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Bertrand and Mannheim Partner D-curves on Parallel Surfaces

Sezai Kizmltug, Mehmet Onder, Omer Tarakg:

ABSTRACT: In this paper we study Bertrand and Mannheim partner D-curves on
parallel surface. Using the definition of parallel surfaces, first we find images of two
curves lying on two different surfaces and satisfying the conditions to be Bertrand
partner D-curve or Mannheim partner D-curve. Then we obtain relationships be-
tween Bertrand and Mannheim partner D-curves and their image curves.
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1. Introduction

In local differential geometry, the curves whose position vectors have a relation-
ship according to curvatures have an important role. The well-known examples
of such curves are Bertrand curves, involute-evolute curves and Mannheim curves
which are studied by many mathematicians in different spaces [2,3,4,5,10,12,14,16].
Moreover, some new definitions of special curve pairs have been given by Kazaz and
et al. They have considered the notions of Bertrand curve and Mannheim curve for
the curves lying fully on regular surfaces and called these curve pairs as Bertrand
partner D-curves and Mannheim partner D-curves. Using the Darboux frame of
these curves, they have obtained some characterizations for these new curve pairs
[6,7]. They have also studied on same subjects in the Minkowski 3-space and in-
vestigated the different conditions according to the Lorentzian casual characters of
the curves and surfaces [8,9].

Moreover, analogue to the associated curves, similar relationships can be con-
structed between regular surfaces. For example, a surface and another surface
which have constant distance with the reference surface along its surface normal
have a relationship between their parametric representations. Such surfaces are
called parallel surface [1]. By this definition, it is convenient to carry the points
of a surface to the points of another surface. Since the curves are set of points,
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then the curves lying fully on a reference surface can be carry to a parallel surface
of reference surface. By considering this fact, Onder and Kizltug have defined
and studied Bertrand and Mannheim partner D-curves on parallel surface in the
Minkowski 3-space [13].

In this study, we consider the images of Bertrand and Mannheim partner D-
curves on parallel surface in the Euclidean 3-space E3. First, we obtain the image
curves of these curves on parallel surface. Then we investigate the relationships
between reference curves and their images.

2. Preliminaries

Let S = S(u,v) be an oriented surface in the 3-dimensional Euclidean space E?
and let consider a curve «a(s) lying on S fully. Since the curve a(s) is also in space,
there exists a Frenet frame {T', N, B} at each points of the curve, where T' is unit
tangent vector, N is principal normal vector and B is binormal vector, respectively.
The Frenet equations of the curve «a(s) is given by

T = kN
N =—kT +71B
B’ = —7N

where x and 7 are curvature and torsion of the curve a(s), respectively [11].

Since the curve a(s) lies on the surface S, there exists another frame along
the curve a(s). This new frame is called Darboux frame and denoted by {T,Y, Z}
where T is the unit tangent of the curve, Z is the unit normal of the surface S along
the curve a(s) and Y is a unit vector given by Y = Z x T'. This frame gives us
an opportunity to investigate the properties of the curve according to the surface.
Since the unit tangent 7" is common in both Frenet frame and Darboux frame, the
vectors N, B, Y and Z lie on the same plane. So that the relations between these
frames can be given as follows

T 1 0 0 T
Y | =10 cosy  sing N |,
Z 0 —sinp cosyp B

where ¢ is the angle between the vectors Y and N. The derivative formulae of the
Darboux frame are

I 0 kg ko ][7T
Y ol =| ~k 0 & ||V ],
7 —kn —t, O A

where kg, k, and ¢, are called the geodesic curvature, the normal curvature and
the geodesic torsion of a(s), respectively. Here and in the following, we use “dot”
to denote the derivative with respect to the arc length parameter of a curve [11].

