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Multiple solutions for p-Laplacian eigenproblem with nonlinear
boundary conditions

M. Berrajaa, O. Chakrone, F. Diyer and O. Diyer

ABSTRACT: In this paper we study the existence of at least two nontrivial solutions
for the nonlinear p-Laplacian problem, with nonlinear boundary conditions. We
establish that there exist at least two solutions, which are opposite signs. For this
reason, we characterize the first eigenvalue of an intermediary eigenvalue problem
by the minimization method. In fact, in some sense, we establish the non-resonance
below the first eigenvalues of nonlinear Steklov-Robin problem.
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1. Introduction
Let us consider the following nonlinear boundary problem

(1) —DNpu+c(@)|ulP?u = f(z,u) in Q,
! VulP=28% = g(z,u) on 09,

where Q@ ¢ RN, N > 1, be a bounded domain with smooth boundary 9, the
functions ¢ : @ - R, f: Q@ xR — R and g : 90 x R — R satisfy the following
conditions:

(C1) ce LP(Q) and ¢ > 0 a.e x € Q with [, c(z)dz > 0;
(Cs) f and g are Carathéodory functions;

(C3) |f(z,t)] < e(1+ [t]77Y), aex € Q,t € R, where ¢ € [p,p*[, with p* =
pN

N—p’ ifl<p< N,p*=o00, if l <N <p.

(Cy) lg(x,t)] < e(1+t]971), ae x € 0Q,t € R;
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The nonlinear p-Laplacian problem with Dirichlet, Neumann or Stecklov conditions
has been studied by severals authors, for example, we cite the papers [1,7] and [2]
in which the authors established the existence of positive and multiple solutions
for the following quasilinear problem

Apu = |ulP™?u  in Q,
|Vu|p_2% = f(z,u) on 99,

under appropriate assumptions on f. In this sense we have extended this work to a
nonlinear problem which has a strongly nonlinear second member. The resolution
of the problem (S7) appears in several works, we cite for example [6,8], but they
are only in the case of quasilinear problems. This paper is organized as follows.
In Section 2, we give a characterization of the first eigenvalue of the problem (Ss)
bellow. In Section 3, we give some preliminary results and notations, that will be
useful to prove the principal results of this article. In Section 4, we establish the
main result.

2. Characterization of the first eigenvalues

Firstly, we consider the following eigenvalue problem

(S2) —Dputc(@)|ulP e = Im(z)lufP? in Q,
2 |Vulp~2 3y n(z)ulP~2  on 99,

(m,n) € L®(Q)x € L>®(0N), mes{x € Q| m(z) > 0} # 0 and mes{z € Q| n(z) >
0} # 0.

The variational problem associated to the problem (S3), see [5], is given by

Find (A\,u) € RT x WhP(Q) \ {0}, such that for all w € W1P(Q),
[IVulP2Vu.Vw + [ c(@)|uf~2uw = X [[ m(z)[uP"2uw + § n(z)|uP~2u.w).
(2.1)
The existence of the eigenvalues sequence (A )x>1 of the problem (S5), see [4] and
[5], is given as follows

A t(m,n) = sup min </ m(x)|ul? + y{n(x)|u|p> , (2.2)
BeA, ueB

where Ay = {B € WY?(Q) | B C S., compact, symmetric and y(B) > k} , v is

the genus’s function and S, = {u € WHP(Q)| [[ullz = [ |VulP + [ c(z)|u|P = 1}.

The proof of (2.2) is given by the L.Ljusternik-L. Schnirelmann critical point theory

on C' manifolds using the genus . The first eigenvalue is characterized by

) = sup (@t + @l

We have proved in [5] that the first eigenvalue A; is simple and an eigenfunction
up associated with it, does not change sign in  and |ui| > 0 in Q.
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Definition 2.1. A weak solution of problem (S1) is a function u € WP(Q) satis-
fied

/|Vu|p72VU.VU + /c(x)|u|p*2u.v = /f(ac,u).v + fg(x,u).v, Yo € WhP(Q)

3. Preliminary results

We consider the following truncated problem

(S14) —Npu+c(@)|ulPu = fy(lz,u) in Q,
" VuP=28% = g (z,u) on 09,
and
(S1) —Apu+c(@)|ulP?u = f_(z,u) in Q,
B |Vu|p’2% = g_(z,u) on 909,
where
| flz,t), if£t>0, ~f g(z,t), if £¢>0,
fi(z’t){ 0, if 1<, adoxnt) =9 if +1¢<0.
We denote by ut = max(u,0) and v~ = max(—u,0). We also consider the func-

tions Fy and Gy are defined as follows Fl (z,t) = fot fr(z,8)ds and G4 (x,t) =

fot g+ (2, s)ds. We assume the following assumptions
|[Fi(z,t)| <clt|]?+ecp<qg<p’ae xeq, (3.1)

and
|Gi(z,t)| <clt]+cp<qg<p®ae xecdf, (3.2)

Lemma 3.1. All solutions for (S14) ( respectively (S1-)) are the positive (respec-
tively negative) solutions for (Si).

