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Existence of Renormalized Solutions for p(z)-Parabolic Equations with
three Unbounded Nonlinearities

Youssef Akdim, Nezha El gorch and Mounir Mekkour

ABSTRACT: In this article, we study the existence of a renormalized solution for
the nonlinear p(z)-parabolic problem associated to the equation:

Ob(x, u)
ot
with f € LY(Q), b(z,u0) € L*(2) and F € (L' O(Q))N.
The main contribution of our work is to prove the existence of a renormalized so-
lution in the Sobolev space with variable exponent. The critical growth condition
on H(xz,t,u,Vu) is with respect toVu, no growth with respect to v and no sign
condition or the coercivity condition.

—div(a(z, t,u, Vu)) + H(z,t,u,Vu) = f —divF in Q =Q x (0,7

Key Words: Variable exponent Sobolev,Young’s Inequality,Renomalized So-
lution, Parabolic problems,Tree unbounded nonlinearities.
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1. Introduction

In the present paper we establish the existence of a renormalized solution for a

class of nonlinear p(z)-parabolic equation of the type:

% —div(a(z,t,u, Vu)) + H(z,t,u,Vu) = f —divF in Q=Qx(0,T)
) b(x,u)|t=0= b(x, up) in Q

u=20 on 00 x (0,7).

In the problem (P), Q is a bounded domain in RY(N > 1), T is a positive real
number, while b(x,up) € L'(), f e L'(Q)and F € (L7'O(Q))VN.
The operator —div(a(x,t,u, Vu) is a Leray—Lions operator defined on
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LP (0,T; Wol’p(')(Q)) (see assumption (3.3)-(3.5) of section 3) which is coercive
b(x,u) is an unbounded function of u, H is a non linear lower order term.

The notion of renormalized solutions was introduced by R. J. Diperna and P. L. Li-
ons [12] for the study of the Boltzmann equation, it was then used by L. Boccardo
and al [11] when the right hand side is in W~1#'(Q) and by J. M Rakoston [16]
when the right hand side is in L*().

For the degenerated parabolic equations the existence of weak solutions have been
proved by L. Aharouch and al [2] in the case where a(z, ¢, u, Vu)is strictly mono-
tone H=0, F=0 and f € L (0,7, W’lvp/(Q, W*)), see also the existence and
uniqueness of a renormalized solution proved by Y. Akdim and al [5] in the case
where a(x,t,s,€) is independent of s, H =0 and F = 0.

In the case H(x,t,u,Vu) = divg(u) and F = 0, the existence of renormalized
solution has been established by H. Redwane in the classical Sobolev space and in
Orlicz space[20,22] and by Y. Akdim and al [4] in the degenerate Sobolev space
without the sign condition and the coercivity condition on the term H (z, ¢, u, Vu) =
div(é(z,t,u)) and F = 0, the existence of renormalized solutions has been estab-
lished by A.Aberqi and al [1] in the classical Sobolev space.

Recently while b(z,u) = u, a(z,t,u,Vu) = |[Vu[P®*)2Vy and F = 0, C.Zhang
and S. Zhou [24] proved the existence of renormalized and entropy solutions with
L'-data and see also M. Bendahmane, P. Wittbold, A. Zimmermann [8| proved
the existence of renormalized solutions for a nonlinear parabolic equation with
L'-data. The notion was then adapted to an elliptic version of problem (P) by E.
Azroul, M. B Benboubker and M. Rhoudaf [7] where the right hand side is in
LYQ) + W=1'0(Q) and H(x,u, Vu) satisfying a sign condition on u.

It is our purpose to prove the existence of a renormalized solution of variable ex-
ponent Sobolev spaces for the problem (P) setting without the sign condition and
without the coercivity condition, the critical growth condition on H is only with
respect to Vu and not with respect to u (see assumption H2), where the right
hand side is assumed to satisfy: f belongs to L}(Q) and F e (LF'O)(Q))N.

This article is organized as follows: In Section 2 we collect some important propo-
sitions and results of variable exponent Lebesgue—Sobolev spaces that will be used
throughout the paper. In Section 3 we make precise all the assumption on b, a, H, f
and b(z,up) and give the definition of a renormalized solution of the problem (P)
for which our problem has a solution. In Section 4 we establish the existence of
such a solution (Theorem 4.1). In Section 5 we give the proof of theorem 4.2,
lemma 4.6 and proposition 4.8 (see appendix). Section 6 is devoted to an example
which illustrates our abstract result.

2. Mathematical preliminaries on variable exponent Sobolev spaces

2-1 Sobolev space with exponent variable
In this section we recall some definitions and basic properties of the generalised
Lebegue-Sobolev spaces with variable exponent LP()(Q), WP()(Q) and
WO1 P (')(Q), we refer to Fan and Zhao [13] for further properties of variable expo-
nent Lebesgue - Sobolev spaces.
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Let © be a bounded open subsect of RY (N > 2), we say that a real-valued contin-
uous function p(.) is log-Hoder continuous in € if

ip(@) — p(y)] < —C

_ 1
<———— Vo,yeQ  suchthat |z —y| < =,
| log & — y]| 2

with possible different constant C. We denote
C1(Q) = {log-Héder continuous function p: Q — R with 1 <p~ < pT < N},
where
p~ =min{p(z):z € Q} and pt =max{p(x):zc Q}
we denote by P(Q) the set of Lebesgue measurable function

P(Q) ={u:Q—R measurable} and P*(Q) = {u:Q — [1,00) measurable}.
We define the variable exponent Lebesgue space for p € C(Q2) by

LPO@Q) = {ue P(Q) - / lu(@)]P® < oo},
Q
this space is endowed with the (Luxembourg) norm define by the formula
[ull Lo ) = llullpy = inf{A >0 ; |T| dr < 1}.

If 1 < p~ <pt < oo then LPU)(Q) is a uniformly convex Banach space and
therefore reflexive and if p € PT(Q) N L>(1), then LP)(Q) is separable space.
We denote by LP'()(Q) the conjugate space of LP()(Q) where Wl») + ;%(.) =1, see
[14,23)].

Proposition 2.1. (Young’s Inequality ) Let p, p' € C(Q), wherep’ the conjugate,
i.e., ﬁ + p%(.) = 1. For all a,b > 0, we have

aP@) (@)

TS )

Proposition 2.2. (Generalised Holder Inequality)see [13,18]

i) For any functions u € LPC)(Q) and v € L' )(Q), we have
| Jo uvda| < (5= + S=)[[ullpo 1ol ) < 2llullpo o]l -

ii) For all p, ¢ € C(Q) such that p(x) < q(x) a.e. in Q, we have
L10) — PO and the embedding is continuous.

