colak [2] under the name of "statistical convergence of order a" for some a €
(0,1]. This new idea was further investigated by Colak and Bektas in [4] via
(V, \)—summability and obtained some interesting results. Before we go further
we quote the following definition.

Definition 1.3. [3] Let A = (\,) be a sequence of real numbers as defined above
and 0 < a < 1 be given. The sequence x = (xy) is said to be A\—statistically
convergent of order « if there is a number L such that

1
i — : — Ll > =0.
nl;rrgo N ke l,:|vy, — L >€}|=0
In this case, we write S§ —limy_,oo x = L. The set of all \—statistically convergent
sequences of order « is denoted by S (x).

We next give some ideas and developments on double sequences which have
been frequently appeared in literature.

A double sequence x = (z;;) of real numbers is said to be convergent in Prieng-
sheim’s sense or P—convergent (See [18]) if for every e > 0 there exists n € N such
that |z;; — L| < € whenever 7,7 > n. The number L is called Priengsheim limit of
x = (z;5) and we write P —lima = L.
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Double sequences were initially discussed by Bromwich [1] and Hardy [8]. Later,
many authors including Méricz [16], Patterson [17], Tripathy and Sarma [25,26,27],
Kumar [9] and Kumar and Mursaleen [10] etc. have shown their interest to study
double sequences and related convergence problems. Mursaleen and Edely [15]
and Mursaleen et al. [14] respectively extended Definition 1.1 and Definition 1.2 on
double sequences and obtained some analogous results. However, Colak and Altin
[4] introduced statistical convergence of order & for these kind of sequences.

Definition 1.4. [15] A double sequence x = (x;j) of real numbers is said to be
statistically convergent to L if for every e >0

1
P—- lim —

n,m—00 MM

|{(’L,_7)ENXN,’LS7’L,_]STI’L |‘TU_L| ZG}' = 0.

In this case, we write So — lim; j_,oo 35 = L and Sa(x) denotes the set of all
statistically convergent double sequences.

Let A\ = (A\,) and g = (p,,,) be two non-decreasing sequences of positive real
numbers tending to oo with Ayy1 < Ay + 1,0 =1 and g9 < pry, + 1,09 = 1.
The generalized de la Vallée-Poussin mean of x = (z;;) is defined by

tmn(x) = ! Z Tij,

A
nHm el x I,

where I,, = [n— A\, +1,n] and I,, = [m — p,,, + 1, m]. Moreover, a double sequence
x = (x;5) is said to be (V, A, 1) —summable to a number L provided that t,,,(x) — L
as m,n — 0o.

Definition 1.5. [1/] A double sequence x = (x;5) of numbers is said to be (A, pu)—
statistically convergent to a number L provided for every e > 0,

1
P— lim

n,m—oo /\n‘u,m

{(i,5) € In X Ly : |35 — L] = €} = 0.

In this case, the number L is called (X, u)—statistical limit of the sequence v = (x;;)
and we write S(Mu) —1lim; j oo 735 = L.

Let, Sy, (x) denotes the set of all (A, u)—statistically convergent double se-
quences of numbers.

In this article, we aim to define (A, p)—statistical convergence and (V, \, u)—
summability of order & and obtain some relevant connections. Throughout we take
a,b,c,d € (0,1] as otherwise indicated. We will write & as an alternative of (a,b)
and 8 as an alternative of (c,d). Also we define: & =< B+ a<candb< d;a <
f<=a<candb<d;a™f < a=candb=d;a e (0,1] < a,be (0,1];5 €
(0,1 <= ¢,d € (0,1];& = lincasea = b = 1;3 = lin casec = d = 1 and & >
lin casea > 1,b > 1.
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2. Main Results

In this section, we present our main results. We begin with the following defi-
nition:

Definition 2.1. Let A = (\,) and pu = (u,,) be two non-decreasing sequences of
positive real numbers tending to oo with

Ant1 <A+ LA =15 Hm41 <+ 1Ly =1
and & € (0, 1] be given.
A double sequence x = (x;5) of numbers is said to be (A, u)—statistically convergent
of order & if there exists a number L such that for every e >0

. 1 .
n}égoo N {(i,4) € Iy X Ly, : |zi; — L| > €} =0,
where \* = ()\7111) = ()‘lllv)‘gvAga """ )). :ub = (:u?n) = (ul{,ug,ug, """ ) and Aguu’?n

denotes the usual multiplication of the corresponding entries of the sequences \*
and p®. In this case, the number L is called (\, i) —statistical limit of the sequence
x = (xi;) of order & and we write SOy — Hmy iy = L.

