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More on the subconstituents of symplectic graphs

Milad Ahanjideh

ABSTRACT: In this paper, we are going to study the subconstituents of the sub-
constituents of symplectic graphs, in order to find some strongly regular and strictly
Deza subgraphs of symplectic graphs.
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1. Introduction

Let IFy be a finite field and v > 1 an integer. Let

IFl(f”) ={(a1,...,a2,) : a1,...,a2, € Fg},
be the 2v-dimensional row vector space over F,. If 0 # o € Fff”), then [a] denotes

an one dimensional subspace of E(ZQV). So obviously, for k € Fy, [a] = [ka]. When
a=(a1,...,as,), we also write [a] = [a1,...,as,]. Denote by ‘A, the transpose of

the matrix A. Let
0 T7W)

The symplectic graph Sp(2v,q) relative to K over Fy is the graph with the

)

set of one dimensional subspaces of IFSZQV as its vertex set and with the adjacency

defined by

[a] ~ [B] if and only if aK'3 # 0, for any 1—dimensional subspaces [a], [3].
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The symplectic graphs have been studied in [3,4,7,8,9], as one of strongly regular
graphs constructed by Chevally groups.

Note that the diameter of Sp(2v, q) is 2 when v > 2. For any [a] € V(Sp(2v,q)),
the i-th subconstituent I';([a]) with respect to [a] is the induced subgraph of
Sp(2v, q) with vertices at distance i from [a], where ¢ = 1,2. In [6], authors
show that the subconstituents of the symplectic graph Sp(2v, q) are strictly Deza
graphs except the case when v = 2.

In this paper, we are going to study the subconstituents of the subconstituents
of the symplectic graph and their chromatic numbers in the case that they are
regular.

2. Notations and preliminary results

Let G and H be two graphs. The lexicographic product G[H] of G and H is a
graph with the vertex set V(G) x V(H) and with the adjacency defined by

(u1,uz) ~ (v1,vz) if and only if uy ~ v1 or u; = v1 and ug ~ va,

for any ui,v; € V(G) and ug,ve € V(H). A graph G is said to be n-partite if there
are subsets X1, Xs,..., X, of the vertex set V(G) such that there is no edge of G
joining two vertices of the same subset and, V(G) = X; U X, U ... U X, and for
all i # j, X; N X; = 0. The chromatic number x(G) of G is the minimal number
n such that G is n-partite. For a graph G and = € G, let Ng(z) denote the set of
neighbors of z in G. A simple connected graph G is called strongly regular graph
with parameters (v, k, A, p) if it consists v vertices such that for every z,y € V(G),

kEoifx=y
ING() N Ne(y)| =4 A ifz~y
poifxgty

In [9], the authors prove that:

Lemma 2.1. The symplectic graph Sp(2v,q) is strongly regular with parameters

(@ =1D/(a=1),¢* "¢ ?(q—1),¢*(q—1))

and the chromatic number ¢¥ + 1.

Let 0 < a <b <k <n A (nkba)Deza graph G, which is introduced
by Antoine and Michel Deza [1], is a graph with |[V(G)| = n such that for any
z,y € V(G),

aorb if x
Moo el = { “ 50 T2

Clearly, strongly regular graphs are Deza graphs. A strictly Deza graph is a Deza
graph that is not strongly regular and has two diameters (see [2]). In [6], authors
proved that the subconstituents of the symplectic graph Sp(2v, q) are strictly Deza
graph except in the case that ¥ = 2. Recall that the symplectic group of degree
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2v over F, with respect to K, which K is defined as in (1.1), denoted by Spa, (F,)
consists of all 2v x 2v matrices T over F, satisfying TK'T = K. The proof of the
following lemma is straightforward:

Lemma 2.2. (i) Spa,(Fy) < Aut(Sp(2v,q)).

(i) If [v] € V(Sp(2v,q)) and T € Aut(Sp(2v,q)) such that ([v))T = [v], then
T € Aut(T;[v]).

