Bol. Soc. Paran. Mat. (3s.) v. 33 2 (2015): 219-232.
©SPM —~ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.v33i2.24028

Majorization Problems and Integral Transforms for a Class of
Univalent Functions with Missing Coefficients
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ABSTRACT: In 2005, Ponnusamy and Sahoo have introduced a special subclass of
univalent functions U, (A) (n € N, A > 0) and obtained some geometrical proper-
ties, including strongly starlikeness and convexity, for the functions of this subclass
U (N). Moreover, they have studied some important properties of an integral trans-
form connected with these subclasses. The aim of the present paper is to investigate
another important concept of majorization for the functions belonging to the class
Un(A) (0 < XA < 1). We shall also discuss a majorization problem for some special
integral transforms.

Key Words: Univalent functions, quasi-subordination, starlike functions, ma-
jorization property, integral transforms.
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1. Introduction and Preliminaries

Let H denote the class of functions which are analytic in the open unit disc
A ={zeC:|z|<1}. For afixedn € N = {1,2,...}, let A, be the class of
functions f € H of the form

f(z)=2+ Z arz®, 2z € A (1.1)
k=n-+1

We denote A := A;, while the subclass of A consisting of all univalent functions in
A is denoted by 8.

Definition 1.1. [11, p. 226] If f,g € H, then [ is said to be subordinate to g, if
there exists a function w € H satisfying w(0) = 0 and |w(z2)| <1, z € A, such that

f(z) = g(w(z)), z € A.

The subordination relation is denoted by

f(z) < g(2). (1.2)
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Moreover, if ¢ is univalent in A, then this subordination f(z) < g(z) is equiva-
lent to f(0) = g(0) and f(A) C g(A) (cf. Duren [3], Goodman [4]).

Definition 1.2. [17] If f,g € H, then f is said to be quasi-subordinate to g, if
there exists a function ¢ € H satisfying i € H and |p(2)| <1, z € A, such that
¥

ﬁ2<g@-
The quasi-subordination relation is denoted by
f(2) <4 9(2). (1.3)
Note that, the quasi-subordination (1.3) is equivalent to
f(2) = p(2)g(w(2)), z € A, (1.4)

where w € H satisfying w(0) = 0 and |w(z)| < 1 for all z € A.
Remark that, for the special case when if ¢(z) = 1, the quasi-subordination
(1.3) becomes the subordination (1.2).

Definition 1.3. [10] If f,g € H, we say that f is majorized by g, if there exists
a function ¢ € H, satisfying |¢(2)] <1, z € A, such that

f(2) = ¢(2)g(2), z € A

The majorization relation is denoted by

f(z) < g(2). (1.5)

If we take w(z) = z in (1.4), then the quasi-subordination (1.3) becomes the
majorization (1.5).

Recently, Ponnusamy and Sahoo [16] defined and studied the class U, (\) of
functions f € A,, which satisfy the inequality

(ﬁ)nﬂ fl(z)-1

for some real number A > 0. Several important properties of the class U(A) =
Uy (A) has been studied by many authors in [8], [12], [13], [14], [15].

Some interesting majorization problems were investigated earlier by Altinas et
al. [2] for the class of starlike functions of complex order, and in the recent years
many authors investigate majorization problems for various subclasses of univalent
functions, like in [1], [5], [6], [7], [9]-

The main aim of this paper is to investigate the majorization problem for the
function f € A, which contains the well-known subclass U, () (0 < A < 1) of
univalent functions. Throughout the paper, the coefficient a,; from the power
f(n+1)(0)

(n+ 1)1

<A z €A, (1.6)

series expansion (1.1) is meant for
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Remark 1.4. 2. If f € U, (N\), with A > 0, then from [16] we have

\(ﬂ)) - 1} < 2l (lansa| + Al2]), 2 € A. w7

2. In particular, if ant1 and X\ satisfy the inequality n (|ap41] +A) < 1, then
(1.7) is equivalent to

() - =

Thus, if f € Un(N), then we have

nlz]" (lanta| + Alz])
T 10202 (|ansa] + Alz))”

" 1 1
> >
z ) L+n|z|™ (lans1| + Al2]) = 1+ n(lansa| +A)