Lemma 2.3. (See/[13])If we denote p(u) = [, |u(x)[P®dx Yu € LPO(Q) then,

. - + - +
win { [l § < pla) < mass {Jlully ) el )
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Proposition 2.4. See([14,23]) For u € LPX)(Q) and {us}keny C LPO(Q) then
the following assertions hold

u

u# 0= [[lullpa) =A< p(3) =1, (2.1)
- +
lllpgy > 1= llullZg, < () < ful), (22)
+ -
lallyy < 1= llullZs, < o) < [z, (23)
Jm [[ukllpo) =0 lim plux) =0, (2.4)
lim [|ug||Lre) () = 00 & lim p(uy) = oo. (2.5)
k—oo k—o00

Lemma 2.5. . Let f, — f a.e and f, — f in LP)(Q). Then,

i [ (50— [ 1= g = [ 10

Theorem 2.6. For any function u € LP)(Q) and u,, € LP)(Q), we have then,
the following are equivalent assertions

'I,) lim,, oo ||un — u||p(_) =0
41) limg o0 p(uy, —u) =0
%) w, converge to u in measure and lim, o p(u,) = p(u).

Which share the same type of properties as L?(-) (Q), we define also the variable
Sobolev space by

whPO(Q) = {u e LPO(Q) and  |Vu| € LPO(Q)},
where the norm is defined by
lullpe) = lullpe) + [Vl Yu e WHPO(Q).

We denote by Wo*") () the closure of C§°(Q) in WP()(Q), ie.,

1,p(.)
wiroq) = e

and we define the Sobolev exponent by p*(z) = ]\Z,Vféz) for p(z) < N.

Proposition 2.7. [1/]

i) Assuming 1 < p~ <pt < oo the spaces WP (Q) and Wol,p(.)(Q>
are separable and reflexive Banach spaces.

i) If ¢ € CL(Q) and q(x) < p*(x) for any x € Q, then the embedding
Wol’p(')(ﬂ) e LI (Q) is continuous and compact.
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4i1) Poincaré inequality: there exists a constant C > 0, such that

lullpy < ClIVullyy  Vue Wy ().

Remark 2.8. By (iii) of Proposition 2.4, we deduce that |[|Vul|,y and ||u|l1 p)

are equivalent norms in Wol’p(')(Q).

We will also use the standard notation for Bochner spaces, i.e., if ¢ > 1
and X is a Banach space then L7(0,7T;X) denotes the space of strongly mea-
surable function u : (0,7) — X for which ¢t — ||u(t)||x € L%(0,T). Morever,
C(]0,T); X) denotes the space of continuous function « : [0,7] = X endowed with
the norm ||u|c(jo,r;x) = maxeeqo, 7y |u(t)] x.

L? (0,T; Wol’p(m)(ﬂ)) = {u :(0,T) — Wol’p(m)(ﬂ) measurable;

T — 1
(] 1O o gyt) ™ < o0}

and we define the space
L>(0,T;X) = {u :(0,T) = X measurable, 3C >0 /||u(t)||x < C a.e.},
where the norm is defined by
lull o750 = inf {C > 0; Ju()]|x < Cae.}.
We introduce the functional space see [8]
v={rer 0w @)vel e @)}, (2.6)
which endowed with the norm

1 llv =1IVFliro @

or, the equivalent norm
HAI = 10 o a2y + 19l r00 )

is a separable and reflexive Banach space. The equivalence of the two norms is
an easy consequence of the continuous embedding LP()(Q) < LP™ (0, T; LP)(Q))
and the Poincaré inequality. We state some further properties of V' in the following
lemma.

Lemma 2.9. Let V' be defined as in (2.6) and its dual space be denote by V*.
Then,
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i) we have the following continuous dense embeddings

L7 (0, T3 Wy P (Q) < Ve LP7 (0,73 Wy P ().

In particular, since D(Q) is dense in e’ (0,T; Wol’p(')(Q)), it is dense in V.
and for the corresponding dual spaces, we have

+)/

L@ (0,75 (Wo P (Q))) < Vs L& (0,75 (W P ())").

Note that, we have the following continuous dense embeddings
L (0, T3 LV (Q)) = LPO(Q) = L (0, T; LP(Q)).

#) One can represent the elements of V* as follows: if T € V*, then there
exists F = (f1,...., fn) € (LT O(Q)N  such that T = divF and

T
<T, €>V*,V = / / Fvgd,fdt,
o Ja
for any € € V. Moreover, we have

1]

Remark 2.10. The space V N L*™(Q), is endowed with the norm defined by the
formula

lellvarsq) = max {llellv, vl 1= }, v € VN L*(Q),

is a Banach space. In fact, it is the dual space of the Banach space V* + L*(Q)
endowed with the norm

lvllveqr1(q) = inf {”UlHV* +|v2llL1@); v =01 +va,v1 €V, 03 € LI(Q)}-

2-2 Some Technical Results.

Lemma 2.11. (/2]) Assume (3.3) -(3.5) and let (un)n be a sequence in
P (0,T; LP)(Q)) such that w, — u weakly in LP (0,T; LP)(Q)) and

/ (a(z, tyUn, Vi) — a(x, t, tp, Vu))V(un —u)dr — 0.
Q

Then, wu, — u strongly in LP~ (0,T; LPC)(Q)).

Lemma 2.12. ([8/)Let g € LP)(Q) and g, € LP(Q) with ||gnllpw) < C for
1 < p(x) < oo, if gn(x) = g(x) a.e. on Q. Then, g, — g in LPO(Q).

Lemma 2.13. See/[19]

W ={ueViu e V' + L}Q)} < C([0,T): L'(2))

and

W N L=(Q) < O([0.T): L*(9)).
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Definition 2.14. A monotone map T : D(T) — X* is called mazimal monotone
if its graph
G(T) = {(u,T(u)) € X x X* for allu € D(T)},
is not a proper subset of any monotone set in X x X*.
Let us consider the operator % which induces a linear map L from the subset

D(L) = {UEXZU/ GX*,U(O):O} of X into X by

<Lu,v>X - /OT<u’(t),v(t)>th we D(L), ve X.

Definition 2.15. See [5] A mapping S is called pseudo—monotone with u, — u
and Luy, — Lu and lim, o sup{S(un), u, —u) <0, that we have

lim,,_, o sup <S(un),un - u> =0 and S(un) — S(u) as n — oo.

