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On the Fourier Transform of the Products of M-Wright Functions *

Alireza Ansari

ABSTRACT: In this paper, using the Bromwich’s integral of the inverse Mellin
transform we find a new integral representation for the M-Wright function
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and state the Fourier transform of this function. Moreover, using the new integral
representations for the products of the M-Wright functions, we also get the Fourier
transform of it.
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1. Introduction and Preliminaries

The M-Wright function or the Mainardi function [13]

[e'e] . k
Ma(x)};}klf(—kaz—?—l—a)’ 0<a<l, (1.1)

with the well-known differential equation for o = -,
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plays an important role in fractional calculus. This function is derived from the
Wright function
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and for the first time was introduced by Mainardi at the beginning of the 1990’s for
expressing the fractional diffusion-wave equations. Later, other researchers stated
some prominent roles of this function in analyzing partial fractional differential
equations and statistical distributions. Most of these works have been surveyed
using the operational calculus of this function such as the Laplace and Mellin
transforms. See for example [3,4,5,6], [9],[11,12] and [15].

Therefore for the importance and significance of this function, in this paper, we
get the Fourier transform of the M-Wright and its associate functions. For this
purpose, using the Laplace integral we derive an integral representation for the
special case M - (). Then, by applying the Bromwich’s integral for the inverse
Mellin transform we find an extended class of integrals representation for the M-
Wright function. Finally, we obtain the Fourier transform of the M-Wright function
and the products of M-Wright functions.

First, we consider the following ordinary differential equation of order 2n which
has 2n linear independent solutions in terms of the generalized hypergeometric
functions [10]

(n) _ _ T _
y 2n+1y 0, zeR,neN. (1.4)

One of the solutions can be obtained using the Laplace integral method

y(z)/ce“v(z)dz. (1.5)

By inserting the relation (1.5) in (1.4), we get a first order differential equation

1

. 11}'(,2) + 2%"(2) = 0, (1.6)

and find the solution y(z) as the following integral representation (except for a
normalization constant)

_s2nl
y(z) :/ e”F T e gz, (1.7)
c

The contour C' is chosen such that the function v(z) must vanish at boundaries.
For this purpose, the real part of 2:2”"_’1 must be positive and can be considered as
paths between two lines of set {re%f1 ,v>0,k=0,1,---,2n}. Anyway, after the
deformation and normalization of integral (1.7), we rewrite the function y as the
A1 () function (the generalized airy function) as follows [2]
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2. Main Theorems

In this section, we establish some theorems and corollaries on the operator
e~ ()| First, we derive an integral representation for the operator e *®(),

Theorem 2.1. Let ®(s) be an entire function such that for even and odd functions
u(r) and v(r), we have ¢(cLir) = h(c)(u(r)Liv(r)) where h is an analytic function.
Then for c1 < R(s) < ca the following relation holds true

e M) = / e*CA(E,N) de, (2.1)
where the function A(£,\) is presented by
1 oo
A(EN) = = / e M) cos(ré + Mu(r))dr. (2.2)
™ Jo

Proof: By definition of the inverse Mellin transform of function e=*®(*) and tran-
sition of the contour integration R(s) = ¢, we have

1 c+io0o 1 e’} ) ) 1 (e’ ) )
— e—k@(s)t—sds - e—)ﬁb(—zr)tzrdr + = / e—k@(zr)t—zrdr
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1 [ : -
- = ef)\(u(r)fw(r))tzrdr
2w Jo
+i o Mulr)Fiv(r) y—ir .
2T 0
1

_ _/ o= Au(r) gHido(r)+ir In() g,.
27T 0
+i o'} e—A“(T)e_i)\U(T)_iT ln(t)dr
27T 0
1 oo
— —/ e u(r) cos(rIn(t) + \v(r))dr.
™ Jo

(2.3)

The relation (2.3) implies that the Mellin transform of the last integral is equal to
function e *®(®) | that is

1 o0
e ) = —M{/ e ) cos(rIn(t) + Mo(r))dr; s}
m 0
1 o0 o0
= —/ tSfl/ e M) cos(r In(t) + Ao(r))dr dt,
T Jo 0

which by setting In(t) = &, we get the relation (2.1). O
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Corollary 2.2. If we suppose that the function ®(ir) can be written as the real
function ®1(ir) = u(r) or pure imaginary function ®o(ir) = iv(r), then, the rela-
tion (2.1) can be changed into two special cases:

e 1) = / eSS AR(E, N)dE. (2.4)
e~ P2(5) :/ eSS Aq (&, N)dE. (2.5)
where the functions Ax and Ag are given by
1 o0
Ax(&N) = —/ e cos(ré)dr, (2.6)
T Jo
1 o0
A€, N) = —/ cos(r& + Mv(r))dr. (2.7)
T Jo
Example 2.3. Setting ®1(s) = s*"*1, we have
$2n+1 o0
e = / e Ao 11(€)dE, (2.8)

where the Aany1(8) function is given by

2n—+1

Aani1(€) = %/0 cos(ré + (71)"“7’—

5 ) (2.9)

For more details about this function and its asymptotic expansion at infinily, see

12]; [14].