For 1 < i < 2v, let e; denote 2v-dimensional row vector whose i-th entry is
1 and all other entries are zero. Since Spa, (F,) acts transitively on V(Sp(2v,q))
(see [10]), we deduce by Lemma 2.2(i) that Aut(Sp(2v,q)) acts transitively on
V(Sp(2v,q)). Also, the diameter of Sp(2v,q) is 2 when v > 2. Thus for studying
the subconstituents of the symplectic graph, it is enough to study I';[e1], where
i € {1,2}. From [10], we obtain the following lemma:

Lemma 2.3. For any two distinct [a], [8] € V(Sp(2v,q)), we have the following:

(1) If [a] # [B8], then there exists T € Spa,(Fy) such that [aT] = [e1] and [BT] =
[62];

(i) of [a] ~ [B], then there exists T € Spa,(Fy) such that [aT] = [e1] and [BT] =
[equl]-

Let ¢ € {1,2} and v > 2. By Lemma 2.3, we can see at once that the sta-
bilizer subgroup of Spa,(F,) of [e1] acts transitively on V(I';[e1]). Thus Lemma
2.2(i) shows that Aut(I';[e1]) acts transitively on V(I';[e1]). Also, the diameter of
V(Tile1]) is 2, [ev41] € Tile1] and [e2] € T'zler]. Thus for studying the subcon-
stituents of T';[e1], it is enough to study (T'i[e1]);[ev+1] and (T2le1]);[e2], where
j € {1,2} (the j-th subconstituent (I';[e1]);[a] with respect to [a] is the induced
subgraph of I'; [e] with vertices in V' (I';[e1]) at distance j from [a], where j = 1,2.).
For simplicity of notation, we write T*/) and T'37) instead of (I'1[e1]);[e,+1] and
(T2le1])j[e2], respectively.

A trivial verification shows that Sp(2,q) is a complete graph, so I'i[e1] is a
clique and V(T'y[eq]) = (. Therefore, in this paper we just consider the case when
v > 2.

We collect here some basic properties of the natural action of the symplectic
group Spa, (Fy) on the symplectic graph Sp(2v, q):

Lemma 2.4. If [v],[w] € V(Sp(2v,q)) and T € Aut(Sp(2v,q)) such that [w] €
i), (W)T = [v] and ([w]))T = [w], then T € Aut(T'9)).

Proof: The proof is straightforward. O

Lemma 2.5. [6, Propositions 2.2-2.5] For any [a], [8], [v] € V(Sp(2v,q)), we have
the following:
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(i) If [a],[B] and [y] are adjacent to each other, then there exists an element
T € Spa(Fy) such that [oT] = [e1], [BT] = [evs1], and [¥T] is one of the
following forms

le1 + avy1evy1], [e1+ ez + appienti], [e1 + avri€pt1 +evya],  (2.1)

where a,41 € FX,

(i) f [a] ~ (8], [&] ~ [7] and [B] # [7], then there exists an element T € Spa,(Fy)
such that [T = [e1], [BT] = [ev+1], and [yT) is [e2 + eyy1] o7 [€pt1 + €vi2];

(ili) if [a] 2 [8], [e] o [v] and [B] ~ [7], then there exists an element T € Spa, (Fy)
such that [aT] = [e1], [BT] = [e2], and [yT] is [ey+2];

(iv) if [a],[B] and [y] are nonadjacent to each other, then there exists an element
T € Spo,(Fy) such that [oT] = [e1], [BT] = [es], and [¥T] is one of the

following forms
ler +e2], [es], [evts], (2.2)
wn which the latter two cases occur only when v > 3.
3. The subconstituent I'(1:1)

Let [0] = [04,...,04,]. If [] € V(T':D), then [0] ~ [e1] and [0] ~ [e,11]. Thus
OK'ey # 0 and 0K'e, 1 # 0. This shows that 6,1 # 0 and 6; # 0. Therefore, we
can assume that [0] = [1,02,...,02,] such that 0,1 € F.

Theorem 3.1. T s not regular.