, 2z €A,

1
To prove these last two results, it is easy to see that ‘— — 1’ < R is equivalent

w
to

(1 - R?*) |w|* —2Rew +1 <0,
that is

1 R .

‘w1R2 SI—RQ’lfR<1' (1.8)

Moreover, this inequality implies that
L Rew< -1 ifR<1 (1.9)
— i . .
1+R- CYSTIoR

Since n (|an+1] + A) < 1, we deduce that n|z|™ (|an41| + Alz]) < 1 for all z € A.
Substituting the values w := (M) and R := n|z|" (|an4+1| + A|z]) < 1in (1.8)
z

and (1.9), we obtain, respectively, the above inequalities.
In order to obtain our main results, we need the following well-known Schwarz’s
lemmea:

Lemma 1.5. [}/ If w € B,,, where
B, = {w eH:w0)=w'(0)=...=w™(0)=0, lwk)| <1, z¢ A} ,

then
lw(z)| < |z|"T, z € A. (1.10)
The equality in (1.10) is attained if and only if w(z) = e 2"+, with € R.

From this lemma we deduce the following lemma that will be used in the proof
of our first main result:
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Lemma 1.6. Let p € P, where

P = {pej{:p(O) =p'(0) = ... = p"(0) :O}.

If the function p satisfies the condition

<\ z €A, (1.11)

1 /
(e) - (2
where X > 0, then there exists a function w € B,, of the form

w(z) = Z wpz®, z e A, (1.12)
k=n+1

such that

[e'e] 1
B Wy w(tz)
p(Z)__n)\ijk*”Z ——n)\/o proe| dt, z € A.

Proof: Since p € P,,, therefore by the assumption (1.11) it follows that there exists
a function w € B, of the form (1.12), such that

1
p(z) — Ezp'(z) = \w(z), z € A. (1.13)
If we let -
)= 3 pedt, zen,
k=n+1

then (1.13) gives
k
(1__)pk:wka k2n+1a
n
that is

Wi,
)
—n

pk:fn)\k k>n-+1,

and from this last relation immediately arrive at our conclusion. O

2. Majorization problem for the class U, (\)

We begin by proving the following result contained in:

Theorem 2.1. Let g(z) =2+ Y. bgz", such that g € U, ()\), where 0 < X\ < 1.
k=n-+1
If the function f € A, is majorized by g, i.e. f(z) < g(z), then
') < 1g'(2)], for [2] < r1(An), (2.1)

where r1(A\,n) is the smallest positive real root of the equation

A oA — (20 by | A) T =2 =2 41 =0, (2.2)
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Proof: For g € U,,(\), with 0 < A < 1, let define the function w € B,, by

w() =1 [(mf J() - 1:
65) o= -+
therefore, we have
(o5) - [G5) ] —=we

<L) =1—nbyp12" — ..., z€ A,
9(2)

, 2 €A

Since

Using the fact that

from (2.3) and (2.4), according to Lemma 1.6, we obtain

. n . [eS) Wi i
— — 14+ nby112" = —nA z",
(9(Z)> k;l k—n

and therefore

n 1
z n w(tz)
(m) =1 —nbn.l,_lz _n)\/o e dt.

If we denote

Lw(tz)
W(z) /0 ) dt, z € A,
then N
z
—— ) =1—nby12" —nAW(2),
(7) . )
and thus, we have
zg'(z) _ 1+ Aw(z) N

g(2) 1 —nbpp12™ — nAW(z)’

223

(2.3)

(2.5)

In addition, a simple calculation combined with Lemma 1.5 yields that w € B,

implies that
[w(z)| < |27, 2 € A,

(W(z) =

tn+1 tn+1

(2.6)

1 1 1
t t
/ w Z)dt‘ g/ [olt2)l gy < |z|”+1/ dt = |2|"™, z € A (2.7)
0 0 0
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Now, from (2.5) we get

< A nbnia|[2]" + nA W (2)]) || ¥

lg(2)] < T (o) (2)], z € A.

Since f(z) < g(z), from (1.5) and (1.6) we have that
f(2) = (2)g9(2), 2 € A, (2.8)
and differentiating (2.8) we get
f'(2) = ¢'(2)9(2) + 9(2)g' (), z € A.