Corollary 2.4. It is obvious that the relationship between the Aspiq(x) in (2.9)
and M_1_(z) in (1.9) is given by

2n+1

M_1 (z) = (2n+1)77 Agyp (x(2n + 1)7077). (2.10)

2n+1

Theorem 2.5. (The Schouten-Vanderpol theorem for the Mellin transform)

Let F(s) and ¢(s) be analytic functions in the strip ¢; < R(s) < co and let F(s)
be the Mellin transform of f(t), then the inverse Mellin transform of F(¢(s)) is
written by

o0 =3 () = [ 1Dk [ s ar

T c—100

Proof: Using the definition of Mellin transform of F(¢(s))

F@@»:/mw@*ﬂﬂm,

0
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and by replacing in the inverse Mellin transform of F(¢(s)) we have

c+ioo
g(t) = MHF(g(s)): 1} = —— / F(o(s))t—*ds.

20 Jeioo
Now, by changing the order of integration, we arrive at the relation (2.11). O

Corollary 2.6. It is obvious that by setting ¢(s) = s*, 0 < a < 1, in the rela-
tion (2.11) and using the following Bromuwich’s integral in terms of the M-Wright
function [1]
al —a 1 etiee —As“+st
taTMa()\t ) = 2—7” /Ciioo & dS, (212)
the inverse Mellin transform of F(s*) can be presented in terms of the M-Wright
function as follows

«

M YF(s");t} = W/O; Tf(e™ )My (T(—In(t)) ") dr. (2.13)

Corollary 2.7. By setting F(s) = e=**() in the relation (2.1) and combining with
(2.13), we get a new integral representation for the fractional exponential operator

e M6 g5 follows
e A7) = /OO X AL (EN) dE, 0 <a<], (2.14)
where the function A (&, \) is gz'_vjn by
Aa(6,N) = —ﬁ /O; TA(T, )My (r(—€) ™) dr. (2.15)

3. The Fourier Transform of The M-Wright Function

In this section, using the obtained relations in previous section we get the
Fourier transform of the M-Wright function and its associate functions. First, we
get an integral representation for the products of Ag,1(2) functions.

Lemma 3.1. The following identity holds for the product of Aapi1(x) functions
12l

6n+42
27 2nF1

[ @ T 2 i  v),2)ds, (34)

Agn1(u)Agnsr(v) =

™

where the A3, | (x,2) function in two variables is given by

* > n t2n+1 n n
Hipa(e2) = [ eos((=1 g e+ (<1
n—1
(*1)n+1 2n+1 25 ,2n+1—25
RS £2n 124y gy, 3.2
LYo 2j )° ) (3:2)

j=1
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Proof: With the help of the integral representation (1.9), we consider the following
product of the Ag,11(x) functions

Azn+1(27 AT (a — k) x Aap+1(27 PrEsT (a+k))
= 1 2/ / eila—k)z+i(atk)y+i(— 1 a2nt lyy2ntl "+21n++y12n+1 dvdy.
™

(3.3)
Now, using the following change of variables
T =27 (t— 2
7#( ) (3.4)
y=2"2nF1(t + 2)

the integral (3.3) leads to the inverse Fourier transform of the A3, |, (z, z) function
in two variables

6n+2
27 2n+1

A1 (2775 (0 = B)) Azn (2755 (a + §) = = / " A3, (0, 2)dz,

(3.5)
which by setting 277+ 1 (a—k) =u, 2 mi (a+k) = v, the relation (3.1) is derived.
O
Corollary 3.2. From the relation (3.2), we can derive some special cases
i) u=v
6n+2
2 27t 1
‘A2n+1(u) = T ‘A2n+1(2 Zntl (u + ’U), Z)dZ, (36)
il) u=—v
2_22—ﬁ > Q%iuz *
Azt (W Azni1 (1) = = e Asn41(0,2)dz, (3.7)
iii) u =v*
Azng1 (W) Azns1(u*) = |Aznyr(u)]