Proof: Let [y] € V(I'™Y). Then [y] ~ [e1] and [y] ~ [e,11]. Since [e1] ~
lev+1], Lemma 2.5(i) shows that there exists T' € Spa, (Fy) such that [e1]T = [eq],
lev+1]T = [ev41] and [y]T is one of the forms in (2.1). Thus by Lemma 2.4,

T € Aut(T'™Y) and hence, degra.1) ([y]) = degra. ([YT]). We are going to consider
the different forms in (2.1), in the following cases:

(i) Let [YT] = [e1 + ay41€p41], where a,11 € [Fx. Then since
Nraw ([er + avgrena]) = {[0] €T 2 (6] ~ [er + avirenial]}
= {[0]eT™Y 0K (er + avsrevs1) # 0}
{[15923 .- -;021/] : 91/-‘,—1 S F;a 91/+1 — Ap41 7é 0})
degra.n (7)) = V(g - 2).

(ii) Let [vT] = [e1 + €2 + ayt1€,41], where a,41 € [Fx. Then since

Npaw ([er + €2+ apsrens1]) = {[0] €TEY 1 [0] ~ [e1 + ea + avrien41]}
= {[9] € F(l’l) : HKt(el +e9 + al,+1el,+1) 75 0}
== {[1,92,...,921,] :

91/+1 S IF;, 91/+1 + 91/+2 — Ap41 7é 0},
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degra.n ([7]) = ¢ 2 (¢ — 1)%.

(iii) Let [YT] = [e1 + av+1€v+1 + €v+2], where a, 41 € F,*. Then since
Nran (W) = {[1,02,...,02] : 011 € Fg™, 041 — apr — 02 # 0},
degra (7)) = ¢ (¢ — 1)%.

This shows that T'1:)) is not a regular graph. O

4. The subconstituent T'(1:2)

Let [0] = [01,...,02,]. If [8] € V(T'2), then [0] ~ [e1] and [0] + [e,41].
Thus 0K'%e; # 0 and 0K?e, ;1 = 0. This shows that 6,,1 # 0 and §; = 0. Also,
evi1 & V(F(l’Q)). Therefore,

V(F(LQ)):{[0,927...,91/,1,9,/+2,...,92V] : [925"'79U70V+25"'592V] 7&0}(41)
Proposition 4.1. |[V(I'(12)] = g2(v=1 — 1,
Proof: It follows immediately from (4.1). O

21/—3(

Proposition 4.2. T(1:2) 45 g ¢ q — 1)-regular graph.

Proof: Let [7] € V(F(172)) By (41)ﬂ [7] = [05727 RN ) 1571/4»17 e 7721/] and

(6] € T2 2 (6] ~ (1]}

0] =[0,02,...,0,,1,0,,9,...,02,] : OK'y #0}

[0,02,...,0,,1,0,,9,...,0,] :

Oy ..10,,0,10,...,00,)K"~ #0}

= {[0,02,...,0,,1,0,.0,...,02,] :
[02,...,00,0u42,...,02] € Nspo—1).9(VD},

Nraa () =

{
{
{
(

(v-1)
where v = (vg,.. .,V Yug2s---»Y0,) and K/ = ( ey ) Thus by
Lemma 2.1,

degra. ([7]) = (¢ — Ddegspia_1y,.0) ([V2s - > Vor Yorasr -+ -5 Y2u]) = (@ = 1)g® 2.
g
Proposition 4.3. If [a],[5] € V(F(M)) such that [a] ~ [B], then
|Npao ([0]) N Npao ([8])] = (g — 1)22¢ 2,
Proof: By (4.1), [a] = [0,az2,...,ay, 1, ap42,...,a2,] and [f] = [0,8,,...,0,,1,

Buios-- B Put [o] =[ag,... 00, uy2,...,a0,] and 8] = [Ba,---» B0 Bia;
.+, Ba,]. Obviously [a] ~ [B] if and only if [@/] and [8’] are adjacent in Sp(2(v —
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1),q). Thus by Lemma 2.3(ii), there exists 7" € Spy(,—1)(FFy) such that [o'T"] =
[1,0,...,0] and [8'T"] = [0,...,0, _1_,0,...,0]. Let 7" = (& 3 ), where

entry v

A, B,C,D € M,_1(F,), the set of (v — 1) x (v — 1) matrices over F,. Then

1 0 0 0
T(ss D 2\ € Spou(F,)
0 C 0 D

and, [e1]T = [e1], [evs1]T = [evs1], [2]T = [Meys1 + €] and [B]T = [Ney41 +
evta), where \, N € F). Thus | Npa.2) ([o]) N Npas ([B])] = [Npae (A1 +ea]) N
NF(LQ) ([)\Iey+1 + €V+2])|. AlSO, by (41), Nl—‘(le) ([A€U+1 + 62]) N NF(LQ) ([)\/61/+1 +
evtal) is

