Bol. Soc. Paran. Mat. (3s.) v. 34 2 (2016): 263-274.
©SPM —~ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.v34i2.25674

The Generalized Non-absolute type of sequence spaces
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ABSTRACT: In this paper we introduce the notion of Ay, — x2 and A? sequences.

I(F

Further, we introduce the spaces [Xffif‘, II(d (x1,0),d(x2,0), - ,d(zn—1, 0))||p] )
I(F)

and [A%j‘, [[(d(x1,0),d(x2,0), - ,d(zn-1, 0))||p] ( , which are of non-absolute

type and we prove that these spaces are linearly isomorphic to the spaces x2 and A2,
respectively. Moreover, we establish some inclusion relations between these spaces.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate wise addition
and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [1]. Later
on, they were investigated by Hardy [2], Moricz [3], Moricz and Rhoades [4],
Basarir and Solankan [5], Tripathy [6], Turkmenoglu [7], and many others.

We procure the following sets of double sequences:

M, (t) := {(:cmn) € w? 1 SUPm neN |:cmn|t’"" < oo} ,
Cp (t) :== {(mmn) € w?:p—liMmpm nsoo |Tmn — |t””" =1 forsome € (C} ,

Cop (t) := {(mmn) € w? 1 p—limm noo |Z o |T" = 1} ,
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Lo (t) = (Tmn) €w?: 301 3000, |xmn|tmn < oo} ’

Cop (t) == Cp () MMy (t) and Copyp (t) = Cop (1) M (1);

where t = (tm,,) is the sequence of strictly positive reals t,,, for all m,n € N and
P — liMy, n—oo denotes the limit in the Pringsheim’s sense. In the case ¢,,, = 1
for all m,n € N; M, (t),Cp (t), Cop (£) , Lo (t) , Cpp () and Copyp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Copyp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gdkhan and Colak
[8,9] have proved that M,, (t) and C, (t), Cp, (t) are complete paranormed spaces of
double sequences and gave the a—, f—,y— duals of the spaces M, (t) and Cy, (¢).
Quite recently, in her PhD thesis, Zelter [10] has essentially studied both the theory
of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [11] and Tripathy have independently introduced
the statistical convergence and Cauchy for double sequences and given the relation
between statistical convergent and strongly Cesaro summable double sequences.
Altay and Basar [12] have defined the spaces BS, BS (t) , CS,, €8y, €S, and BV of
double sequences consisting of all double series whose sequence of partial sums are
in the spaces My, My, (), Cp, Cpp, €, and L,,, respectively, and also examined some
properties of those sequence spaces and determined the a— duals of the spaces
BS, BV, €8y, and the §(¥) — duals of the spaces €Sy, and €S, of double series.
Basar and Sever [13]| have introduced the Banach space £, of double sequences
corresponding to the well-known space ¢, of single sequences and examined some
properties of the space £,. Quite recently Subramanian and Misra [14] have studied
the space x3, (p,q,u) of double sequences and gave some inclusion relations.

The class of sequences which are strongly Cesaro summable with respect to a
modulus was introduced by Maddox [15] as an extension of the definition of strongly
Cesaro summable sequences. Connor [16] further extended this definition to a
definition of strong A— summability with respect to a modulus where A = (ay, 1)
is a nonnegative regular matrix and established some connections between strong
A— summability, strong A— summability with respect to a modulus, and A—
statistical convergence. In [17] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [18]-[19], and [20] the four dimensional
matrix transformation (Az), , = 70| Y207 i) Tmn Was studied extensively by
Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 <p <1, we have

(a+b)P <al +b° (1.1)

The double series Zf;;n:l Tmn is called convergent if and only if the double se-

quence (Sy,y,) is convergent, where s,,,, = Zzn]; zi;j(m,n € N).
A sequence x = (z,,,)is said to be double analytic if sup, |xmn|1/m+" < 00. The
vector space of all double analytic sequences will be denoted by A%. A sequence
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2 = (Zpn) is called double gai sequence if ((m 4 n)! [z, |)/ ™™ — 0 as m,n — oc.

The double gai sequences will be denoted by x2. Let ¢ = { finite sequences} .

Consider a double sequence = = (z;;). The (m,n)" section 2™ of the sequence
is defined by zl™m" =3 i ilo2ijSij for all m,n € N; where Sj; denotes the double

sequence whose only non zero term is a m in the (i,j)th place for each 7,7 € N.

An FK-space(or a metric space)X is said to have AK property if (Si.,) is
a Schauder basis for X. Or equivalently z[™™ — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings ¢ = (zx) —
(Zmn)(m,n € N) are also continuous.