27 mF1 [0 i n
_ / o271 N(u)z‘A;nJrl(Q#ﬂ %(u)’ z)dz,

(3.8)
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iv) u=0

6n+2

27 2 > 272"1ﬁivz * — Ll
Azn1(v) = Ao ()72 7006 A5 127250, 2)dz. (3.9)

Lemma 3.3. The function %[A2n+1(u)./lgn+1(—u)] has 2n vanishing moments
as follows [2]

[ee} d2n
/ ukw—%[ﬂznﬂ(u)ﬂznﬂ(w)]du =0, k=0,1,---,2n—1. (3.10)

Proof: By the identity (3.6), we take 2n derivatives of the function
Aop+1(u)Aayi1(—u) as follows

4n2—6n—2

d2n —1)27 2ntt o 2n .
——[Aant+1(w)Azpi1(—u)] = ()—2/ e?? +lz“ZAQ”H(O,z)z:Q"d,z

2n
du ™ oo

(71)712722—if > uw % w 2n
- BB ey, (0, —— wdw,

™ 0o 27 2n+1
(3.11)

The above relation can be expressed as the Fourier transform of the following
function

6n+1

(—1)”2_2ﬂ+1 * w n > _Zuw d2n
Tfl2n+1(0, 2_27511)102 - N e T [A2nt1(w)Agpi1(—u)]du
d2n
= E{W[AMH(U)A%H(—U)]; w},

(3.12)

which implies that 2n—1 first moments of j:—;n [A2nt1(u)Aznt1(—u)] are zero, that
is

0 d2n
/ w A Mo (WA (cu)ldu =0, k=01, 201 (313)

d

Theorem 3.4. The following relation have been held for the Fourier transform of
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the M-Wright function and its associate functions

FLAEN);w) = e 0w, (3.14)
N _iw)2nt1
FIM o (—Jw) = (@nt1)mme o (3.15)
2n+1 (27’L+1)T+1
FlAa(& N} = e (D), (3.16)
2n 7T2 w
F{A,.1(0,2); 27w} = M (——
{ 2n+1( ) } (2n+1)7‘2n2+1 Q*gnil e (2n+1)2‘n1+1’
w
x M . (—————). (3.17)
I (2n 4 1)zt

Proof: Using the definition of the Fourier transform

oo

F{f(x);w} = / e~ f(z)dx,

— 00

and applying the relations (2.1), (2.8), (2.14) and (3.6) respectively, the above
relations can be easily obtained. O

Theorem 3.5. The following orthogonality relation holds for the function M _1 ; &)

2n+

/ M &+ a)]Win+1 (E+b)de=60b—a), a,beR, a#b, (3.18)
where 6(x) is the Dirac delta function.

Proof: Using the definition of the M2_1+1 (€) function in (2.8)

o oo n41 p2ntl 41 /2041 , oo
I = 1 AT G F DT G e+l g ezg(wrr,)df,

— 00

(3.19)
and applying the following fact for the Dirac delta function
1 [~ . /
— et de = §(r + 1), (3.20)
2 J_
we get the desired result
;- - /°° Sl Ly S
2 J_ o
1 [~ .
- ez(afb)rdr
2 J_
= 40(b—a). (3.21)
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Corollary 3.6. Using the relation (3.18) for the orthogonality condition of the

]\42 - (&) function, we can get a new integral transform (which we denote as the

M . -transform) with its inversion formula as
Fo) = [ f@M (- o), (3.22)
f@) = / Fly)M__(y — x)dy. (3.23)

Example 3.7. For stating a property of the above integral transform, by setting
f(z) = a™ in the relation (3.22), we get the well-known Kampé de Fériét polyno-
mials of order m [7]

F(y) = (2n + 1)77 H2 (20 + 1) 771 2, ), (3.24)
where
8 \2n+1 [zt $m_(2n+1)TyT
Hgl"""l(x, y) = ey(ﬁ) {xm} =m/! Z (3'25)

s (m — (2n+ 1)r)lr!”

4. Concluding Remarks

This paper provides new results on the operational calculus of the M-Wright
function. Theses results have been obtained using the new integral representations
of the exponential function in some special cases. These integral representations
led to the Fourier transform of the M-Wright function and its associate functions.
Also, we found the Fourier transform of the products of the M-Wright functions
according to the relation (3.6) and we saw that this product is orthogonal according
to the relation (3.18). Also, we showed that 2n — 1 first moments of the function

;lj—;l[.AQnJ,_l(U)AQnJ,_l(_U)] are zero.
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