Let S& (@) denotes the set of all (A, u)—statistically convergent double se-
quences of order a.

For & = (a,b) = (1,1), Definition 2.1 coincides with (), 1) —statistical conver-
gence of double sequences of [14]. For the choice A = (n) and u = (m), Definition
2.1 coincides with statistical convergence of double sequences of order & of [3].
Moreover, if we take A = (n); p = (m) and @ = (a,b) = (1,1), Definition 2.1
coincides with statistical convergence of double sequences of [15].

Theorem 2.2. For & € (0,1], if ,S’(&A W lim; ; 255 = 20, then xy is unique.
Proof: Easy, so omitted. g

We next provide an example to show that the Definition 2.1 is well defined for
& € (0,1] but not for & > 1 in general.

Example 2.3. Let © = (z;;) be defined as follows:
)1 dfi+j even
YiiT 0 ifi+j odd
Then for a > 1,

n,'rléIEoo )‘Zﬂ?n H(%]) €1lp X Iy : |$ij - 1| > €}| < n,'rléIEoo W =0
and
ln o [{(,)) € Lo X I o 0] 2 e} <l Pnbml L

n,m—o0 )\Zub

LN n,m—00 2)\;1“[1177”

This shows that S&A,u) —lim; jz;; =0 and S(&A,u) —lim; j x;; = 1 which leads to a
contradiction to Theorem 2.2.
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We state the following result without proof.

Theorem 2.4. Let © = (z;5) and y = (y;5) be two double sequences of complex
numbers and & € (0,1]. ~

(z) If S(Oi}w) - 1i.mzij =L andc € C, the.n SO~ 1im(c:cij)~: cL. '

gzi IJ{}S&M) —limag; = L and S7, ) —limy;; = M, then 57, ) — lim(zi; + yij) =

Definition 2.5. Let & be any real number such that & € (0,1] and p be a positive
real number. A double sequence x = (x;;) is said to be strongly (V, X\, u)— summable
of order & to a number L provided that

1
lim —— Y |z — L =0,

a b
=00 Al (4,5) €T, X I

where I, = [n— Ay, + 1,n] and I, = [m — p,, + 1, m]. In this case, the number L
is called strong (V, \, p)—statistical limit of the sequence x = (x;;) of order & .

Let [w?]a () denote the set of all strongly (V, A, 1) —summable double sequences
of order a.

For & = (a,b) = (1, 1), Definition 2.5 coincides with strong (V, A, i) —summabil-
ity of double sequences of [14]. For A = (n) and p = (m), Definition 2.5 coincides
with strong p-Cesaro summability of double sequences of order & of [3|. However,
if we take A = (n); p = (m) and & = (a,b) = (1,1), Definition 2.5 coincides with
strong p-Cesaro summability of double sequences of [15].

Theorem 2.6. Let &, 3 € (0,1] such that & < 3. Then S& (x) C S

O (x) and

B
- - (WD)
the inclusion is strict for some & and 3 such that & < 3.

Proof: Let z = (1;5) € S(&A ) (x). Since, & < Bsoa<candb < d; which for any
€ > 0 gives the inequality

1 . 1 .
Nl (@, 4) €Ly x I« w35 — L] 2 €} < o [{(0,4) € LnxIm: |zij — L| > €}
and therefore the result follows immediately from the fact that = = (x;;) €

S (; ;o (@). For rest part of the Theorem we consider the following example. Define
x = (x45) by

xij:{ij, ifn—[VA\]+1<i<n and m-—[/n,]+1<j<m]

. s th
0, otherwise ; then

1 ..
N {(4,7) € I, X L, : |25 — 0] > €}

- REC RSN AR R e i and}‘<[7v/\" V]
An i, e N RS A Npd
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It follows, for 3 € (3,1] (ie. for 1 <c<1land 1 <d<1), wehave

1 N T
oiim Nl {(&,5) € In X I+ |wij = 0| 2 e} < lim | [&7;] =

This shows that z = (x;;) € S()\ (), but one can easily verify that = ¢ S& O (@)
for & € (0,4] (ie. for0<a <3 and 0<b < 3). O

Corollary 2.7. Let &, B e (0,1],

(i) If 3= 1, then S x) C S = S\, p) and the inclusion is strict.

Au)( = u)
(i) SE (@) = (/\u)( )@@gﬁ,
(1i1) S(ML () = S (x) = a=1.