{[0] € re2 . [0] ~ [Aevyr +ea], [0] ~ [Nevsr +epia]} =
{10 e T2 0 0K (Neyq1 + €2) # 0, 0K (N eyt + €,40) # 0} =
{[0,92,...,91,,1,9,,+2,...,921,] : 91,+27é0, 927&0}

This gives that |Npa.2 ([a]) N Npao ([8])] = (¢ — 1)2¢2 2. O

Proposition 4.4. If (q,v) # (2,2) and [o],[8] € V(I'(H2)) such that [a] + [A],
then

|Nras ([]) N Nras ([8)] = (g = 1)°¢*¢ ™ or (¢ — 1)g*¢ 2.

In particular, if v = 2, then |[Npa.2 ([o]) N Npa.o ([8])] = (¢—1)¢>*=3) and if ¢ = 2,
then |Npa . ([]) N Npa s ([8])] = 22072,

Proof: By (4.1), [a] = [0,aq,...,a,,1,ap49,...,a2,] and [] = [0,8,,...,5,,1,
ﬂv+27 ceey ﬂ?u]' Put o/ = (042, sy Oy Qg 2, e OQU) and ﬂ/ = (527 ceey ﬂua ﬂu+27

.+, Bs,). Obviously [a] # [B] if and only if either » > 3 and [o’] and [8'] are not
adjacent in Sp(2(v — 1),q) or ¢ # 2 and [o/] = [8] such that o’ # 5'. We continue
the proof in the following cases:

(i) If v > 3 and [o/] and [3'] are not adjacent in Sp(2(v — 1), q), then by Lemma

2.3(i), there exists 7" € Spa(,—1)(F,) such that [o/T'] = [1,...,0] and [3'T"] =
[0,1,0,...,0]. Let 7" = (& 7 ), where A,B,C,D € M,_1(F;). Then
0

1 0 0

T = 8 3 [1) ﬁ ) S SpQV(Fq) and, [el]T = [el]a [eu—‘rl]T = [el/-i-l]a [CY]T =
9 (e} 9 D

[Ae2 + e,41] and [B]T = [Ne3 + e,41], where A, X" € ). Thus [Npa.2 ([o]) N

NF(I,Z) ([6])| = |NF(1,2) ([)\62 + €,,+1]) n NF(I,Z) ([)\/63 + 6,,+1])|. Also

NF(1,2) ([)\62 + 61,+1]) N NF(1,2) ([)\/63 + €V+1]) =
{61 €02 - 6]~ Dea+ v, 1] ~ Ve + epal) =
{[0,92,...,91,,1,91,+2,...,921,] . 91,+27é0,91,+37é0}.

Thus |NF(1,2) ([O&]) n Nr(lyz)([ﬂ])| = (q _ 1)2q2(1/72).
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(ii) If ¢ # 2 and [o/] = [ such that o/ # (', then it is easy to see that
NF(I,Q)([ ] ﬂNF(l 2) [ ]) = (1 2)([ ]) and hence NF(1,2)([04])0NF(1,2)([ﬁ]) =
(q—1)g* "

O

Theorem 4.5. (i) If v > 3 and q # 2, then TM2) s a strictly Deza graph with
parameters

(qQ(ufl) _

Lg* 3 (g—1),¢* (g - 1),*“ (g - 1)?).

(il) If v =2 and q # 2, then (%2 s a strongly regular graph with parameters
(¢° = 1,q(q—1). (g —1)*,q(q — 1))
(i) If v > 3 and ¢ = 2, then (%2 s a strongly reqular graph with parameters
(22(1/—1) _ 1,923 92(v-2), 22(1/—2)).
More precisely, in this case, 112 is isomorphic to Spa—1)(2).
(iii) If v =2 and q¢ = 2, then T02) is a complete graph with 3 vertices.
Proof: It follows immediately from Propositions 4.1, 4.2, 4.3 and 4.4. O
For a natural number m define the function
fon t (B))2™ — {0} — F (4.2)

which maps (a1, ..., a2m,) to aj, where 1 < j < 2m, a; # 0 and for every natural
number ¢ < j, a; = 0. Note that IFqX is a clique with qu as its vertex set and the

adjacency defined by x ~ y if and only if x # y. Then the complement ﬁ of Fy
is a coclique.