3. Essential Assumption

Throughout the paper, we assume that the following assumptions hold true.
ASSUMPTION (H1)
Let © be a bounded open subset of RV(N > 1), p € C(Q) and
b: QxR — R is a Carathéodory function such that for every z € Q, b(x,.) is a
strictly increasing C! function with

b(z,0) = 0. (3.1)

Next, for any k > 0, there exist Ay > 0 and functions A € L>(Q) and By €
Lr)(Q) such that

Ak

IN

5bgs) < Ay(z) and \Dz(abgi’s))\ < By(x). (3.2)

for almost every = € Q2 and every s such that |s| < k, we denote by

D, (0b(x,s) \ Os) the gradient of db(x, s) \ ds defined in the sense of distributions.
ASSUMPTION (H2)

We consider a Leray—Lions operator defined by the formula

Au = —div(a(z, t,u, Vu)),

where a :  x [0,7] x R x RN — R is a Carathéodory function, i.e., (measurable
with respect to z in Q for every (s,£) € R x RY and continuous with respect to
(5,€) € R x RY for almost every x in Q) which satisfies the following conditions
there exist k € Lp/(')(Q) and o > 0, 5 > 0 such that, for almost every (z,t) € Q
all (5,6) € R x RN,

0l t,5,€)| < B[Rz, 1) + s+ g0 (3.3)

[a(m,t,s,f)—a(m,t,s,n)} (6_77) >0 VE#U (34)
a(z,t,s,8) - &> al¢|P®. (3.5)
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ASSUMPTION (H3)
Let H : Qx [0,T] x R x RY — R be a Carathéodory function such that for a.e.
(z,t) € Q and for all s € R, £ € RV, the growth condition

|H (w8, 5,6)] < 7(x,1) + g(s)[€[" (3.6)

is satisfied, where ¢ : R — RT is a bounded continuous positive function that
belongs to L'(R), while v € L'(Q).
We recall that, for £ > 0 and s € R, the truncation function T(.) defined by

To(s) = 1° if lsl<k
Tk if s>k

Definition 3.1. Let f € L'(Q), F e (LP'O(Q)N and b(.,up) € L'(Q)
A real-valued function u defined on Q 1is a renormalized solution of problem (P) if

Tp(u) € LP (0, T; Wy P(Q)) for allk > 0, b(x,u) € L®(0,T; L)),  (3.7)
/ a(x, t,u, Vu)Vudxdt — 0 as m — oo, (3.8)
{m<|u|<m+1}
OBg(x,u)

B — div(S'(u)a(m, t,u, Vu)) + 5" (u)a(z, t,u, Vu)Vu

+H(x,t,u, Vu)S' (u) = f5'(u) — dz’v(s'(u)F) + 8" (u)FVu in D'(Q),  (3.9)

for all S € W2°°(R) which are piecewise C* and such that S’ has a compact
support in R, where Bg(z,z) = [ <% db(e T) S'(r)dr and

Bs(x,u) |t—o= Bs(z,ug) in Q. (3.10)

Remark 3.2. Fquation (3.9) is formally obtained through pointwise multiplication
of problem (P) by S’ (u). However, while a(x,t,u, Vu) and H(x,t,u, Vu) do not in
general make sense in (P), all the terms in (3.9) have a meaning in D'(Q). Indeed,
if M is such that supp S C [—M, M), the following identifications are made in
(3.9)

o S(u) belongs to VN L>®(Q). Since S is a bounded function.
o S'(u) a(z,t,u, Vu) identifies with S’(u) a(z,t, Tar(uw), VIn(u)) a.e. in Q.
for any ¢ € D(Q), using Holder inequality

/ S'(w)a(z,t,u, Vu)Vpdzdt = / S'(w)a(x, t, Tar(u), VI (w))Viodrdt

)

< O]l =) max / |VTM(u)|p(z)w(x)) Z
Q

( /Q 9T (@) PPua@)) MVl 3
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where M > 0 is that suppS’ C [-M, M]. As D(Q) is dense in V, we deduce that
div(S' (u)a(x, t,u, Vu)) € V*.

o S (u) a(z,t,u, Vu)Vu identifies with S" (u) a(x,u, Tpr(w), VT (w)) VT (u)
and
S (w)a(z,u, Tar(u), VT (w)) VT (u) € LYHQ).

o S'(u) H(x,t,u,Vu) identifies with S’(u)H (x,t,Ta(u), VIp(u)) a.e. in Q.
Since [Ty (u)] < M a.e. in Q and S'(u) € L™(Q), we see from (3.6) and
(5.7) that

S'(u)H (z,t, T (u), VT (u)) € LH(Q).

o S'(u) f belongs to L*(Q) while S'(u)F belongs to (L' ) (Q))N.
o 5" (u) FVu identifies with S” (u) FNTyr(u), which belongs to L*(Q).
The above considerations show that equation (3.9) hold in D'(Q) and that

OBg(x,u)
ot
Due to the properties of S and (3.9) %(tu) € V*+ LYQ) using lemma 2.13, which
implies that S(u) € C°([0,T); L*(Q)), so that the initial condition (3.10) makes
sense, since, due to the properties of S (increasing) and (3.2), we have

eV +LYQ).

(Bs(x,7r) — Bg(x,r")

< Ak(x)‘S(T) — S| forall r,r" € R. (3.11)

4. Existence Results.
In this section, we establish the following existence theorem:

Theorem 4.1. Let f € LY(Q), F € (L O(@Q)N, p(.) € C4(Q) and assume that
ug s a measurable function such that b(.,uo) € L*(Q). Assume that (H1)-(HS3)
hold true. Then, there exists a renormalized solution u of problem (P) in the sense

of Definition (5.1).

Proof. The proof is in five steps.
STEP 1: Approximate problem :
For n > 0, we define approximations of b, H, f, F' and ug. First, set

by (z, 1) = b(x, T, (1)) + %T. (4.1)

by, is a Carathéodory function and satisfies (3.2) : there exist A, > 0 and functions
A, € L*®(Q) and B,, € LP1)(Q) such that

by, (z, 3)

- by, (z, 3)
- Os

An Os

< A,(z) and }Dz( )‘ < By(x)a.e. in Q, se€R.
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Next, set
H(z,t,5,¢)
Hn :I;’ t, S, ?
e T [ENNNG]
Note that |H,(x,t,s,§)] |H (z,t,5,8)]

IA A

and |Hp(z,t,s,8)] n for all (s,&) € R x RV,

and select f,, up, and b, so that

fn € LPO(Q) and f, — [ a.e.in Q and strongly in L'(Q) asn — 0o,  (4.2)
uon € D(Q),  [|ba(w; uon)|[L1() < [ 0(2, o)l L1 (), (4.3)

b (2, u0n) — b(w,ug) a.e. in Q and strongly in L' (). (4.4)

Let us now consider the approximate problem
Bnltivn) — div(a(@, b, tn, Viin)) + Ho (2, t, 10, V) = fo — divF in D'(Q),
(Pn) § bn(, un) lt=0= bn(, uon) in Q
tup =0 on 90 x (0,T).

Theorem 4.2. Let f,, € LP" (0, 7; W=12'0)(Q)), p(.) € C4(Q) for fized n, the ap-
prozimate problem (P,) has at least one weak solution u, € LP (0,T}; Wol’p(')(Q)).