Proof: Let ¢ and ¢_ be the energies functionals associated with problems (S14)
and (S;_) respectively, defined from W1P(Q) — R such as

o) = / vap + [ W - [Pew- feiww, (6
o) =+ / Valr + [ efa |u|P - [Pew-feww.

Using the assumptions (C1) — (Cy), ¢, are well defined and of class C! in W1P(Q).
Let u be a solution of (S14), then it is clear that u is a critical point of ¢, . We
have for all v € W1P(Q),

and

0=< d);_(u),v >:/ |Vu|p72Vu.Vv+/ c(@)|ulP~?u.v— f+(z,u).v—j£g+(z,u).v.
(3.5)
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We take v = u~ in (3.5), we have

/ VP2 Vu.Vu~ + / c(@)|ulP~2uu~ — / Folz,u)u™ — 7{ g (z,u)u~ = 0.

Thus
/|Vu7|p+/c(z)|u7|p =0.
So
lu”]| =0,
which proves that v~ = 0, so u = u™, is also a critical point of ¢, with the critical
value is ¢(u) = ¢(u™) = ¢, (u). Similarly for the problem (S;_). O
We pose
t F(x,t
ky(z) = 1331;25 i/;|(:_’21 and K4 (z) = litrgi%p b é? ) uniformly z € Q,  (3.6)

t t
I+ (z) = liminf % and Ly (z) = limsup PG, t) uniformly « € 9, (3.7)

t t—=+0 |t|
4. Main result

Theorem 4.1. Suppose the conditions (C2) — (Cy) and
Mk, ly) <1< (K4, Ly), (4.1)

or

Mk, 1) <1< A(K_,L_). (4.2)

Then, the nonlinear problem (S1), has at least two (non trivial) solutions in
WLP(Q). where in the first case is positive and the second is negative.

Remark 4.2. If the assumptions (4.1) and (4.2) are satisfied simultaneously , then
the nonlinear problem (S1), has at least two (non trivial) solutions in WP (),
which are opposite signs.

For proof of theorem, we need the following lemma

Lemma 4.3. under the assumptions of Theorem 4.1, the functional ¢, and ¢_
satisfied the Palais-Smale (P.S) conditions.

Proof:

ooty = 5| [Ivup s [e@iar] - [ - fewa. @)

Let (un)n a sequence satisfying the (P.S) conditions, (¢(un)n)n is bounded and
| (wn)|| — 0. We show that (u,), has a convergent subsequence. As W1P(Q) <
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L?(Q), it suffices to show that (uy), is a bounded sequence. By absurd, pose
Un = s With [lupll = +00, so [[vn]| = 1. As (vn)n is bounded in WLP(Q), then
there exist a subsequence also noted (v,), such that,

Uy — W in Whr(Q),

Up — v in LP(Q),

Uy — W in Lr(09),
vp(x) — o(zr) aein Q.

Firstly, we show that v # 0. By absurd, we suppose that v = 0, so v, — 0 in
LP(Q).
As ||, (un)|| = 0 and p > 1, then =2=nltn) g with vay € Wie(Q)

llunll®

Spww= [ v 2wt [ @l tuw - [ foeww- § o

SO

Y = / Vunl? + /c(m)|un|p - /f+($,un).un - fg+(x,un).un Wn € N.

(4.5)

¢+ Up) Uy, / Un Unp
|an|p+/ )|vn|pf/f (T, up). —— —y{g (T, Up).——
[[wn [|P " [|wn [|P " [[un P
= [190r+ [ @l

_ fi (@ un) |unlP?u _ g+ (2, un) |up [P 2up
[un|P=2un " Jlun||P [un|P=2up " Jlun||P
o P f+(x,un) P ng(:Cvun) p
= lonll” = [ T P = @ o |un [P
un [P~ un |un [P~ un

As LEEtn) opg 92us) 406 hounded in LP () and LP (99) respectively, v, — 0

[un|P—2u, [Un [P~ 2u

in L?(Q) and v, — 0 in LP(GQ), we deduce that

er(:L', un)

P
P2 Jun|P — 0 and

Therefore, we have 0 =1 — 0 — 0, it’s absurd. Consequently v = 0.
Now we prove that (u,) is bounded.
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We have Yw € W1P(Q) i (u)v 6 and f(z,s) =0, for s <0, so

> lunllP=t
qbﬁr(un)w :/|Vun|P—2Vun.Vw +/c( )|un|1)—2.un B fo(x,uy)
[[un|[P~ [[wn|[P~ [wnlP=t l[unllP=t "
o ng(:Cvun)
[[wnlP=1

+ +)p—1
=/|an|p_2VUn.Vw+/c(m)|vn|p_2vn.w—/f(i’u") () w

(un )P~ Jun [P~
_7{9(%“3) ()~

()P [lunlP=1

because fi(z,u,) = f(z,u}) and g4 (z,un) = g(z,uw)).
Since L&) and 9@ are bounded in L>(Q) and L>°(09) respectively, then

(up )P—1 (um P2

fag) ang 9@8i) convergent to hy in L () and to hy in L () respectively.