Theorem 4.6. T(12) is isomorphic to Sp(2(v — 1),q)[ﬁ].
Proof: Define

¢: T2 §p(2(v —1),q)[Fy]

0,2, ...,qu, 1, cpya, ..., a0 — ([agy ooy, Qpgay o (2],
fow—n (@2, au, o, .. a)).
We can check at once that ¢ is a graph isomorphism, so theorem follows. O

Theorem 4.7. y(I'"2)) =¢~1 41 .

Proof: Theorem 4.6 shows that y(I'"2)) = x(Sp(2(v — 1),q)), so Lemma 2.1
completes the proof. O
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5. The subconstituent I'Z:1)
Let [0] = [01,...,02,]. If [] € V(I'3D), then [0] # [e1] and [f] ~ [es]. Thus
0K'ey = 0 and Ktey # 0. This forces 0,,1 = 0 and 0,2 # 0 and hence,

VTG ={[01,09,...,0,,0,1,0,.3,...,02,] : 01,09,...,0,,0,13,...,00, € F,}.

(5.1)
Proposition 5.1. |V(I'?1)| = ¢2(*~1,
Proof: It follows immediately from (5.1). a
Proposition 5.2. T2 4s q ¢**~3(q — 1)-regular graph.

Proof: Let [’Y] € V(F(Zl)) By (51)7 [’Y] = [71)72; e 77u?0) 1a7u+3a e 7’721/]'
Put [v'] = [v9-- 57 L, Y0g3s -, 79,)- It is obvious that [y] and [1,0,...,0] are
adjacent in Sp(2(v — 1),q). Thus Lemma 2.3(ii) shows that there exists 7" €
Spaw—1)(Fy) such that [1,0,...,0]7" = [1,0,...,0] and [y]T" = [0,...,0, 1 _,

entry v

0,...,0. Let 7/ = ( & 7 ), where A, B,C,D € M,_1(F,). Then
1 0 0

T = ( o ) € Spau(Fy) and, [e1]T = [e1], [e2]T = [e2] and [Y]T = [Ae1 +
0 C 0

ev+2], for some A € Fy. Thus T € Aut(T'*Y), so degpen) ([7]) = degre.n ((Ner +
ev+2]). But

vowo |l

Npn (et +eveal) = {01 €TED 0]~ Des +epsal}
{I0] = [01,--,0,,0,1,0,42,...,02,)] :
OK'(Ney + eyq2) # 0}
= {01, 0,,0,1,0,45,....600,] : 62 #0).

Thus degpen ([v]) = ¢2*3(q — 1). O

Proposition 5.3. If [a],[3] € V(T ®V) such that [a] ~ [B], then
[N ([]) N Nrew ([8)] = (¢ — 1)%¢*“ ™ or (g —2)¢™ .

In particular, if v =2, then |Npe.y ([a]) N Npen ([B])] = qlg — 2).

Proof: By (5.1), [a] = [@1...,0,,0,1,043,...,a2,] and [8] = [B;,...,5,,0,1,
Boiss - Ba). Put [o] = [ao,...,au, 1, 0043,...,00,] and [B'] = [By,...,8,,1,
Byigs---,Ba,]. Obviously [a] ~ [B] if and only if [o/] and [3'] are adjacent in
Sp(2(v —1),q). Thus since [o] ~ [1,0,...,0] and [3'] ~ [1,0,...,0], Lemma 2.5(i)
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shows that there exists 7" € Spy(,—1)(Fy) such that [1,0,...,0]7" = [1,0,...,0],
[«]T"=][0,...,0, 1 ,0,...,0] and

entry v
B = [1,0,...,0, a_,0,...,0],
entry v
[1,1,0...,0, _a ,0,...,0] or [1,0...,0, _a ,1,0,...,0],
entry v entry v

where a € IFqX and the latter two cases occur only when v > 3. Let T = ( &z ),
1 0 0