Proof. See Appendix.
In view of Theorem 4.2, there exists at least one weak solution w, € L? (0;T;

Wy P (Q)) of the problem (P,).(see [15]).
STEP 2: A Priori Estimates:

Proposition 4.3. Let u, a solution of the approximate problem (P,). Then, there
exists a constant C ( which does not depend on the n and k) such that

1T )l Lo o i ) S C bV k>0,

Proof.
Let ¢ € LP (0, T; W PY(Q)) N L(Q) , with ¢ > 0, Choosing v = exp(G(un))¢
as a test function in (P,) where G(s) = f;(%)dr. (the function g appears in
(3.6)), we have

/Wexp((l(un))gpdmdth/ a(x,t, un, V)V (exp(G(uy,))p)drdt
Q Q
+/ Hy(x,t, upn, Vuy) exp(G(uy))pdrdt
Q

:/ fneXp(G(un))godxdt—i—/ FV (exp(G(uy))p)dadt.
Q Q



EXISTENCE OF RENORMALIZED SOLUTIONS FOR p(z)-PARABOLIC EQUATIONS 235

In view of (3.6), we obtain

g(un)

/Mexp(G(un))godxdt—i—/ a(x, t, U, V)V, exp(G (uy,))pdrdt
Q

ot Q
+/ a(x,t, un, Vuy,) exp(G(uy))Vdrdt
Q
< x,t) exp(G(uy))pdxdt nexp(G(uy,))odxdt
_/Qw ) exp(Gun)) +/Qf D))
+ / 9(tn) |V, [P exp(G (uy,) ) pdadt + / FV (exp(G(uyn)))dzdt
Q Q

By using (3.5), we obtain

/ W exp(G (un))pdrdt + / a(x,t, un, Vuy,) exp(G(uy))Vdrdt
Q Q

§/Qv(x,t)exp(G(un))tpdacdt+/anexp(G(un))<pdacdt

+/ FV(eXp(G(un)))cpdzdtJr/ F exp(G(uy))Vedadt (4.5)
Q Q

for all ¢ € LP~ (0, T; Wo ") (Q)) N L=(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(uy,))p as a test function in (P,,), we deduce
as in (4.5), that

/ Ln(g;“") exp(—G (up))pdudt + / a(,, U, V) exp(—Guy,))Vpdadt
Q Q

Jr/Q'y(z,t)eXp(G(un))gadzdtz/anexp(G(un))gpdzdt

+/ FV(eXp(—G(un)))gadxdt+/ Fexp(—G(u,))Veodzdt (4.6)
Q Q

for all ¢ € LP~ (0, T; Wo ") () N L=(Q), with ¢ > 0.
Letting ¢ = Ty (u,)Tx(0,7), for every 7 € [0,7] in (4.5), we have

/B,?’G(z,un(T))der/ a(z,t, un, V) exp(Gun)) VT (u, ) T dodt

Q T

< /Tv(x,t) exp(G(un)) Ty (un) T dadt + o Frexp(G(up)) Ty (uy) T dadt
Jr/ FVTk(un) " exp(G(uy))dzdt (4.7)

+/ FTk(un)Jrexp(G(un))Vung(un)dacdt+/BQG(Jc,uOn)dx,
T Q

«
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where " 55
B;&G(,@,T) :/ %Tk(s)'Ir exp(G(s))ds.
0

Due to the definition of B} 5 and |G(u,)| < eXp(HgHL%), we have

n gl
0< [ Bratuondr < kexp (LD gy, 18)
Q

Using (4.8), B ¢(#,u,) > 0 and Young’s Inequality, we obtain
/ a(z,t,un, Vi (un) ™) exp(G(un)) VT (un) " dadt
<k ”gHLl(R) b
< kexp () |Ifallzr@ + IMllz2 @) + 1bn(2, uonllzr (@)

«

41 / FT(n)* exp(Gun))g(1n) Vindadt
+ / T F[exp(c;(un))r_ﬁ [exp(G(un))}ﬁVTk(un)*'dzdt
then

/ ] a(x,t, un, VT (un) 1) exp(G(un)) VT (un) T dodt

HgHLl(]R)

§k:exp( "

VI allzr@) + Iz @) + N, won 220

1
Jra/ FTy(un) " exp(G(un))Vung(u,) Vuydrdt

+/T F[ p(G( n)):| [gp(.r)}m

EC .

using and Young’s Inequality, we obtain

VTk(un)Jr‘ [eXp(G(un))} ﬁdacdrf

/ ) a(z,t,un, VT (un) ™) exp(G(un)) VT (un) T dadt

lgllr:r
< kexp (<) [l ) + 1@ + bn (@, won 110

1
+—/ FTy(un) ™ exp(G(un))Vung(un) Vu,dodt

«

PP @ (@)
+/ |F] eXp(GE}g))dxdt—i-%/ ‘VTk(un)Jr‘p exp(G (uy,))dzdt
T Q

'(z)a p(x)
[%p(z)}
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then,

/ ) a(x,t, un, VT (un) ™) exp(G(un)) VT (uy) T dodt

gl (r
< kexp (=) [ fall @) + @) + ba (@, wonl sy

1
+— FTy(un) ™ exp(G(un)) Vung(un) Vu, drdt

« QT

/ ()
+C/ |F[P"®) dadt + %/ ’VTk(un)-i- P exp(G(uy,))dxdt
Q Q
and since
p'(z) — P pt }: /
VP @it = o) < mas {1 g I g } =

then/ a(x,t, un, VT (un)t) exp(G(un)) VT (un) T dodt

HgHLl(]R)
Q

< hexp ( Il + Mlzs@ + lon (e, uonll 210

+C1 + %/ VT (un) " P exp(Gluy))dzdt
Q

1
+a Fg(uy) exp(G(un))Vunx{un>0}dxdt
QT

Thanks to (3.5), we have

2 / VT () P exp(Gun))dadt
QT

HgHLl(]R)

§k:exp( "

Mfallzi@) + 17lz1@) + 19n(@s wonlliey| + C

1
Jra/ Fg(un) exp(G(un))Vn Xy, >0y dzdt. (4.9)

Let us observe that if we take ¢ = p(u,) = fou" 9(8)X{s>01ds in (4.5) and use (3.5),
we obtain

T
{/ﬂBg(x,un)dx}O +04/Q|Vun|p(z)g(un)x{un>0} exp(G(uy,))dxdt

< (/OOO g(s)ds) exp (@) {an”Ll(Q) + ||7HL1(Q)}

+/ FVung(un)x{un>0} exp(G(uy,))dxdt
Q

+(/OOO Q(S)ds) /Q |FVun|9(un) exp(G(un))X fu, >0y drdt,

«
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where

By(er) = [ ) exp(Gloas.

which implies, using By (x,7) > 0 and Young’s Inequality, we obtain
a/ |V |P@ g (uy,) exp(G(uy, ))dzdt
{un>0}
gl (=
< llglloo exp (225 [l 23@) + nllzs (@) + 1@ woll 10

2
+Cs]lgllo

O+ 2 / |Vun [P g(un) exp(G uy))dzdt
{u, >0}

(un)

+ 99l / T P 1) (G )t
2 {u, >0} @

then / 9(1) | Vtn [P exp(Guy,))dzdt < Cy.
{un>0}

Similarly, taking ¢ = fuo 9(8)X {s<0yds as a test function in (4.6), we conclude that

/ 9|V, [P exp(G(uy,))dzdt < Cs.
{un <0}

Consequently,
/Qg(un)|Vun|p(””) exp(G(uy,))dzdt < Cé. (4.10)
Above, C1, ....,Cg are constants independent of n, we deduce that
/Q VT (u) TP dadt < k Cr. (4.11)