(ui)P=t (u)P=t

So we obtain Yw € W1P(Q),

Vol 2.V0.Vw+ [ c(@)ofP2vaw— | hy() (@) aw— ¢ ho(a) ()P~ aw = 0.
/ / / y

In particular, for w = v~, we obtain [ |[Vo~|P + [e(z)jv™ [P = 0, so [Jv~|| = 0,
which proves that v = v™ > 0, and satisfies the problem

—LNpu+e(z)lP2o = M) %0 in Q,
|VoP=222 = hy(z)[P~20v  on  0Q.
Since the regularity of solutions at this problem are C1%((Q2), (see [3]). We can
apply Harnack inequality, we have v > 0 in Q, so A1 (hi(x), ha(z)) = 1. Since v > 0

in Q, then u,(z) = ||up||vn, — 400 a.e. Thus, we have
. f(:c,un) .. g(:c,un)
o inf 2, — F+(@) and Iminf £ P20 = 1y(e), (46)
" (@) (@)
. f T, Uy ) . g\r, vy )

Using Fatou’s lemma, we obtain

k Po= 1 f L2 2 |ylP

/ meaim /nnnln |un|p_2-un|U|
+

1inglinf/7f($’u")+|u|p

luit [P~2.u

- /hl(x)|u|p.

IN
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The same, we prove that

Fre@iap < §m@l.

As
# _ sup fh1(:13)|u|17 + fh2($)|u|:ﬂ
A1(hy, ha) LEWL2(Q), w0 Jull
sy L@ L
zEWLP(Q), u#0 [[ulle
B 1
At (k-i-’l-‘r).

thus 1 = A\ (h1, he) < Ai(k4,l4) < 1, absurd. So (uy,), is bounded.
Now, we prove that ¢ satisfies the geometric conditions of the mountain pass, in
order to prove that ¢ admits a critical point. We have

1 o B ul + § Ly ful?
Mk ) = [IVulP + [ e(a)|ulp

vu € WHP(Q)\ {0}. (4.8)

Using (3.1) and (3.2), we have

Ve > 0,30 > 0,Y0 <t <6 pF(z,t) < Ky ()t + et? Vo € Q,

and
36 > 0,V0 <t < § pG(x,t) < Ly(x)tP + et? Vo € 0Q.
Thus
1
Flz,t) < K4 (2)tP + <tP + c|t]P, Vt € R,Vz € Q, (4.9)
p p
and

1
G(z,t) < —Ly(@)t? + <P + cft|P, Vt € R,Vz € 8Q. Hence (4.10)
p p
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o) = 3| [19up+ [ el - [ Futan - 640
>l = [ K@l =& [l e [l =5 f
2 frap - f
>l - 3| [Re@up + ot - £ | fap+ frur]
e

1 € c

p_ p__
el P~ 3

1
> —||u||? —
=l D)

P pA(Ky, Ly)
C

1 1 €
> (1- - ] [ ——YATT
—p( ML L) Alu,l)) i wisyiel

For sufficiently small ¢, we have 1 — Al(Ki o )\1(61 T > 0. Since p < ¢, then
there exist a > 0, p > 0 and if ||ul| = p then ¢, (u) > a > 0. O

][

Proof: [Proof of Theorem 4.1] Let ¢(k4,l4) the first eigenfunction associated,
such that p(ky,1+) > 0, thus

w _ ]13</|w(k+,z+)|f”+/c(z)lsa(k+,l+>l)

_ Fy(z to(ky, 1)) _7{G+($at90(k+al+))
lto(ks, 1) [P lto(ks, l)P

Using Fatou’s lemma, we obtain
to(ky,l 1 r
i nf 22 8P L)) Nk, 1)]7 — /hminf 4 (s to(ky, L))
n——+o0o tr D N oo |t§0(l€+,l+)|p

- y{hminf Gy (z, to(ky,ly))
n—too  [tp(ky, ly)P

1 1
< Yotep,ir - 2 / b () (ks 1 )P
p p
1
-2 P l@lethn, P
1
< —|lo(ky, 107
p

7]1) </ k+(z)|¢(k+,z+)|p+7{l+(x)lw(kz+,l+)lp)

1 1
< (1-— fey l)|P
<2 (1 5 ) et

<0, ( because A\i(k4,l4) <1).
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Thus 3tg > 0 such that ¢, (to(ky,l1)) < 0, therefore ¢, satisfies the assumptions
of Mountain pass theorem, thus Ju € W12 (Q) \ {0}

/|Vu|p_2Vqu+/ c(@)|ulP~?u.w :/ f+($,u).w+fg+($,u).w, Yw € WHP(Q).

For w =u~ and as for all t <0, fi(z,t) =0 and g4 (x,t) = 0, we obtain

/|vu*|p +/c(z)|u*|p ~0.

Thus ||lu~|] =0, so u~ = 0. Which proves that u > 0 is the solution of the problem

(51).

The same manner, using the condition (4.2), we prove that the solution of the

problem (.S7) is negative. O
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