Noting that ¢ € B,, satisfies the inequality (see, e.g. Nehari [11])

¢/ (2)] < %, z€A. (2.9)

Therefore, we have

1—[e(2)? (L+nlbnsa| 2" +nA W (2)]) |2|
1—|z[? 1= Aw(z)|

1) < [ " I@(Z)I] )] 2 €A,

and using (2.6) and (2.7), after some simple calculations we get

1= ()2 (L4 n o] [2]" + nA270) |2
|fl(z>| - l 1- |Z|2 ( 1-— >\|Z|n+1 ) + |(p(z)| |gl(z)|a z € Aa

which gives

(1= [21) A=Al ) (=) [+ (1= (2)[?) (147 [bnsa| [2] + nAl2]" ) [2] ()
(L= 1[2?) (1 = AJz|"+) ’

If' ()l <

for all z € A.
Upon setting |z] =7, 0 < r < 1, and |¢(2)| = p, 0 < p < 1, this leads to the
inequality

OIS T r2(;)((71ﬂvf)w+1) 19 (2)], 2 € A, (2.10)

where

O(r,p) := — (1 +n)bpga|r™ + n)\r"Jrl) rp?
+ (1= (1=2"") p+ (L4 n|bppr | 7™ + nAr™ ) 1.
If we denote

O(r, p)
(1 —72) (1 =ty

U(r, p) :=

then (2.10) becomes
[F'@) < ¥(rp)lg'(2)], 2 € A
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From the above relation, in order to prove our result, we need to determine
ri =max{r € [0,1]: U(r,p) < 1,Vp € [0,1]} = max {r € [0,1] : ¢(r, p) > 0,
Vp € [0,1]}, where
o(r,p) == (1 - r2) (1- )\r""’l) —O(r,p) =
(1= Q=M™ (1 =p) = (1= p°) (L4 n|bpyr| ™ + nXr™Th) 1
A simple calculation shows that the inequality (r, p) > 0 is equivalent to
u(r,p) = (L—=7%) (1= Xr"") — (L4 n|bpsa| 7™ + nAr™ ) r(1 + p) > 0.
Obviously the function u(r, p) takes its minimum value at p = 1, that is
min {u(r, p) : p € [0,1]} = u(r, 1) =: v(r),
where
v(r) = A" =2\ — (20 by |+ A) T =2 = 2 1 1.

Since v(0) =1 > 0 and v(1) < 0, it follows that v(r) > 0 for all » € [0,7], where
r1 :=r1(A\,n), is the smallest positive root of the equation (2.2), which completes
our proof. O

For n =1, Theorem 2.1 gives the following special case:

Corollary 2.2. Let g(z) = z+ 3. brz*, such that g € UW()\), where 0 < X\ < 1. If
=2
the function f € A is majorized by g, i.e. f(z) < g(z), then

I (@) < 1g'(2)]; for |2] < pr(N),
where py(X) :=1r1(\, 1) is the smallest positive real root of the equation
Mt =23 — (2)ba| A+ 1) 12 —2r +1 = 0.
3. Integral Transforms

In this section we consider the following integral transform I., : A, — A,
defined by

2 n 1/n
c+1—n t om
(see also [16]). For ¢ =n =1 the transform (3.1) reduces to

111 / —df

which is similar to the Alexander tranform. Also, the operator I, is similar to the
Bernardi transformation, for n =1 and ¢ > 0.
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Theorem 3.1. For g(z) = z+ Y. bpz¥, such that g € U, (\), where 0 < X <1,
k=n-+1
let

G=1.,(9), (3.2)

where 1., is defined by (3.1). Let the function f € A,, such that F' = 1.,(f) is
magorized by G, i.e. F(z) < G(z), and

AMe+1—=n)(2n+1)

2 ey, <1, .
|enta| + T2 < (3.3)
where ( ) )
nic+1-—n
] = ——————> byt 1. 3.4
Cn+1 ct1 +1 (3.4)
Then,

[F"'(2)] < 1G'(2)], for |z < ra(A,m),

where ro(A\,n) is the smallest positive real root of the equation

AMc+1—n) [en+1] A
o On+1)rT3 42 1— nel n+2
p— (2n+1)r"™° 4 2n(c + n)(chl 2"
2n+ 1A 2nlepia] 1

_ 1— nt 3.5

er1-m (BER 2ty (35)