Similarly to (4.11), we take ¢ = T (uyn) x(0,7) in (4.6) to deduce that
/ VT (1)~ |P® ddt < k Cs. (4.12)
Q

Combining (4.11), (4.12) and lemma 2.3, we conclude that

T
. + -
[ min {19 T 20 IV Teanllo P Yt < p(VTk(0n) < KCo.
0

||Tk(u")||[‘p* (O,T;Wol’p(’)(fl)) S k CIO- (413)
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Where Cg, C9, Cig are constants independent of n. Thus, Tj(u,) is bounded

in LP (0,T; Wol’p(')(Q)) independently of n for any & > 0. Then, we deduce from
(4.7), (4.8) and (4.13) that

/QBI?,G(Z"U‘”(T))sz kC. (4.14)

Now we turn to proving the almost everywhere convergence of u,, and b, (x, u,).
Consider a non decreasing function g € C?(R) such that

_ s iflsl <%
gk(s)—{k if 1| >k

Multiplying the approximate equation by g (u,), we get

Bn
W —div(a(z, t, un, Vun)gr(un)) + alx, t, wn, Vi) gy (un) Vg,

+Hp (2, t, U, V) gh (un) = fugr(un) — div(Fgp(un)) + Fgy (un)Vu,.  (4.15)

where

nip )~ [ 9nl:8)
Bi(x,z) = /0 s 95 (s)ds.

As a consequence of (4.13), we deduce that g (u,) is bounded in LP (0, T’ Wol’p(')
(©)) and W is bounded in L'(Q) + V*. Due to the properties of g; and

(3.2), we conclude that % is bounded in L'(Q) + V*, which implies that
gk (uy) is compact in L(Q).

Due to the choice of gr, we conclude that for each k, the sequence Ty (uy)
converges almost everywhere in @, which implies that w, converges almost ev-
erywhere to some measurable function v in @. Thus by using the same argument
as in [9], [10], [21], we can show the following lemma.

Lemma 4.4. Letu, be a solution of the approximate problem (Py). Then,

Uy — u  a.e.in @,

bn(z,un) — blz,u) a.e.inQ.
We can deduce from (4.13) that
Th(un) = Ti(u) in LP (0,1 Wy (),

which implies, by using (3.3), that for all k& > 0 there exists ¢, € (L*'()(Q))V
such that )
a(z, t,u, To(un), VTi(un)) = @ in (L7 Q).

Remark 4.5. .
b(.,u) it belongs to L>(0,T; L1(Q)).
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Proof. Let u, be a solution of the approximate problem (P,), passing to
liminf in (4.14) as n — oo, we obtain

1
E/ By.g(z,u(r))dz < C, for a.e. 7in][0,7].
Q

Due to the definition of By, ¢ (z, s) and the fact that + By, ¢(z,s) converges point-

wise to fou sgn(s)% exp(G(s))ds > |b(x,u)| as k — oo, it follows that b(.,u)

belongs to L>°(0,7T; L'(2)). O

Lemma 4.6. Let u,, be a solution of the approximate problem (P,). Then,

lim limsup / a(x,t, un, V(uy))Vuydrdt = 0. (4.16)
Mo moeo Jm<ug | <m+1}
Proof. See Appendix.
STEP 3:Almost everywhere convergence of the gradients :
This step is devoted to prove the strong convergence of truncation of Ty (u,,) that,
we will use the following function of one real variable for m > k
1 if |s|<m
hm(s) =<0 if s >m+1
m+1+|s| if m<|s|<m+1.
Let ; € D(9) be a sequence which converges strongly to wug in L*(Q)
Set w?, = (Tk(u))+e Ty (¢;) where (T (u)), is the mollification of Ty (u) with
respect to time. Note that w), is a smooth function having the following properties:

O, i i i
= p(T() ~ ), Wh(O)=Th(e), W<k (@)
w!, = Tp(u) in LP (0,T; Wol’p(')(Q)) as f — 0. (4.18)

The very definition of the sequence wL makes it possible to establish the following
lemma.

Lemma 4.7. (See[20,6]). For k >0, we have

/ Obn (2, tn) exp(G(un)) (T () — @l Y () dwdt > e(n,m, pu, ).
(Ti(un)—wi>0y Ot

Proposition 4.8. The subsequence of u,, solution of problem (P,,) satisfies for any
k > 0 following assertion

lim [a(Tk (un), VTk(un)) — a(Th(un), VT (u))] : [VTk(un) ~ VT (u)] dwdt = 0.

n— o0
Q
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Proof. See Appendix.
Thanks to the lemma (2.11), we have

Ti(un) — Ti(u)  strongly in LY (0,T; Wy ") (Q)) V. (4.19)

and

Vu, — Vu. a.e.in @, which implies that

a(@,t, Tr(un), VTk(un)) — a(z,t, Te(u), VTk(w)) in (L7 O@Q@)HN.  (4.20)

STEP 4: Equi-Integrability of the non Linearity Sequence :

We shall now prove that H,(x,t, u,, Vu,) — H(x,t,u, Vu) strongly in L'(Q).
by using Vitali’s theorem. Since H, (m t,un, Vu,) — H(x,t,u, Vu) a.e. in Q,

considering now ¢ = py,(uy) fo x{s>h}ds as a test function in (4.5), we
obtain

T
[/ Bﬁ(m,un)dx}o —|—/ a(z,t, Un, Vun)Vng(tn) X gy, > ny eXP(G (un))dzdt
Q Q
> lgller )
< ([ stexiomas) e ((LER) (1o + o)
+/ FNVUng(un)X fu, >ny €Xp(G(uy))dzdt
Q

([ o) [ 1025 exp(Glae) o,

where BJ(z,r) = fOT Wﬂ (s) exp(G(s))ds,

which implies, in view of B} (z, r) 0, (3.5) and Young’s Inequality,

a/ |Vt [P g(un ) exp(G(uy,))dxdt
{un>h}

= (/:09(5“8) exp (LEE) [, 112 ) Il

+an($aUOnHL1(Q)} +C//h g(s)ds

(07

+—/ |Vt [P g (un) exp(G (uy, ) )dzdt
2 Jiupshy

+(/h s)ds) /|FVun|

exp(G(un))dacdt
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hence g/ |V, [P g(un) exp(Guy, ) )dxdt
2 J{un>n}

< (/hoo g(s)ds) exp (@) {anHLl(Q) + vl

+HIb(w, woll 1 @) + C']

Jr(/hoo Q(S)ds)/Q|FVun|@ exp(G (uy))dwdt

and since g € L*(R), we deduce that

lim sup/ |V |P® g (up)dadt = 0.
{un>h}

h—00 neN

Similarly, taking ¢ = pp,(un) = ffn 9(8)X{s<—nyds as a test function in (4.6),
we conclude that, limy,— o sup,,cy f{un<7h} |V, [P g(u,)dzdt = 0. Consequently,
limyp, 00 SUP, ey f{‘un|>h} |V, [P g(u,)dzdt = 0. Which implies, for h large enough
and for a subset E of @,

lim / [V, [P g(up)dedt < |gllee  lim / |V T, [P dacdt
E E

measE—0 measkE—0

+/ |V, [P@ g (uy, ) dadt
{lun|>h}

50 g(tn)|Vun P is equi-integrable. Thus, we have shown that
9(un) [V [P®) — g(u)|[VuP™®  stongly in  L'(Q).
consequently, by using (3.6), we conclude that