The relations between geodesic curvature, normal curvature, geodesic torsion
and k, 7 are given as follows

dy

ky = kcosp, ky, = ksinp, t, =7+ 15
S
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Furthermore, the geodesic curvature k, and geodesic torsion ¢, of the curve «a(s)
can be calculated as follows

dr d*x dx dn
kg—<E, e XZ>’tT_<E’ ZXE>.

In the differential geometry of surfaces, for a curve a(s) lying on a surface S the
followings are well-known

i) a(s) is a geodesic curve <k, = 0,

ii) a(s) is an asymptotic line < k, =0,

iii) «(s) is a principal line <, = 0.
(See [11] for details).

Definition 2.1. [6,7] Let S and Sy be oriented surfaces in the 3-dimensional Eu-
clidean space E® and let consider the arc-length parameter curves a(s) and oy (sq)
lying fully on S and Sy, respectively. Denote the Darbouzx frames of a(s) and oy (s1)
by {T,Y,Z} and {T1,Y1, Z1}, respectively. If there exists a corresponding relation-
ship between the curves a(s) and «y (s1) such that, at the corresponding points of
the curves, direction of the Darboux frame element Y of a(s) coincides with direc-
tion of the Darboux frame element Y1 of ai(s1), i.e., the vectors Y and Yy lie on
a line, then «(s) is called a Bertrand D-curve, and aq(s1) is a Bertrand partner
D-curve of a(s). Then, the pair {o, aq} is said to be a Bertrand D-pair [7].

If there exists a corresponding relationship between the curves a(s) and aq(s1)
such that, at the corresponding points of the curves, direction of the Darboux
frame element Y of «a(s) coincides with direction of the Darboux frame element 7
of a1(s1), i.e., the vectors Y and Z; lie on a line, then «(s) is called a Mannheim D-
curve, and aq(s1) is a Mannheim partner D-curve of a(s). Then, the pair {«, a1}
is said to be a Mannheim D-pair [6].

Definition 2.2. [1| Let S be an oriented surface in the Euclidean 3-space E* with
unit normal Z. For any constantr in R3, let S, is given by S, = {f(p) =p+ 172, :
p € S}. Then f(p) =p +rZ, defines a new surface S,.. The map f is called the
natural map on S into S,, and if f is univalent, then S, is a parallel surface of S
with unit normal Zy ) = Zp for all p on S.

The relationships between the geodesic curvatures, normal curvatures and geo-
desic torsions of two curves lying on a surface and on its parallel surfaces, re-
spectively, have been introduced in [15]. In this paper, we consider the Bertrand
partner D-curves and Mannheim partner D-curves on parallel surfaces.

3. Bertrand Partner D-Curves on Parallel Surfaces

In this section, we deal with the notion of Bertrand partner D-curves by con-
sidering parallel surface.

Let S and S; be oriented surfaces in the 3-dimensional Euclidean space E? and
let consider arc-length parameter Bertrand partner D-curves « (s) and aq (s1) lying
fully on S and Si, respectively. Denote the Darboux frames and invariants of « (s)
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and as (s1) by {T,Y, Z}, kg, kn, t. and {T1,Y1, Z1}, kg, kn,, t,,, respectively.
Then we have
a1 (81) =« (81) — )\Yl (81) . (31)

(See [7]). For the oriented surfaces S, and S,, assume that the surface pairs (S, S,)
and (S1, Sy, ) are parallel surfaces. Then from (3.1) the images of the curves « (s)
and a; (s1) on the surfaces S, and S,, are given by

B(ss) =a(s) +rZ, (3.2)

B (s8,) = a(s1) = AV (s1) + 1121, (3.3)

respectively. Denote the Darboux frames of 5 (sg) and 3, (Sgl) by {T*,Y*, Z*}
and {77, Y7, Z7} respectively. Differentiating (3.2) with respect to s we have

dﬁ dﬁ dsB / /
Rl kit LA yAS 4
ds dsg ds o' (s) 47 (3.4)

By considering Darboux derivative formulae, from (3.4) it follows

d
T*% = (1—rky) T — 1t,Y, (3.5)
S

which gives us

dsp
ds
From (3.5)and (3.6) we have

= /(= k) + (1), (3.6)

T = L (1 —rkn) T — rt,Y]. (3.7)

V@ =k 4+ (rt,)

Since Y* = Z x T*, from (3.7) it is obtained that

y* = ! T + (1= k) Y] (3.8)

V= k) 4+ (rt,)?