2 1-—

B 7’L(C++1 7’L) |Cn+1|7’n*7’2*27"+1:0-

c

Proof: For g € U,,(\), from (3.2) we easily obtain that

(c+1—n) (@)nﬂ% (@)n(cﬂn) (ﬁ)n

Differentiating the above relation we deduce that

m {(c _n)n+1) (@)n Ce— Qn)dii (z (Giz))n)

SECE)G) e

P(z) = <@> (3.7)

Letting

z

from (3.6) and the assumption g € U, () it follows that P satisfies the second
order differential equation
(c=n)(n+1) P(z) (c—2n)P'(2) zP"(z)

n(c+1l-mn) =z n(c+1—n) 7n(c+1—n):1+)‘w(z)’ (3.8)
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where w € B,,. If we set

P(z)=z+ Z cpz® and  w(z) = Z w2,
k=n+1 k=n+1

then (3.8) could be written like

(c—n)(n+1)[P(z) (c — 2n)
n(c+1—n) z Cn+1% n(c+1-n) [P'(2) (n+1)eng12"]
1
“nlc+1l-n) [2P"(2) —n(n+1)cpy12"] = Mw(z), z € A, (3.9)
Denoting
P o0
H(z) = P _ 1 —cp1z” = Z 12", 2 € A,
i k=n+1
then

zH'(2)+ H(z) =P'(2) =1 —(n+ 1)cpp12",
2Z2H"(2) +22H'(2) = 2P"(2) —n(n + 1)cpy12",
)

and replacing these values in (3.9) we have

—n?+n+cn —c+2n—2 1
—H — L H'(2)-—————2?H"(2) = ) e A.
n(c+1—n) (Z)+n(c+ 1—mn) 2H(z) n(c+1—n) - (2) w(2), 2
(3.10)
Equating the coefficients of z™ in (3.10) we get the relations
An(c+1—mn) 1 1
- — k> 1
s c+1 <k:—n k—n+c+1>wk’ zn+d
then
H(z) = Z Crp12"
k=n+1
An(c+1—n) = wk g > Wi &
- c+1 (Z k—n- Z kfnJchrlZ
k=n+1 k=n+1
A 1- Lw(t Lgetlw(t
C+ 1 0 thrl 0 thrl
" P() Aifc+1-n)
z nic+1—n
=1 n " )
. + 1% 1 Wi(z)
where

W (z) = /01 Wtz) () perryqy,

tn-}-l
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and c¢,41 is given by (3.4).
Also, differentiating the first part of the formula (3.11) we have

, n(c+1—n > k+ 1w >
H{(z)+ H(z) = - (c+1 )|:Z (k w2t - Z k—n+c+1 2

k=n+1 k=n+1
An(c+1—n) Wk Ry Wi oS
c+1 Jrl)k;lk—nz knﬂk—n—&—c—&—l
_An(c+1-mn) L aw(tz) 7 / tTlw(tz)
S [(nﬂ)/o Aate—n [ ).
Thus, we obtain
, n  An(c+1—mn)
P(z)=1+(n+1)cpt12" — T Wa(z),

where

W2(Z) _ /01 w(tz) [7’L +1+ (C _ n)thrl] df,

tn+1

and ¢,41 is given by (3.4).
From (3.7) we obtain

2G'(2) _ 1 2P'(z) 1l 41
G(z) n | P(z)
L1 [T+ Depgrat = A (2) o
n 1+Cn+12"*WW1(2) ’

which easily gives
2G'(2) 1+ 2e12" — 2 (0 — WA (2) + Wa(2)]

G(z) 14+ cpp12™ — WW (2)

)

and from this equality we get
An(c1—
L+ el I + 22580220 i ()]

G(2)| < ——
1= 2enpl 2]m — 22 [ — 1) (W (2)] + [Wa(2)]]

G/(2)]. (3.12)

Using the fact that w € B,,, a simple calculation combined with Lemma 1.5
implies that

Wi(2)] =

/01 i’ii’i) (1 — ¢t dt'
el

1
t
/O“I’;Efl)' (1—tt)dt < +2| Az e A, (3.13)

IN
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and

[Wa(z)| = VO I;EZ) [(n+1)+ (c—n)tstt] dt| <

/1 |I§Etfl)| [(n+1) + (c—n)tot] dt < %WH, seA. (3.14)
Since F(z) < G(z), from (1.5) and (1.6) we obtain that
F(z) = ¢(2)G(2), z € A,
and differentiating the above relation we have
F'(z) = ¢'(2)G(2) + p(2)G'(2), z € A. (3.15)