Hy(z,t,un, Vu,) — H(z,t,u,Vu)  strongly in  LY(Q). O (4.21)

STEP 5: Passing to the limit:
a) Proof that u satisfies (3.8). For any fixed m > 0, we have

/ a(x, t,uy, Vu,)Vu,dedt
{m<|un|<m+1}

/ a(x, t,un, V) [VTerl(un) — VTm(un)} dxdt
Q
= [t Ty n), 9T (0) VT )

Q

— / a(x,t, T (un), VT (un)) VT () dadt
Q
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According to (4.19) and (4.20), one can passing to the limit as n — oo for fixed
m > 0 to obtain

lim a(x,t, up, V) Vupdedt

00 Jim< un |[<m+1}

Aa@ﬁﬂwW%VﬂwﬂWWﬂmﬂw

- / a(x,t, T (u), Vi (u) VT, (u)dadt
Q

= / a(x,t,u, Vu)Vudzdt (4.22)
{m<lun|<m+1}

Taking the limit as m — oo in (4.22) and using the estimate (4.16) shows that u
satisfies(3.8). O

b) Proof that v satisfies (3.9)

Let S € W2°°(R) be such that S’ has a compact support . Let M >0 such that
supp(S’)C [-M, M] . Pointwise multiplication of the approximate problem (P,,)
by S’ (uy) leads to

OB n

% —div | S (un)a(z, t, up, Vun)} + 5" (up)a(z, t, un, V)V,

- Ho (3,8t V) S () = fS' (1) = div (8" (un)F ) + " (un) FVuy in D'(Q):
(4.23)

In what follows we pass to the limit in (4.23) as n tends to oco.

e Limit of M Since S is bounded and continuous, u, — w a.e. in @

implies that B%(x,u,) converge to Bg(z,u) a.e. in @ and L* weakly .

OB%(x, up) . OBg(x,u)

Th
e ot ot

n D'(Q). as n — oc.

e Limit of fdiv[S’(un)a(z,t,un, Vun)} Since supp(S’)C [—M, M], we have, for
n>M

S (up)a(z, t, un, Vuy,) = S (un)a(z, t, Tar(un), VT (un)) a.e.in Q.

The pointwise convergence of u,, to u and (4.20) and the boundedness of S’ yied,
as n — 0o,

S’ (un)a(z, t, un, Vun) — S"(w)a(z, t, Tar(u), VT (u)) in (Lp/(‘)(Q))Nas n— oo (4.24)

S’ (w)a(x,t, Tar(u), VTar(u)) has been denoted by S’ (u)a(z,t, u, Vu) in equation
3.9

e Limit of S”(uy)a(z,t, uy, Vuy,)Vu, .Consider the "energy" term
S" (un)a(z, tytun, Vun)Vun = S (un)a(z,t, Tar (un), VI (un)) VT (un) a.e. in Q. The
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pointwise convergence of S’(u,) to S’(u) and (4.20) as n — oo and the boundedness of
S yield

S” (wn)a(z, t, tn, Vi )V, — S” (w)a(z, t, Tar(w), VT (u)) VT (w) in L'N(Q).  (4.25)

Recall that S” (u)a(z,t, Tar(u), VT () VT ((w) = S (uw)a(x, t,u, Vu)Vu a.e. in Q. o
Limit of S'(un)Hn(z,t, un, Vuy). From supp(S’)C [-M, M] and (4.21), we have

S (un ) Hn (2, t, Un, Vun) — S"(u)H (x,t,u, Vu) strongly in L' (Q) as kn — co.  (4.26)

o Limit of S"(un)fn . Since u, — u a.e. in Q, we have S"(un)fn — S'(u)f strongly in
LY(Q), asn — oo
e Limit of div(S"(un)F)S’(us) is bounded and converges to S'(u) a.e. in Q.

then div(S’ (un)F) — div(S’(u)F) strongly in i (0,7, Wﬁl’p,(‘)(Q)) asn — oo.

e Limit of S”(un)FVu,. This term is equal to FV.S’(uy) .

Since V.S’ (un) converge to VS’ (u) weakly in (LP)(Q))Y, we obtain

S (un)FVun = FVS' (uy) — FVS'(u) weakly in L'(Q) as n — co. The term FVS’(u)
identifies with S (u) FVu.

As a consequence of the above convergence result, we are in a position to pass to the limit
as m — oo in equation (4.23) and to conclude that u satisfies (3.9). O

c) Proof that u satisfies (3.10)

BBE (z,un)

S is bounded, and B (x, uy,) is bounded in L*°(Q). Secondly, by (4.23) we have
is bounded in L'(Q) + V*.

As a consequence, an Aubin type Lemma (see, e.g, [17] implies that Bg(x,u,) lies in a
compact set in C°([0, T, L*(Q)).

It follows that on the hand, Bg(x, un) |t=o= Bg(x,us) converge to Bs(x,u) |t=o strongly
in L'(Q) implies that :Bs(x,u) |t=o= Bs(x,uo) in Q.

As a conclusion of Steps 1 to 5, the proof of theorem 4.1 is complete . O

5. APPENDIX

Proof of theorem 4.2 . )
We define the operator L, : L (0, T} Wol’p(x)(ﬂ)) — LP (0, T; W12 )(Q)) by
<Lnu7v> = fQ Wdedt = fQ W%vdmdt Vu,v € LP (0, T; Wy ") () then,

K ‘/ /A vdxdt‘

1 ) ou

R A L sy
( , o @@l @)

1 1 T ou

< 0o+ = Ml [ 15 syl o oyt

0

1 ou
C(_ —)”A"”L 15 o= 0w =10 1Pl o= o, w2 ) )

< Chlv]| (5.1)

Lp~ (0,7,Wg P )y
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We define the operator Gy, : L (0, T Wol’p(‘)(Q)) — L (0,T, W_l’p/(‘)(Q))

by, <Gnu,v> = / Hy,(z,t,u, Vu)vdedt  Vu,v € LF (O7T;W01’p(‘)((2)).
Q
Thanks to the Holder Inequality, we have that for u,v € L (0, T; Wol’p(‘)(Q))

T
/Hn(x,t,u, Vu)vdzdt < ‘/ /Hn(x,t,u,Vu)vdxdt‘
Q 0 JQ

< <p_1*+1%) /OT</Q‘H,L(x7t7u,Vu)

1

T

I+

<c(—+_)/ (07" (meas©)’ o]y 100
p 0

< Calloll,

p’ (x) 60
dm) 0]l Lo 0yt

P (0,7;Wy P (92))” (52)

witho= [P i (et Vo)l > 1
:[/p+ Zf HHn(l',t,U, VU)HLI(Q) < L.