where A,B,C,D € M,_1(F;). Then T = (8 ol ) € Spa,(F,) and,
0 C 0

[e1]T = [e1], [e2]T = [ea], [a]T = [Ae1 + e,42] and

QQowo

[BIT = [Ne1 + ez +ae,ia], [Nep 4+ ex+ ez + ae,yo] or [Nep +ex + aeyqa + evis],

where A\, X € F,. Thus T € Aut(T®>V), so |Npe ([a]) N Nres ([8])| =

[Npen ([Aer + evt2]) N Npew ([Ner + e2 + aeyya])], [Npen ([Aer + evp2])N

Nre. ([)\'61 +62+€3+aey+2])| or |NF(2,1) ([)\61 +€V+2])QNF(2,1) ([)\/61 +extae, 4o+
ev+3))|- But

Nren ([Aer + evta]) N Npeay ([Ner + ex + aeyya]) =
{(Y] €T ¢ [y] ~ [Ner + evyal, (1] ~ [Ner +ea + aepya]} =
{[715- . 57u5071571/+3ﬂ' . 5v2V] : 72 7& 07 a’YQ - 1 7é 0}5

NF(2,1) ([)\61 + €V+2]) n NF(ZJ) ([/\'61 +e2 +e3 + ael,JrQ]) =
{MeT®Y : [~ et +evral, [V ~ [Ner+ e+ es +aepa]} =
{[’yl""a7ua0a1”7u+3""’v21/] 2 7é 0’ avyo — 1 ~ Yv+3 7& 0}

and

Np(z,m ([)\61 + 6,,+2]) N NF(2,1) ([)\/61 +eg +aey 49 + €V+3]) =
{y] €TV : 3] ~ [Aer + evpal, 7] ~ [Ner + €2+ aepyn + €yq3]} =
{[717"'77u70’177u+37"'7’02v] Y 0, avy 3 —1# 0}.

Thus |Npen ([a]) N Npean ([8])] = (g — 2)¢? =3 or (¢ — 1)2¢>V=2). Also, if v = 2,
then [Npe. ([a]) N Npeo ([8])] = (¢ - 2)q. O

Proposition 5.4. If [a],[3] € V(T 3V) such that [a] + [B], then
[Nre ([]) N Nrew ([8)] = (¢ - 1)%¢*" ™ or (¢ — 1)¢* .

In particular, if v =2, then |Npey) ([@]) N Npen ([68])] = qlg — 1).
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Proof: By (5.1), [a] = [@1...,0,,0,1,p43,...,a2,] and [8] = [B4,...,5,,0,1,
Buizs--s B Put [o] = [ag,...,00,1,a043,...,a2,] and (8] = [Bas---, B, 1,
Byigs---,Ba,]. Obviously [a] o [A] if and only if [o/] = [3'] or v > 3 and [¢/] and
[3'] are not adjacent in Sp(2(v — 1),q). We continue the proof in the following
cases:

(i) If [@'] = [8], then Npe1)([a]) N Ny, 1)([6]) = Nre ([a]). Therefore,
[Nrew ([a]) N N ([8])] = (¢ = 1)¢?

(ii) If v > 3 and [o/] and [B'] are not adjacent in Sp(2(v — 1),q), then since
[@/] ~ [1,0,...,0] and [8'] ~ [1,0,...,0], Lemma 2.5(ii) shows that there

exists T" € Spyu,—1)(Fy) such that [1,0,...,0]7" = [1,0,...,0], [o/]T" =
[0,...,0, ‘1 ,0,...,0] and

~—

entry v

817" =10,1,0...,0, 1 ,0,...,0lor[0...,0, 1 ,1,0,...,0].

entry v entry v

Let TV = (

A

C

1 0

T _ 0 A
- 0 0

0 (e}

[Ae1 + en42] and

), where A, B,C,D € M, _1(F;). Then
5 ) € Spau(Fy) and, [e1]T = [e1], [e2]T = [es], [a]T =

[BIT = [Ney +e3 + eyia] or [Ney +eppa+ evrs),

where \,\" € F,. Thus T € Aut(T'*Y), so |Npey) ([a]) N Npew ([8])] =
|NF(2,1) ([)\61 + 6U+2]) n NF(2,1) ([/\'el + €3 + 6U+2])| or |NF(2,1) ([/\61 + €V+2]) n
NF(2,1) ([)\/61 +epqa + 61,+3])|. But

