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Existence and multiplicity results for elliptic problems with Nonlinear
Boundary Conditions and variable exponents

A. Zerouali, B. Karim, O. Chakrone and A. Anane

ABSTRACT: By applying the Ricceri’s three critical points theorem, we show the
existence of at least three solutions to the following elleptic problem:
—div[a(z, Vu)] + [uP®) 24 = Af(z,u), inQ,
a(z, Vu).v = pg(z,u), on 09,

where A\, p € Rt Q € RN(N > 2) is a bounded domain of smooth boundary
A0 and v is the outward normal vector on 9Q. p : Q — R, a : Q x RN — RV,
f: QxR Rand g: 002 xR +— R are fulfilling appropriate conditions.
Key Words: Variable exponents; Elliptic problem; Nonlinear boundary con-

ditions;Multiple solutions; Three critical points theorem; Variational methods
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1. Introduction and main result

In this article, we consider the elliptic problem with nonlinear boundary condi-
tions and variable exponents

—divla(z, Vu)] + [ulP 2 = Af(z,u), in

(1.1)
a(z,Vu).v = ug(z,u), on 0,

where A, 1 € [0,00), @ C RY(N > 2) is a bounded domain with smooth boundary

09 and v is the outward normal vector on 9. f: QxR+ Rand g: 92 xR — R

are two Carathéodory functions. p € C(€) is the variable exponent.

Throughout this paper, we denote

p~ =minp(z); p* = maxp(z);

2€Q e
. No(z)/IN —v(z if p(x N,
p*(z) { +£<E /N = pl) ﬁgggg ; N,
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() = { Sr]\(io* Dp(x)/[N — p(x)] ﬁzgg ; x

and
C.(Q)={peC@Q):1<p <p" <o}

Our variable exponent p fulfills p € C;. (ﬁl and for this p we introduce a character-
ization of the Carathéodory function a : Q x RV — RV,

(Ho) a(x,—s) = —a(x,s) for a.e. € Q and all s € RV,

(Hy) There exists a Carathéodory function A :  x RY + R continuously differ-
entiable with respect to its second argument, such that a(x,s) = VsA(z, s)
all s € RY and a.e. z € Q.

(Hs) A(x,0) =0 for a.e. x € Q.

(H3) There exists ¢ > 0 such that the function a satisfies the growth condition
la(z,s)| < (1 + |s|P®) 1) for a.e. 2 € Q and all s € RN, where |.| denotes
the Euclidean norm.

(H4) The monotonicity condition 0 < [a(z,51) — a(z, s2)](s1 — s2) holds for a.e.
x € Q and all s1, s, € RV, With equality if and only if s; = s.

(Hs) The inequalities |s|P®) < a(x,s)s < p(z)A(z,s) hold for a.e. z € Q and all
s € RN,

A first remark is that hypothesis (Hp) is only needed to obtain the multiplicity
of solutions. As in [6], we have decided to use this kind of function a satisfying
(Hp)—(Hs) because we want to assure a high degree of generality to our work. Here
we invoke the fact that, with appropriate choices of a, we can obtain many types of
operators. We give, in the following, two examples of well known operators which
are present in lots of papers.

Examples:

1. If a(z, s) = |s|P®) =25, we have A(z,s) = ﬁ|5|p<x).
(Ho)—(H35) are verified, and we arrive to the p(z)-Laplace operator
div(a(z, Vu)) = div(|Vul[P@=2Vu) = Ay u.

2. If a(z,s) = (1 + |s]?)P@)=2/25 we have A(x,s) = ﬁ[(l + |s[2)p@/* —1].
(Ho)—(Hj5) are verified, and we find a generalized mean curvature operator
div(a(z, Vu)) = div((1 + |Vul?)PE)=2)/27y).

The energy functional corresponding to problem (1.1) is defined on WP(#)(Q)
as

H(u) = () + AU (w) + pJ (w), (1.2)
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where

CID(u)/QA(:E,Vu)der/QI%MW(I)dz, (1.3)

U(u) = f/QF(:c,u)dz, (1.4)
J(u) =— /BQ G(z,u)do, (1.5)

where F(z,u) = [} f(x,s)ds, G(z,u) = [, g(x,s)ds, and do is the N — 1 di-
mensional Hausdorfl measure. Let us recall that a weak solution of (1.1) is any
u € WHPE)(Q) such that

/a(z,Vu)Vvd:ch/ |uP@ 2 ypdz
Q Q

=\ [ flz,u)vdx + ;L/ g(z,u)vdo  for all v € WHPE) (Q).
Q o0

The study of differential and partial differential equation with variable exponent
has been received considerable attention in recent years. This importance reflects
directly into a various range of applications. There are applications concerning elas-
tic materials [25], image restoration [7], thermorheological and electrorheological
fluids [2,21] and mathematical biology [10].