Then we have the following theorem.

Theorem 3.1. Let the pair (S, S,) be a parallel surface pair, a(s) be a curve lying
fully on S and the curve B(sg) lying fully on S, be the image curve of a(s). Then
the relationships between the Darbouz frames of a(s) and B(sg) are given as follows

1—rky, —riy 0
T V(=rkn)2+(rt,)? \/(177“1kn);+(rtr)2 T
Y* | = i —Ton 0 Y |. 3.9
7 VA=rk)2+(rt,)?  /(1=rkn)?+(rt,)? 7 (3.9)
0 0 1
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Similarly, from the differentiation of (3) with respect to s it follows

48, _ dfy dss, _do ds

= = —\Y/ AR 3.10
dsy dsg, dsi ds dsq () +m4 ( )

Since «(s) and aq(s1) are Bertrand partner D-curves we have
T2 = (1= ey, )Ty + Ay, 71, (3.11)

(See [7]). Then substituting (3.11) in (3.10) it follows

dsg,

Tl* d = (1 _rlknl)Tl —Tltnyrl, (312)
S1
which gives us
dsg 2 2
o VU= 11k ) + (1t ). (3.13)
Thus (3.12) becomes
1
Tl* = [Tl (1 - T‘lknl) - Tlfrlyrl] . (314)

VO =ik + (it
Since Y7* = Z; x Ty, from (3.14) we have
1
Y= 5 5 [rite, T + (1 = 71kn, ) V1] (3.15)
VU= ik + (it

Then we have the following theorem.

Theorem 3.2. Let the curves a(s) and «y(s1) lying fully on S and Sy respectively,
be Bertrand Partner D-curves and the pair (S1,Sy,) be a parallel surface pair.
If the curve B, (Sgl) lying fully on S,, is the image curve of ai(s1) under the
naturel mapping f, then the relationships between the Darboux frames of aq(s1)
and B, (sp,) are given by the equalities (3.14) and (5.15).

Moreover, since a(s) and «1(s1) are Bertrand partner D-curves we have

ds Mg, —1
— = 3.16
dSl )\trl ( )

Then from (3.6), (3.13) and (3.16) we have the following corollary

Corollary 3.3. Let the curves a(s) and ay(s1) lying fully on S and Sy respectively,
be Bertrand Partner D-curves and the pairs (S, S,) and (S1,Sr,) be parallel surface
pairs. Then the relationship between arc length parameters sg, and sg is given by

(1 — len1)2 + (rlth)Q ()\kgl — 1)
= dsg. 1
h / \/ (1 - Tkn)2 + (TtT)Q )‘tn o7 (3 7)
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After these computations, we can give the following characterizations. Here in
after, we assume that the curves a(s) and a;(s1) lying fully on surfaces S and
S respectively, are Bertrand Partner D-curves, the pairs (S, S,.) and (57, S,,) are
parallel surface pairs, the curves 3 (sg) and 5; (55 1) are image curves of the curves
a(s) and ai(s1) on S, and S,1, respectively.

Theorem 3.4. «(s) is a principal line on S if and only if a(s) and B (sg) are
Bertrand partner D-curves.

Proof: Let a(s) be a principal line on S. Then we have ¢, = 0 and from (3.8) it
follows Y* = +Y i.e., a(s) and 3 (sg) are Bertrand D-curves.