Nrew ([Aer + evta]) N Npeo ([New +e3 + eyya]) =

{1 eV [~ i +epial, V) ~ Ve +ea +epqa]} =

{[H] e TEY : yKt(Ney + eypa) #0, vK'(Ney + €3 + eyy0) # 0} =

{[71 te ”71/’05 1a7u+3’ te ’UQV] Y2 7& Oa Yo — 7u+3 7& 0}

and

Nrew (et + epp2]) N Npen ([Ner + evqo +evpa]) =

{MeT®Y : 3]~ et +evqal, ]~ [New+epya +epys]} =

{1 eT®Y : yK'(Ner + evp2) # 0, YK (Ner + eqa + epys) # 0} =
{170 L9y v2] 172 # 0, 72+ 73 # 0F

Thus |Np(2,1) ([Oé]) n NF(2,1)([6])| = (q _ 1)2q2(u72)_

d

As a generalization of Deza graphs, the author in [5] gives the definition of
d-Deza graphs. A k-regular graph G on n vertices is called a d-Deza graph with
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parameters (n, k, {c1,...,cq}) if every two distinct vertices of G have ¢y, ¢a,...,¢cq
common adjacent vertices. In particular, the 2-Deza graph is just the ordinary
Deza graph.

Theorem 5.5. (i) If v > 3, then T®Y is a 3-Deza graph with parameters
(q2(u—1), q2u—3(q _ 1), {q2u—3(q _ 1), q2u—3(q _ 2), (q _ 1)2q2(u—2)}).
(i) If v =2, then 'Y s a strongly reqular graph with parameters

(¢*,a(qg —1),q(q — 2),q(q — 1)).

Proof: It follows immediately from Propositions 5.1, 5.2, 5.3 and 5.4. O

Theorem 5.6. I'>V) is isomorphic to T'}[F,], where T denotes the first subcon-
stituent of Sp(2(v — 1), q) with respect to [1,0,...,0].

Proof: Define

¢: @D — T [F,]

[041,042, . '7aV507 1aav+37 . '50521/] — ([a27 sy Oy 17av+3; s aa2v];a1)-

We can check at once that ¢ is a graph isomorphism, so theorem follows. O
Theorem 5.7. x(I'®V) = ¢~ 1.

Proof: Theorem 5.6 shows that x(I'*Y) = y(I'}), where I} denotes the first
subconstituent of Sp(2(v — 1), q) with respect to [1,0,...,0] and [6, Theorem 3.7]
implies that x(I'}) = ¢!, so theorem follows. O

6. The subconstituent I'(%:2)

Let [0] = [01,...,02,]. If [0] € V(T*2), then [0] « [e1] and [0] % [es]. Thus
0K'ey = 0 and Ktey = 0. This forces 0,,1 = 0 and 6,2 = 0 and hence,

V(D®2) = {[01,600,...,0,,0,0,0,.3,...,02,] : 01,02,...,0,,0,.3,...,00, cF,},

such that there exists i € {1,...,v,v+3,...,2v} with §; # 0. For v > 3, let A2
denote the induced subgraph on

{[91,92,...,91,,0,0,9,/+3,...,92,/] . (93,...,91,,91,+3,...,921,)750}. (61)

Proposition 6.1. |[V(A®Z2)] = ¢?(¢>=2) —1)/(g —1).
Proof: It follows immediately from (6.1). O

Proposition 6.2. A22) is ¢ ¢2*3-reqular graph.
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Proof: Let [y] € V(A®?). By (6.1), [1] = [y1,72:- -+ 700,07y 3 - - -, 2] such
that

(73)' . a’yua’yu-{-?ﬁ" "/721/) 7é 0

Put [v'] = [v35-- -, %0 Vogss---»Y2,). We can check at once that Naeo ([v]) =
{[0] € V(AR : [0] ~ [7]} = {[61,602,...,60,,0,0,0,45,...,02)] : [0s,...,0,,
Ov13,-..,02,] € Ngpa(v—2),9([7'])}. Thus Lemma 2.1 shows that degac. ([7]) =

q2q2u 5 =q V—3. O

Proposition 6.3. If o], [3] € V(A®Z?) such that [a] ~ [B], then |[Naes ([a]) N
Naca ([8])] = 2 (g - 1).