Ricceri’s three critical points theorem is a powerful tool to study boundary
problem of differential equation (see, for example, [1,3,4,5]). Particularly, Mi-
hailescu [17] use three critical points theorem of Ricceri [19] study a particular
p(x)-Laplacian equation. He proved existence of three solutions for the problem.
Liu [16] study the solutions of the general p(z)-Laplacian equations with Neumann
or Dirichlet boundary condition on a bounded domain, and obtain three solutions
under appropriate hypotheses. Shi [22] generalizes the corresponding result of [17].
The multiple solutions of p(z)-biharmonic equation under sublinear condition has
been studied in [15] by L. Li, L. Ding and W.W. Pan. To our knowledge, there is no
result of multiple solutions of elliptic problems with nonlinear boundary conditions
and variable exponents.

We enumerate the hypotheses concerning the functions f, F' and g.

(I1) For t € C(Q) and t(x) < p*(z) for all z € 2, we have
|f (x,5)]

sup 7 < too;

(@,s)caxr 1+ [s[H®)—

(I2) There exist positive constant ¢; such that F(z,s) > 0 for a.e. € Q and all
s €]0,c1];

(I3) there exist p1(z) € C(Q) and p* < p; < pi(z) < p*(x), such that

: F(z,s)
lim sup sup
s—0 zeQ |S|p1(x)

< +00;
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(I4) There exist positive constant co and a function y(z) € C(Q) with 1 <y~ <
vt < p~, such that |[F(z,s)] < ca(1 4 [s|Y®) for a.e. € Q and all s € R;

(I5) For py € C(Q) and pa(x) < p?(z) for all x € Q, we have

sup lg(z, )|

T e =T < o0,
(z,8)€ONXR 1+ |5|P2(z)—1

This article is divided into three sections. In Section 2, we recall some basic
facts about the variable exponent Lebesgue and Sobolev spaces at first and we recall
B. Ricceri’s three critical points theorem (Theorem 2.3). In the third section, we
prove the following theorem which is the main result of this paper.

Theorem 1.1. Assume (Hy)—(Hs) and (11)-(14). Then there exist an open in-
terval A C (0,+00) and a positive real number w such that, for each X € A and
each function g: 9Q xR — R satisfying (I5), there exists § > 0 which satisfies, for
each p € [0,0], the problem (1.1) has at least three weak solutions whose norms in
WP (Q) are less than w.

2. Preliminaries

We first recall some basic facts about the variable exponent Lebesgue-
Sobolev.
For p € C4 (), we introduce the variable exponent Lebesgue space

LP@(Q) = {u; u: € — R is a measurable and / JuP@da < +oo} ,
Q

endowed with the Luxemburg norm

p(w)
[u|p(z) = inf ¢ a > 0;/ der<1,,
Q

which is separable and reflexive Banach space (see [13]).
Let us define the space

«

W@ (Q) = {u € LP®)(Q);|Vu| € LP®) (Q)},

equipped with the norm

Jul :mf{a o [ Qv@;(x)

Let W37 () be the closure of C°(Q) in WLP@)(Q).

p(x)

L [u@)

€T
«

p(x)
) dz < 1} : Yu e WHhP@(Q).

Proposition 2.1. [8,11,12,13]
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(1) Wol’p(z)(ﬂ) is separable reflexive Banach space;

(2) If ¢ € C+(Q) and q(z) < p*(x) for any v € Q, then the embedding from
WLrE)(Q) to L) (Q) is compact and continuous;

(3) If ¢ € CL(Q) and q(x) < p?(x) for any x € Q, then the embedding from
WLrE)(Q) to LI (9Q) is compact and continuous;

(4) (Poincaré) There is a constant C > 0, such that
[l p(a) < CIVulpy Yu € Wy (Q).

An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the mapping p defined by

p(u) ::/ {|W|P<x>+ uP) | dz, Yu € WHP/(Q).
Q

Proposition 2.2. [9] For u,ur € W"?®)(Q):k = 1,2, ..., we have
(1) Jul = 1 if and only if |[ulP” < p(u) < [lulP";
(2) llull < 1if and only if [[ul”” > plu) > |[ul*";
(3) ||ugll = 0 as k — 400 if and only if p(ur) — 0 as k — 4o00;
(4) |lug]| = 400 as k — 400 if and only if p(ur) — +00 as k — +oo.