Conversely, if a(s) and 5 (sg) are Bertrand D-curves, then from (3.8) we have
t, =0, i.e., a(s) is a principal line on S. O

Theorem 3.5. aq(s1) is a principal line on Sy if and only if a(s) and (B4 (Sgl)
are Bertrand partner D-curves.

Proof: Let a;i(s1) be a principal line on S; i.e., t,, = 0. Then from (3.15) we
have Y7* = +V. It means a(s) and 3, (sg,) are Bertrand D-curves. Conversely, if
a(s) and B, (sp,) are Bertrand D-curves, then from (3.15) we have ¢,, = 0. Then
a1(s1) is a principal line on Sj. O

Theorem 3.6. «(s) is a principal line on S if and only if aq1(s1) and B (sg) are
Bertrand partner D-curves.

Proof: Let a(s) be a principal line on S. Then we have t, = 0 and from (3.8)
we have Y* = £Y. Since a(s) and «1(s1) are Bertrand partner D-curves we have
Y =7Y7. Then we obtain Y* = £Y7. Conversely, if a1(s1) and 3 (sg) are Bertrand
partner D-curves, by considering the condition that «(s) and a4 (s1) are Bertrand
partner D-curves, from (3.8) it is obtained that ¢, = 0. Then «(s) be a principal
line on S. O

Theorem 3.7. oy (s1) is a principal line on Sy if and only if a1 (s1) and 5, (551)
are Bertrand partner D-curves.

Proof: «aq(s1) is a principal line on Sy, i.e., t,, = 0, then (3.15) gives us Y* = +Y7.
Then ai(s1) and 3, (sg,) are Bertrand partner D-curves. Conversely, if a1 (s1)
and 3, (551) are Bertrand partner D-curves, then from (3.15) we have ¢,, = 0, i.e.,
aq(s1) is a principal line on 5. O

Theorem 3.8. a(s) and a1(s1) are principal lines on S and Sy, respectively if and
only if B (sg) and B, (Sgl) are Bertrand partner D-curves.
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Proof: If a(s) and aq(s1) are principal lines on S and Sy, respectively, then ¢, = 0,
t., = 0. In this case from (3.8) and (3.15) we have Y* = £V and Y;* = +V7,
respectively. Since a(s) and aq(s1) are Bertrand partner D-curves, Y = Y;. From
the last two equalities we obtain that Y* = +Y7* which means that 5 (sg) and
54 (Sﬂl) are Bertrand partner D-curves.Let now (3 (sg) and S, (551) be Bertrand
partner D-curves. Since a(s) and «a;(s1) are Bertrand partner D-curves, from (3.8)
we have

- - _1rkn [(\/(1 A PR (m)2) vE - mT} . (3.18)

Substituting (3.18) in (3.15) gives

Y;

1 T 1_T1kn
]f* t 1
! bt 1—rk,

\/(1 — 11k, )2 (i)’

(VA =rkn)2+(rt,)2) Y~ mT)] .

(3.19)
Since we assume 3 (sg) and 3, (sg, ) are Bertrand partner D-curves, from (3.19) it
is obtained that ¢, = 0, t,, = 0, i.e., a(s) and «;(s1) are principal lines on S and
S1, respectively. O

Theorem 3.9. «(s) is both geodesic curve and principal line on S if and only if
B(sp) and By (sp,) are Bertrand partner D-curves.

Proof: Let a(s) be both geodesic curve and principal line on S, ie., k; = t, = 0.
Since a(s) and «ai(s1) are Bertrand partner D-curves we have

d
tr1 = (kgsin® + t, cos6) —S, (3.20)
dSl
ds \*
kg, = (14 Akg) cos  — Aty sin0) (kg + Ak} + At7) (d_) : (3.21)
S1

(See [7]). Under the condition k, = ¢, = 0, from (3.20) and (3.21) we have t,, =
kg, =0, i.e., aq(s1) is also a geodesic and a principal line on S7. Then from Theo-
rem 3.7, we have that 5 (sg) and 3, (Sﬂl) Bertrand partner D-curves.Conversely, if
B(sp) and 3 (sg,) are Bertrand partner D-curves, from Theorem (10), a(s) and
a(s1) are principal lines on S and S7, respectively, i.e., t, = 0, ¢t,, = 0. Then for
the non-trivial case 6 # 0, from (3.20) we have k; = 0. Then a(s) is both geodesic
curve and principal line on S. O

Theorem 3.10. If a(s) is both geodesic curve and principal line on S then ay(s1)
and B4 (Sgl) are Bertrand partner D-curves.