Proof: By (6.1), [a] = [a1...,0,,0,0,ap43,...,a9,] and [5] = [B4,...,0,,0,0,

Buizs---s B Put [of] = [as,... 0, pq3,...,00,] and 8] = B3, B, Buys,
.+, B,]. Obviously [a] ~ [B] if and only if [o/] and [8'] are adjacent in Sp(2(v —
2),q) and we can check at once that

NA(ZVZ) ([a]) N NA(ZVZ) ([ﬁ]) = {[713/72’ e Yo 0) 0371/-‘,—3’ tee ”721/] :
[V3r- -3 Yos Yogas - > V2u) € Napaw—2),9) ([&]) N Nep(a(w—2),9) (1B}

Thus [Nac2 ([a]) N Nace (IB)] = ¢2[Nspa-2),9 ([0']) N Nspaw-2,9 ([8])] and
hence, Lemma 2.1 shows that [N .2 ([a]) N Nace ([8])] = 2@ =2 (¢ - 1). O

Proposition 6.4. If [o],[3] € V(A®Z?) such that [a] # [B], then |Nae2 ([a]) N
Naco ([B)] = ¢® 2 or ?#=2)(q —1). In particular, if v = 3, then |Nac.2 ([]) N
Nacea (18] =

Proof: By (5.1), [a] = [@1...,2,,0,0,043,...,a2,] and [8] = [B4,...,05,,0,0,

Buizs--s B, Put [o] =[as,... 00, uys3,...,00,] and 8] =183,---, B B3,
.+, Ba,]. Obviously [a] # [8] if and only if [o/] = [8'] or v > 4 and [&/] and [5]
are not adjacent in Sp(2(v — 2),q). We continue the proof in the following cases:

(i) If [o/] = [B'], then Naeo ([a]) N Naea ([8]) = Naeo([a]). Therefore,
|Naco ([a]) N Naca ([8])] = ¢ 2.

(ii) If v > 4 and [o/] and [3] are not adjacent in Sp(2(v — 2), ), then we can see
at once that

NA(2’2) ([a]) N NA(2’2) ([ﬁ]) = {[713/72’ e Vs Oa 0)71/-‘,—3’ tee ”721/] :
[(Vas Yo Voass - V2] € Npew—2),0)([@]) N Nepaw—2).0) (8D}

Thus [Nace2 ([0]) " Nace ([B])] = [ Nspew-2).9 ([@']) N Nspe@-2).9 (8])]
and hence, Lemma 2.1 shows that |[Na @2 ([a])NNaea ([8])] = =2 (g—1).

d
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Theorem 6.5. (i) Ifv >4, then A®Z2) s g strictly Deza graph with parameters
(@ =1)/(a—1),¢ ¢ P (g - 1)).
(ii) If v = 3, then A®2) s a strongly regular graph with parameters
(@*(a+1),¢% ¢*(a = 1).4°).
Proof: It follows immediately from Propositions 6.1, 6.2, 6.3 and 6.4. O
Let IF, x F, be a clique with F, x F, as its vertex set and the adjacency defined

by z ~ y if and only if  # y. Then the complement F, x F, of F, x I, is a
coclique.

Theorem 6.6. A2 s isomorphic to Sp(2(v — 2),q)[F, x Fy].

Proof: Define

¢ A22) — Sp(2(v - 2),q)[Fy x Fy]

[ala Q2,...,0, Oa 0) Apt3,... ;a21/] — ([063, B 0 VRN 0 VN PN a2u]a g, 042),
under conditions that foo,_1)(as,...,qu,aui3,...,02,) = 1, where fy,_1) is de-
fined as (4.2). We can check at once that ¢ is a graph isomorphism, so theorem
follows. =

Theorem 6.7. y(I'®?)) =¢""24+1 .

Proof: Theorem 6.6 shows that x(A(?) = x(Sp(2(v — 2),q)), so Lemma 2.1
completes the proof. O
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