In the sequel, we recall the revised form of Ricceri’s three critical points theorem
[20, Theorem 1] and [18, Proposition 3.1].

Theorem 2.3 (|20, Theorem 1]). Let X be a reflexive real Banach space. ®: X —
R is a continuously Gateaux differentiable and sequentially weakly lower semicontin-
uous functional whose Gateauz derivative admits a continuous inverse on X', where
X' is the dual of X, and ® is bounded on each bounded subset of X; ¥: X — R s
a continuously Gateaux differentiable functional whose Gdteaux derivative is com-
pact; I C R is an interval. Assume that

lim (®(x) + A\¥(z)) = +o0 (2.1)

|zl =00
for all X € I, and that there exists h € R such that

sup inﬁ((@(z) +A(T(x) +h)) < ini sup(®(x) + A(¥(x) + h)). (2.2)
el € TEX el

Then, there exists an open interval A C I and a positive real number p with the
following property: for every A € A and every C! functional J: X +— R with
compact derivative, there exists 6 > 0 such that, for each p € [0,0] the equation

D' (z) + AU/ () + pJ () =0

has at least three solutions in X whose norms are less than w.
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Proposition 2.4 ([18, Proposition 3.1]). Let X be a non-empty set and ®, ¥ two
real functions on X. Assume that there are r > 0 and xg,z1 € X such that

—U(x
O(wg) = —U(x9) =0, P(z1) >, . 51(1]p ])—\I/(:E) <r @(;1;).
ze€P—1(]—o0,r

Then, for each h satisfying

—v
sup —V¥(z)<h<r (:c1)7
2€d—1(]—o00,r]) ®(21)

one has

sup ing((@(:c) +Ah+T(x))) < inﬁ( sup(®(x) + A(h + U(x))).
A>0TE TEX X\>0

In our work, we designate by X the Sobolev space with variable exponent
Whr)(Q).

3. Proof of main result

The operator ® is well defined and of class C* (see [6]). The Fréchet derivative
of @ is the operator ® : X — X’ defined as

(D' (u),v) = /Qa(z, Vu)Vodz + /Q |u[P®~2ypda for any u,v € X.

We start by proving some properties of the operator ®’.

Theorem 3.1. Suppose that the mapping a satisfies (Hy)—(Hg). Then the following
statements holds.

(1) @' is continuous and strictly monotone.

(2) @ is of (S4) type.

(8) ' is a homeomorphism.

Proof: (1) Since @’ is the Fréchet derivative of @, it follows that @’ is continuous.
Using (H4) and the elementary inequalities [23]

lo —y|" < 27(|2| P2 — |y Py)(x —y) ify>2,

|z —y* < (lz] + [yD)*> (2" Pz =y Py (@ —y) ifl<y<2,

1
(y=1
for all (x,y) € RY x RY, we obtain for all u,v € X such that u # v,
(@' (u) — @' (v),u —v) >0,

which means that @’ is strictly monotone.
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(2) Let (uy)n be a sequence of X such that

un, — u weakly in X as n — oo and  limsup(®’(uy), u, —u) < 0.
n—-+o0o

Using the compact embedding WP(*) (Q) < LP(*)(Q), we have

li WP =2 gy ()2 n —u)dz = 0.
[ (P = [l 20 0 — )
Thus
1imsup/ a(x, Vuy)(Vu, — Vu)dzr < 0.
Q

n—-+o0o
The following theorem assure that u, — u strongly in WP(#)(Q) as n — 4o0.
Theorem 3.2 ([14], Theorem 4.1). The Carathéodory function a: Q x RV — RN

described by (Ho)—(Hs) is an operator of type (Sy) that is, if u, — u weakly in
WP (Q) as n — 400 and

lim sup/ a(x, Vuy)(Vu, — Vu)dr <0,
Q

n—-+o0o

then u, — u strongly in WP (Q) as n — 4o00.

(3) Note that the strict monotonicity of ®’ implies its injectivity. Moreover, ®’
is a coercive operator. Indeed, using (Hj;), Proposition2.2 and since p~ — 1 > 0,
for each w € X such that |lu|| > 1 we have

(D' (u),u) _ fﬂ[a(z,VU)Vqu |u|p(z)]d:c

> ||u||p7*1 — o0 as ||ul]| = .
[[ull [[wll

Consequently, the operator @’ is a surjection and admits an inverse mapping. It
suffices then to show the continuity of ®~!. Let (f,), be a sequence of X’ such
that f,, — f in X’ as n — +oo. Let u, and v in X such that

1 f) =u, and @ 7(f) =u.