Lemma 5.1. Let B, : LP (0, T; W, " (Q)) — 1P (0,7, W70 (Q)).
The operator B, = A+ Gy, is

a) coercive

b) pseudo-monotone

¢) bounded and demi continuous.

Proof. a) For the coercivity, we have for any u € L? (0, T; Wol’p(‘)(Q))

(Ba) = (G + ()
= (Bu) (G = (A

then, <Bnu7u> — <Gnu,u> :/ a(z,t,u, Vu)Vudzdt
Q

T
= / / a(z,t,u, Vu)Vudzdt
0o Ja

2/ a(/ |VulP™dz)dt (using (3.5))

> aHquLp (0,1 Wl (- )(Q)) 2 /BH ||Lp (0,T; Wl P (- )(Q))

which is due to Poincaré Inequality with
p— if [[Vull >1
P+ if [Vl <1

Lr~ (0,1;w PO ()

L™ (0,T3w P ()

5
hence, (Buuw,u) = (Guwsw) > Bllul},- o 7.1y100 )

then, < ni, u> > Bl UHL,, 0. 15w PO () T C2||U||Lp—(O,T;Wol,pu(ﬂ))
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then, we have

<Bnu, u>

Tl oot 7Oy

<Bnu, u>

HUHLP— 0,1;Wh P (0))

§—1
2 B”u”Lpf (O’T;W[}YP(.)(Q)) - C2 — +oo

=

— 400 as ||ul| 400

e~ (0,7;w) P () -

then B,, is coercive. [
b)It remains to show that B, is pseudo—monotone.

Let (ux)x a sequence in L? (0,7} Wol’p(‘)(Q)) such that
we — win LP (0,T; WP (Q))
Loug  — Lpuin LY (0,T; W 12'0(Q)) (5.3)
lim sup <Bnuk7uk — u> <0
k—oo
that, we have prove that
Bnur — Bou  in LP 0,7; W3 P(Q)  and (Bnuk,ur) — (Bnu,u).

By the definition of the operator L, defined in definition (2.1), we obtain that uy is
bounded in Wol’p(‘)(Q) and since Wol’p(‘)(Q) — Lp,(‘)(Q) then uy — w in L? (0,T;
Wol’P(')(Q))7 then the growth condition (3.3) (a(x,t, uk, Vug))x is bounded in (Lp/(‘)(Q))N
therefore, there exists a function ¢ € (Lp,(')(Q))N such that

a(z,t, ur, Vug) = ¢ as k — +o0. (5.4)
Similarly, using condition (3.6) (Hn(x,t,uk,Vuk)) is bounded in (L*(Q)) then, there
k
exists a function ¥, € L'(Q) such that

Hy (x,t, ug, Vug) — 1, in L' (Q) as k — 4oo0. (5.5)

lim <Bnuk,uk> = liMiooo [<Gnuk7uk> + <Auk7uk>}

k— oo

= lim [/ a(m,t7uk7Vuk)Vukdxdt+/ H(m,t7uk7Vuk)ukdxdt]
Q Q

k— oo
= / qukdxdt—I—/ ), urdxdt (5.6)
Q Q
using (5.3) and, (5.6), we obtain
lim sup <Bnuk,uk> = lim sup{/ a(z,t, uk, Vug) Vurdzdt
k— oo k— oo Q

+ / H(x,t,uk,Vuk)ukdxdt}
Q

IN

/chudacdt—I—/ ), udxdt (5.7)
Q Q
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thanks to ( 5.5), we have
/ Hy(x, t,ug, Vug)dxdt — / Y, dxdt.
Q Q
therefore,
lim sup/ a(z, t,ug, Vug)Vur < / pVudzdt
k—oo Q Q
on the other hand, using (3.4), we have
/ [a(x,t, uk, Vug) — a(z, t, uy, Vu)] (Vup, — Vu)dzdt > 0.
Q
Then,
/ a(z,t,ug, Vug)Vugdedt > f/ a(z,t,ug, Vu)Vudzdt
Q Q
+/ a(z,t, uk, Vur) Vudzdt
Q
+/ a(z,t,ug, Vu)Vugdxdt
Q
and by (5.4), we get

lim inf/ a(x,t,uk,Vuk)Vukdxdtz/gaVudxdt.
k—oo Q Q

this implies, thanks to (5.9), that
lim a(z,t,ug, Vug)Vugdrdt = / pVudzdt
k— oo Q Q

Now by (5.11), we can obtain

lim [ a(z,t,uk, Vug) — a(z, t, ur, Vu))(Vur, — Vu)dzdt = 0

k— oo Q

In view of the lemma 2.11, we obtain

we — uw in  LP (0,T; WS (Q)
Vu, — Vu ae.in Q.
Then,
a(x7t7 Uk, vuk) - a(x7t7 u, VU) in (LP ()(Q))N
Hp(z,t,ug, Vug) — H(z, t,u, Vu)  in LY(Q),

we deduce that B
Aup — Au  in " Q)N

and
Grup — Guu in (L'(Q))

247

(5.8)

(5.9)

(5.10)

(5.11)
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which implies
Bnuk — Bou in LP (0, T; Wi?O(Q))

<Bnuk7 uk> — <Bnu7 u>

completing the proof of assertion(b). O

c) Using Hélder's inequality and the growth condition (3.3), we can show that the
operatorA is bounded and by using (5.2), we conclude that B, is bounded. For to show
that B, is demicontinuous

Let up —u in LP (0,T; Wol’p(‘)(Q)) and prove that

and

<Bnuk,w> — (Bau,¥)  forally € LP (0,T; Wi ().

Since a(z,t,ur, Vur) — a(z,t,u,Vu) as k — oo a.e. in Q. Then, by the growth
condition (3.3) and lemma 2.12

a(z,t,uk, Vur) = a(z,t,u, Vu) in Lp/(‘)(Q))N

and for all ¢ € L~ (0,T; Wy () , (Auk, ©) — (Au, @) ask — oo
similarly, Grur — Gou as k — 0o a.e. in Q then, by the (3.6) and lemma 2.12 Gruy —
Gpu in LP/(‘)(Q) and for all ¢ € L? (0,T; I/Vol’p(‘)(ﬂ))7

Grug, ¢> — <Gnu7 ¢) as k — oo which implies B,, is demi continuous. [J
Proof of lemma 4.6.
Set ¢ = Ti(un — Tm(un))t = am(un) in (4.5), this function is admissible since ¢ €
L? (0,T; Wol’p(‘)(Q)) and ¢ > 0. Then, we have