Proof: Let a(s) be both geodesic curve and principal line on S. Then from (3.20)
and (3.21) we have t,, = k,;, = 0. Then from (3.15) we have Y7 = £Y7, i.e., a1(s1)
and 3, (Sgl) are Bertrand D-curves. O
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Theorem 3.11. If a(s) is both geodesic curve and principal line on S then « (s)
and B4 (551) are Bertrand partner D-curves.

Proof: Let a (s) be both geodesic curve and principal line on S. Then using (3.20)
and (3.21) from (3.15) we have Y;* = £Y;. Since a(s) and «a;(s1) are Bertrand
patner D-curves, Y =Y, and so we have Y" = £Y. O

4. Mannheim Partner D-Curves on Parallel Surfaces

In this section, we deal with the notions of Mannheim partner D-curves by
considering parallel surface.

Let S and S; be oriented surfaces in three-dimensional Euclidean space E3
and let consider the arc-length parameter Mannheim partner D-curves «(s) and
a1(s1) lying fully on S and Si, respectively. Denote the Darboux frames and in-
variants of a(s) and a1 (s1) by {T,Y, Z}, kg, kn, tr and {T1, Y1, Z1}, kg, knys trys
respectively. Then from the definition of Mannheim partner D-curves we have

a1 (81) =« (51) — )\Zl (81), (41)

(See [6]). For the oriented surfaces S, and S,, assume that surface pairs (5, S,)
and (S1, Sy, ) are parallel surfaces. Then from (4.1) the images of the curves «(s)
and a(s1) on the surfaces S, and S,, are given by

B(sg) =al(s)+rZ, (4.2)

B1 (sp,) = a(s1) = AZ1 (s1) + 1121, (4.3)

respectively. Denote the Darboux frames of 5 (sg) and 3, (Sgl) by {T*,Y*, Z*}
and {77, Y7, Z7}, respectively. Differentiating (4.3) with respect to s; we have

dp, dp, dsB / ds / /
/=1 — —1 = — - )\Z AR 4.4
dsy dsg, dsi o (s1) dsy 1+ (4.4)

Similarly, differentiating (4.3) with respect to s it follows

d
75 = (1= Ak, )Ty — Mo, V3. (4.5)
dSl

Then substituting (4.5) in (4.4) it follows

ds
T dff = (1= kp, (11 + N)T1 — (t, (r1 — 2X)) Y4, (4.6)

which gives us

Cils—sﬁll - \/(1 - kn1 (Tl + A))Q + (th (Tl - 2>‘))2 (47)
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Thus (4.6) becomes

* 1 B . - . :
Ty = VO =k, (11 + M) + (b, (1 72>\))2((1 K, (14X Ty —(t,, (1 —2X)) Y1) .
(4.8)
Since Y = Z1 x Ty, from (4.8) we have
* 1 . B . :
Y= VO = Ty (1 + V)2 + (b, (11 72”)2((%( 1=2\)) T+ (1 =k, ( +)\))l(/4)9).

Then we have the following theorem.

Theorem 4.1. Let the curves a(s) and aq(s1) lying fully on S and Sy respectively,
be Mannheim partner D-curves and the pair (S1,S,,) be a parallel surface pair.
If the curve B, (551) lying fully on Sy, is the image curve of ai(s1), then the
relationships between the Darboux frames of ay(s1) and (3, (Sgl) are given by the
equalities (4.8) and (4.9).