By the coercivity of @', one deducts that the sequence (u,) is bounded in the
reflexive space X. For a subsequence, we have u,, — u weakly in X as n — +o00,
which implies

lim (®'(up) — @ (u),u, —0) = lim (fn, — f,u, —0) = 0.

n—-+o0o n—-+oo

It follows by the property (S ) and the continuity of ® that
up —u strongly in X and ®'(u,) — ®'(u) = ®'(u) in X' asn — +oo.

Moreover, since ¢’ is an injection, we conclude that u = . |
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Now we can give the proof of our main result.

Proof: [Proof of Theorem 1.1] Set ®(u), ¥(u) and J(u) as (1.3), (1.4) and (1.5).
So, for each u, v € X, one has

(@ (u),v) = /Q[a(z, Vu) Vo + |uP®~2u)d,
@(w).) = = [ Flauode,
(" (), 0) = — /6 gl wdo,

From Theorem 3.1 and [[6], Proposition 4] the functional ® is a continuous Géateaux
differentiable and sequentially weakly lower semicontinuous functional whose
Gateaux derivative admits a continuous inverse on X'. By (I1) and (I5), ¥ and J
are continuously Gateaux differentiable functionals. Moreover, using the compacity
of embedding W'P®)(Q) «— LPE)(Q) and the trace embedding W1PE)(Q)
LP®)(99Q) (Proposition 2.1), we deduce that ¥’ and J’ are compact. Obviously, ®
is bounded on each bounded subset of X under our assumptions.

From (Hj), if ||u|| > 1 then

1
P(u :/Aw,Vu dm—i—/—up(z)dx
w) Q ( ) szp(fc)l |

1
> [ S (TuP 4 )
Q

Meanwhile, for each \ € A,

AU (u) = —/\/QF(:c,u)dz

> 4/ ca(1 + |u["®)da
Q
+
> = (|Qf + [ull] )
+
> —ch(1+ Jull] )
> (1 + ")

for any u € X, where ¢; and ¢ are positive constants and |||, is the usual norm
of W1(#)(Q)). Combining the two inequalities above, we obtain
1

- +
el = ez (L Jlul™),

D(u) + AV (u) >
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since v < p~, it follows that
lim (®(u) + AV (u)) =400 Yue X, Xe€][0,+00).

lluf| =400

Then assumption (2.1) of Theorem 2.3 is satisfied.

Next, we will prove that assumption (2.2) is also satisfied. It suffices to verify
the conditions of Proposition 2.4. Let ug = 0. By (Hz) and the definition of F, we
can easily have

q)(’u,o) = 7\11(11,0) =0.

Now we claim that (2.2) is satisfied.
From (I3), there exist € [0, 1], ¢5 > 0, such that

F(z,s) < c3)s|Pr® < esls|Pr Vs e [-n,1), ae z e
Then, from (I4), we can find a constant M such that
F(x,s) < M|s|Pr

for all s € R and a.e. = € . Consequently, by the Sobolev embedding theorem,
W) (Q) < LP1 (Q) is continuous. And for suitable positive constant c4, cs5),
we have

—U(u) = /QF(:c,u)dx < 1\4/Q |u|Pr da < cql|ulPr < csrPr /P

when [|u[?" /p* < r. Hence, being p; > p*, it follows that

i Sl /< ~P ()
r—0t T

~0. (3.1)

Let u; € C1(Q2) be a function positive in €2, with maxgu; < c1. Then, u; € X
and ®(u1) > 0. In view of (12) we also have —W(u1) = [, F(x,u1(z))dz > 0.
Therefore, from (3.1), we can find 7 € (0, min{®(uy), p%}) such that

—W(uy)
®(u1)

sup  (—P(u)) <r
full?® /pt<r

Now, let u € ®~*((—o0,r]). Then, [, (p(x)A(z, Vu) + |[uP®)dz < rp* < 1 which,
by Proposition 2.2, implies ||u|| < 1. Consequently,
Sl < pw) < [ () A V) + a9 do <
Pt I A

Therefore, we infer that ®~1((—oo,7]) C {u €X: p%”u”p+ < r}, and so

sup (=P (u) <r :
wed~1(]—o0,r]) P (u1)

At this point, conclusion follows from Proposition 2.4 and Theorem 2.3. O
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