Thus, noting that ¢ € B,, satisfies the inequality (2.9), by (3.12) and (3.15) we
deduce that

|F'(2)] <
_ 2 1t fena | 2™ + 2= 97y (2)] | |2
11 |(P(Z2)| [ Xetl—n) - ] +le()| |G'(2)],
=122 1= 2jen] |2|n = AEE [(n - 1) W (2)] + [Wa(2)]]

for all z € A. Using (3.13) and (3.14), the above inequality gives that

An(ct1—
o) [+ lensal 217 4 2R s

IF'(2)|< . el | 16'(2),
=122 1= 2|cpqa||2|m — 2D (20 + 1) 2|+
that is
0 (21, 1¢(2)))
|F'(2)] < - N S |G(2)], z€ A,
(1= [212) [1 = 2fensa] 2] — 222 2n 4 1))z
where
o An(c+1—n) n
O Il ol i= (1 o) |1 = 2lenal 2" = 2= ot 1)l o)

An(c+1—n)

L

*%1—wwW)P+wMAVW+

Upon setting |z| = r, 0 < r < 1, and |p(2)] = p, 0 < p < 1, this inequality
implies that
o(r, p)

(1—72) [1 — 2eppa] P — AEZ (9 4 q)pna

[F'(2)] <

|G'(2)], z € A.

(3.16)
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According to the assumption (3.3), we remark that the denominator of the right-
hand side fraction is positive, for all r € [0, 1).
If we denote

O(r,p)

(1=72) [1 = 2 e rm — A (20 4 1)t |

U(r, p) :=

then (3.16) becomes
[F'(2)| < ®(r,p) |G'(2)], 2 € A

From the above relation, in order to prove our result, we need to determine
ro =max{r € [0,1] : ¥(r,p) < 1,Vp € [0,1]} =max{r € [0,1] : o(r, p) > 0,
Vp € [0, 1]}, where

)\(C;i-Jrl; ™ (9 + mnﬂ] (1= p)

A _
n(c+1—n) r"“] .
c+2

p(rp) = (1-17%) [1 = 2|enpa] " =
~(1-0%) [1 + lenga| 7" +

A simple calculation shows that the inequality ¢(r, p) > 0 is equivalent to

n Mc+l-—n "
u(r,p) = (1—1%) {1 = 2[enqa|r" — %(QTHF Lr H]
An(c+1—n)
-1 n n 22 Y ntl 1 > 0.
[ fenaalr® 4+ 2T 4 ) 20

Obviously, the function u(r, p) takes its minimum value at p =1, i.e.

min {u(r, p) : p € [0,1]} = u(r,1) =: v(r),

where
AMc+1—n) |en+1] A
= =~ 7(9 1)y t3 £ 9 1— Sn+1l A n+2
v(r) P (2n+ 1)r"™ + 2n(c+ n)<c+1 72"
2 DA 2n|e,
—(c+1—mn) @nt1) " fen ] rntt
c+2 c+1

~2n(c+1-n)

1 |cn+1|r”—r2—2r+1.

Since v(0) =1 > 0 and v(1) < 0, it follows that v(r) > 0 for all » € [0, 3], where
ro := r2(A\,n), is the smallest positive root of the equation (3.1), which completes
our proof. O

For n = 1, Theorem 3.1 reduces to the following result:
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Corollary 3.2. For g(z) = z + Y. bi.2*, such that g € UW(N\), where 0 < XA < 1, let
k=2
G =1.1(g9), where 1.1 is defined by

I.1(f)(z) = ZC—:/O %dt, c¢>0.

Let the function f € A, such that F =1.1(f) is majorized by G, i.e. F(z) < G(2),

and
2¢c|ba]  3Ac

c+1 c+2

Then,
[F'(2)] < |G'(2)], for |z < py(N),

where py(X) :=12(A, 1) is the smallest positive real root of the equation

3xe |ba]c A 3 3 e\’ 5
AP S Y I AN P 2 by| + 1
ctr2 + C[(chl)2 crz]” c+2+ c+1 bal + 1)

2
C
-2 byl + 1 1=0.
(C+1)|2|+ r+
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