Theorem 2.8. Let A = (A\n), p = (p,,) be two sequences as defined above and
€ (0,1], then
(i) S35, (@) € S2(x) for all A, i and & € (0, 1].
(i) Sa(z) C Sa

(Xp)

b

(x), if and only if, liminf,, o % > 0 and liminf,, o &2 >

0.

Proof: (i) By the nature of the sequences (\,), (u,,) and from the expression

Autln < 1, the result follows.
nm

a b
(ii) Let, liminf, /\7" > 0; liminf,, oo 2 > 0 and x = (245) € Sa(z). For given
€ > 0, we have,

it follows that,

1 o ) 1 o
%|{(Z,j),2§nandjSm:|$ij—L|26}|Z%|{(Z,j)EInXIm:|xij—L|26}|

(%)( m>xfb (4 € T X In  fogg — L] = €}].

Taking limit as n,m — oo we have, Sy (x) C S(A (@)

a b
Conversely, suppose that either liminf, . /\T" or liminf,, “ﬁ or both are

zero. Then we can choose two subsequences (n,) and (mg) such that "p <3 L and

Mmq
Mg

< E' Define double sequence x = (z;;) as follows:

- 1 ifiel,, and je&l,, (p,g=1,2,3,...)
Y71 0 otherwise,

Then clearly x € So(x), but 2 ¢ Sy (). From Corollary 2.7, since S(A (@)

S (), we have x ¢ S&m (x). Hence, lim infn_>OO = > 0 and liminf,, o *;n

0.

D\/
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Theorem 2.9. Let d,B € (0,1] such that & < B and p be a positive real number.
Then [wy]a(x) € [wy]s(z) and the inclusion is strict for some & and 3 such that

a < pg.

Proof: Let z = (1;;) € [w}]a(x), then for & € (0,1] and a positive real number p

. 1
W S D = LP=0
(4,§) €L X I'm,

Also for given & and B such that & < 3, one can write

1 1
lim —— Z |.Tij - L|p < lim ———— Z |$ij — L|p =0

n,m—0o0 )\C n,m—0o0 )\a
nHin (4,)EIn X I nhm (4,§)ELn X I,

which implies z = (x;5) € [wf,]ﬁ(ac) Hence, [w2]a(x) C [wg]B(x). The following
example will show that the inclusion is strict. Define the sequence x = (z;;) by

L[ L in—VA+1<i<n and m— /A, +1<i<m
" 0, otherwise

Then for § € (1,1] (that is for £ <c<land 1 <d<1),

1 VAo 1
Nl > Jwy—0p< =

A d T =1 g
(4,§)EL, X Iy, nhm An ZMm 2

Since ﬁ — 0 asn, m — oo, therefore z = (z;;) € [w
An 2
(thatlsfor0<a§§ and 0 < b < 5)

V= D (=1 1
( a)( e )S a > Jwi— 0P
A i3 Al

Z]B(x), but for & € (0, 1]

(4,7)EIn X I,

w — 00 as n,m — oo, which implies z = (z;;) ¢ [w]a(x).

Hence the inclusion is strict. O

and

Corollary 2.10. Let &, B € (0, 1] such that & < B and p be a positive real number.
Then

(i) [wpla(x) = [wp]z(x) & &= B

(i) [w 12,] (z) C w for each & € (0,1] and 0 < p < .

Theorem 2.11. Let &, 3 € (0,1] such that & = B and p be a positive real number.
If a sequence x = (z45) is strongly (V, X, p)—summable to L of order &, then it is

(X, p)—statistically convergent to L of order B, i.e., [w]a(z) C S(/\ (T
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Proof: For any sequence x = (x;;) and € > 0

>y —LP oo lwy—LP+ Y m - L

(4,7)EL, X Iy, (4,7)EL, X I, (4,§)EL, X Iy,
|zij—L|>e |zij—L|<e
> > w55 — LI” > [{(4,7) € In X I : |2ij — L| > €} .€”,

(i,j)EIn le‘zij_L‘ZE

which implies

1 1
S 2w I s G0 € T Do — L > ]

T (4 g) €T X nim
2 T {(3,5) € I, X Iy : |z — L| > €} .€”.

It follows that if z = (z;;) is strong (V, A, u)—summable to L of order &, then it is
(\, pv)—statistically convergent to L of order S. O

For particular choice of & = B in above Theorem we have the following result.

Corollary 2.12. Let &, B € (0,1] such that & < j,

(i) If & % B then [w?l]a(z) C S(a‘)\,u) (x).
(it) For B =1, [wi]a(x) C Siau ().
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