Moreover, since a(s) and «1(s1) are Mannheim partner D-curves we have

ds  Mkn, — 1

i 4.10
dSl )\trl ( )

Then from (3.6), (4.7) and (4.10) we have the following corollary.

Corollary 4.2. Let the curves a(s) and ay(s1) lying fully on S and Sy respectively,
be Mannheim Partner D-curves and the pairs (S, Sy) and (S1,Sr,) be parallel sur-
face pairs. Then the relationship between arc length parameters sg, and sg is given

by
2 2
sp, = / L 2 ) — n (21 = 2%) /\t”_ dsg. (4.11)
(I —rky)” + (rt,) Mep, — 1

After these computations, we can give the following characterizations. Here in
after we assume that the curves «a(s) and «;(s1) lying fully on surfaces S and Sy
respectively, are Mannheim Partner D-curves, the pairs (S,S,) and (Si,S;,) are
parallel surface pairs, the curves 3 (sg) and 5, (sﬂ 1) are image curves of the curves
a(s) and a1(s1) on S, and S,1, respectively.

Theorem 4.3. «a;(s1) is a principal line on S1 or r1 = 2\ if and only if ai1(s1)
and 3, (551) are Bertrand partner D-curves.

Proof: Let a;(s1) be a principal line on Sy or let r; = 2\. Then from (4.9) we have
Y =4V, ie, ai(s1) and 3, (551) are Bertrand partner D-curves. Conversely, if
a1(s1) and B, (sg,) are Bertrand partner D-curves, then from (4.9) we have that
a1(s1) be a principal line on S7 or r; = 2\. O

Theorem 4.4. a(s) and (3, (Slgl) are Mannheim partner D-curves if and only if

tan § = i (ri=2Y)

The () holds, where 0 is the angle between unit tangents Ty and T'.
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Proof: Since a(s) and ai(s1) are Mannheim partner D-curves, we have T} =
cosOT +sin0Z, Y1 =sinfT — cos0Z [6]. Then from (4.9) we obtain

* 1 _ 1 _
Y= e sy 1eosin (= 20)) Fsin b1 =k, (A1) T

F[sinO(tr, (11 — 20)) — cos (1 — ky, (r1 + )] Z}

(4.12)

From (4.12) it is clear that a(s) and S, (sg,) are Mannheim partner D-curves if
. _ te(ri—2X)

and Only if tanf = m holds. O

Corollary 4.5. . 8 (sg) and 5, (Slgl) are Mannheim partner D-curves if and only

if tan = % holds, where 0 is the angle between unit tangents T and T .

Proof: Since a(s) and its image curve [ (sg) have same unit normal direction
Z, from Theorem 4.3, we obtain that 5 (sg) and 3, (Slgl) are Mannheim partner

D-curves if and only if tan = % holds. O

Corollary 4.6. a;(s1) and (3, (551) are Bertrand partner D-curves if and only if

by (r172)\)
tanf = 71—11%1@1%\)

holds, where 0 is the angle between unit tangents Ty and T'.
Proof: Since a(s) and «;(s1) are Mannheim partner D-curves, we have Z = V3.
Then from (4.12) it is clear that o (s1) and 3, (sg, ) are Bertrand partner D-curves

if and only if tan § = ;=2 holds. 0
ny

Conclusion 4.1. Associated curves are important subjects of curve theory. These
curves are defined as curve pairs for which some relationships between their curva-
tures are satisfied. Generally, these curve pairs are studied in the space. Of course,
a curve can be thought as a subset of a regular surface. Then, associated curves
can be considered on surfaces. This paper gives some types of such curves. By con-
sidering Darboux frames of the curves, Bertrand partner D-curves and Mannheim
partner D-curves are studied on parallel surfaces. The relationships between refer-
ence curves and their image curves are obtained and discussed.
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