/ Mexp((l(un))am(un)dxdt
+/ a(x,t, un, Vun)Vuy, exp(G(un))dzdt
{m<up<m+1}

é/QIv(-’vﬂf)leXp(G(un))am(un)dde/QIfnlexp(G(un))am(un)dxdt

/Q FVuny g(zn) exp(G(un))tm (un)dzdt

+
+ / FYVu, exp(G(uy))dzdt.
{m<up<m+1}

This gives, by setting B}’ (z,r) = [ % exp(G(s))am(s)ds and by Young’s Inequal-

ity,

/B:{fc(ac?un)(T)dx + / a(z, t, un, Vuy) exp(G(un)) Vundzdt
Q {m<u,<m+1}

llgllr1 m) /
< exp (LLIL® (1 + 1zt + [
( @ )[ {lun|>m}

{luon|>m}

+Ch / |F|p/(x)dmdt +£ / |Vun [P exp(G(un))dzdt
{un>m} 2 J{m<un<m+1}

|bn (2, won) |dx] dzdt

+Cs / |F|p/(x)dmdt + % / [Vtn [P g(un) exp(G(un))dzdt.
{un>m} {lun|>m}
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Since B,'c(z,un)(T) > 0 and use (3.5), we obtain

1/ a(x,t, un, Vun)Vu, exp(G(un))dzdt
2 J{m<un<m+1}
llgll 1
<exp (FLEEN[ [ () Ifuldadt, (5.12)
« {Jun|>m}

+/ |bn(m,u0n)|dx] +03/ |F|P" @ dadt
{luon|>m} {un>m}

+Cy / [V un P g(un) exp(G(un))dzdt
{un>m}
Taking ¢ = p,,,(un) = [;" 9(8)X(s>m}ds as a test function in (4.5), we obtain
T
[/ B o (, un)dm} + / a(w, t, un, Vin) Vun exp(G(un))g(Un)X (4, > m) dodt
Q 0 Q
i Hg”Ll(R)
< ([ o6 mds) oo ((LED) 1oy + Il

[ V900X 2y ex(Glu) e
Q

) Un
—I—(/ g(s)x{s>m}ds/ FVung(a )x{un>m} exp(G(un))dzdt
m Q

where By . (z,7) = [ %pm(s) exp(G(s))ds, which implies, since By, ,,(z,7) > 0,

by (3.5) and Young’s Inequality,

a—1 =
( 5 )/{ }|Vun|p( ) g(un) exp(G(un))dzdt
Up >m

< ([ gtras) e (2@ 11,10 (513

m

HYll21 @y + 100 (@, won I 22 ) + Cs]

Using (5.13) and the strong convergence of f, in L'(Q) and b, (2, u0n) in L'(Q)
vy €LY (Q), g€ L'(R) and F € (Lp,(')(Q))N, by Lebesgue’s theorem,
passing to limit in (5.12), we conclude that

m—=00 noc0

lim limsup / a(z,t, un, Vun)Vuydedt = 0. (5.14)
{m<un<m-+1}

On the other hand, taking ¢ = T (un —Tm(un))” as a test function in (4.6) and reasoning
as in the proof (5.14), we deduce that

a(z,t, un, Vun)Vusdodt = 0. (5.15)

lim limsup/
m—0o0 n_soo {—(m+1)<up<—m}

By using (5.14) and (5.15), we have

lim limsup/ a(z,t, un, Vun)Vundedt = 0. O (5.16)
{m<|un|<m+1}

m—00 pn_ oo



250 Yousser AkDIM, NEZHA EL GORCH AND MOUNIR MEKKOUR

Proof of Proposition 4.2

For m >k, let ¢ = (Th(un) — w}) ha(un) € LP (0, T; Wi PO(Q) N L=(Q) and ¢ >0

. If we take this function in (4.5), we obtain

/ Do) e (1) (T 1) — 0, (1)l
(Th(un)—wi, >0y O

—l—/ a(@,t, tun, Vun )V (Te(un) — w) o (un)dzdt

(T (un) —wi, >0}

- / exp(G (un))a(@, t, wn, V) Vg (T (un) — w),) T dedt
{m<un<m+1}

< / (F +7) €xP(G (un)) (T (ttn) — W) Fn (11 el
Q

+ / FVung(Zn) exp(G(un)) (T (tn) — wly) " o () dadt
Q
+ / F exp(G(un)) (Th(un) — ' Yo () dodlt
(T (un)—wi, >0}
- / Fexp(G(un)) (To(un) — w')* dodt
{m<un<m-+1}
Observe that
‘ / exp(G (un))a(w, t, un, Vi) Vg (T (un) — w),) T dedt
{m<un<m+1}
< 2k exp (M) / a(x, t, un, Vun) Vundzdt.
« {m<un<m+1}
and

’ / FYVu, exp(G(un))(Tk(un) — wi)+dmdt’
{m<up<m+1}

Fll, o
< %k exp ( HgHLl(R)) Il o (1)(Q))N (/
o T

ar {m<unp<m+1}

a(x,t, un, V(un))Vun)da:dt)

(5.17)

1
=

Tanks to (4.16) the third and fourth integrals on the right hand side tend to zero as n
and m tend to infinity and by Lebesgue’s theorem and F € (Lj”/(‘)(Q))N7 we deduce that

the right hand side converges to zero as n, m and p tend to infinity . Since

(Tk(un) - wi)+hm(un) — (Tk(u) - wi)+hm(u) in L(Q) as n — oo

and strongly in LP (0,7; Wa?(Q)) and (Tx(un) — Wi) i (un) = 0 in L™(Q) and
strongly in L? (0, T} Wol’p(‘)(Q)) as pp — oo, it follows that the first and second integrals
on the right-hand side of (5.17) converge to zeros as n, m, u — oo, using [3] lemma 4.7

and lemma 2.11 the proof of Proposition 4.2 is complete. [
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6. Example
Consider the following special case : b(z,s) = F(z)K(s), where F € WP (Q) with

p(x) = sin|z| +3, p € C1(Q) and K € C*(R), K(0) =0
b is a Carathéodory function satisfing the following assertions :
b(z,0) = 0. Next, for any k > 0, there exist Ay > 0 and function Ay € L*°(Q) By €
LP)(Q) such that
Ob(zx, s) ob(z, s)

py— ‘Si‘ngka (s) < s < Ag(z) and ‘DZ(T)‘ < By(x). (6.1)

for almost every « € Q and every s such that |s| < k, we have
Au= =Dy = —div(|VuP™ 2 V). (6.2)

we are (|Vu[P™~2Vu — |[Vo|P@~2V)(u — v) > 0 for almost all z € Q, u,v € R" and
u # v then the monotonicity condition is satisfying.

The operator —div(|Vu|P®~2Vu) is a Carathéodory function satisfing the growth condi-
tion (3.3) and the coercivity (3.5).

—u
2 4+ ut

H(z,t,u, Vu) = [VulP™) 4 ~(z,t). (6.3)

where v € L'(Q), H(z,t,u, Vu) is a Carathéodory function and

U T
B tu, V0] < 9@ 4o (,)

= gVl + (1),
where g(u) = 2‘7&14' is bounded positive continuous function which belongs to L'(R).
Note that H(z,t,u, Vu) does not satisfy the sign condition or the coercivity condition.
Finally, the hypotheses of Theorem 4.1 are satisfied. Therefore, the problem (P) has at
least one renormalized solution.
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