Let M and ® are mutually complementary modulus functions. Then, we have:
(1) For all u,y >0,

uy < M (u) + @ (y), (Young'sinequality)[See [21]] (1.2)

(ii) For all w > 0,
un (u) = M (u) + @ (1 (u)) . (1.3)
(iii) For all w > 0, and 0 < A < 1,
M (Au) < AM (u) (1.4)

Lindenstrauss and Tzafriri [22] used the idea of Orlicz function to construct Orlicz
sequence space

Oy = {wa:ZZ‘LlM(‘Z—p’“l) < 00, forsomep>0},

The space £;; with the norm
ol = ing {p>0: 352, M (22) <1},

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces £y coincide with the classical sequence space £,,.

A sequence f = (fimn) of modulus function is called a Musielak-modulus func-
tion. A sequence g = (gmn) defined by

Imn (V) = sup{|v|u — (frmn) (u) :u >0}, mn=1,2,---

is called the complementary function of a Musielak-modulus function f. For a given
Musielak modulus function f, the Musielak-modulus sequence space t; is defined
as follows

ty = {:c € w?: My (|xmn|)1/m+n —0asm,n — oo},
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where My is a convex modular defined by

My () = S0 2% fon (@)™ o2 = (@) € ty

We consider ¢y equipped with the Luxemburg metric

d (xa y) = SUPmn {’L?’Lf (Zﬁ:l 22021 Jmn (W)) < 1}

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz as follows

Z(A)={z=(ap) Ew: (Axy) € Z}

for Z = ¢, ¢p and £y, where Az = xp, — 241 for all k € N.

Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued
single sequences respectively. The difference sequence space bv, of the classical
space /, is introduced and studied in the case 1 < p < oo by Bagar and Altay and
in the case 0 < p < 1 by Altay and Basar in [1]. The spaces ¢ (A),co (A),l (A)
and bv, are Banach spaces normed by

1
2]l = J21] + supxz1 [Awk] and [2]],,, = (52, lox?) /", (1 < p < 00).

Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by

Z(A) ={z = (Tmn) € 0 : (Azpn) € Z}

where Z = A% x? and Az = (Tmn — Tont1) — @mtin — Tmaintl) = Tmn —
Tmn+l — Tm+1n + Tmyint+1 for all myn € N. The generalized difference double
notion has the following representation: A™z,,, = A™ 1z, — A™ e, —
A" g1 4+ A™ e 1,41, and also this generalized B* difference operator is
equivalent to the following binomial representation:

Btxpn = Z:ZO Z;m:o (71)i+j (’L) <J> Tmdints-

Let n € N and X be a real vector space of dimension w, where n < m. A real
valued function d,(z1,...,2,) = ||(di1(21,0),...,dn(2s,0))|, on X satistying the
following four conditions:

(1) |(d1(z1,0),...,dn(zn,0))]|, = 0 if and only if dq(x1,0),...,d,(x,,0) are lin-
early dependent,

(ii) ||(d1(z1,0),...,dn(zn,0))||, is invariant under permutation,

(ii) [|(adi(z1,0),...,dn(zn,0))|p = || [|(di(z1,0),...,dn(zn,0))|p, e € R

(iv) dp (1, 91), (22,92) -+ (T, yn)) = (dx (@1, 22, 20)? + dy (41,92, yn)?)"/?
forl < p < oo; (or)

(v) d((z1, 1), (@2, 2), -+ (Tns yn)) :=sup {dx (x1, 22, - 2n), dy (y1, 92, - yn)}
for x1,xo, - xn € X, y1,Y2, - yn € Y is called the p product metric of the Carte-
sian product of n metric spaces is the p norm of the n-vector of the norms of the
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n subspaces.

A trivial example of p product metric of n metric space is the p norm space is
X =R equipped with the following Euclidean metric in the product space is the p
norm:

[(d1(21,0),. .. dn(2n, 0)) |5 = sup (|det(dmn (Tmn,0))|) =

d1 (£E11,, 0) dy2 (ZE127 0) v din (l'lnv 0)

do1 (21,0)  daz (m22,0) ... dan (T10,0)
sup

dnl (znla 0) dn27 0 (an; 0) dnn (znnv 0)

where x; = (21, xin) € R™ for each i = 1,2, - - n.

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the p— metric. Any complete p— metric space is said to
be p— Banach metric space.

2. Notion of ),,,,— double chi and double analytic sequences

The generalized de la Vallee-Pussin means is defined by :

trs (:L') = %M Zmelrs Znelm Tmns

where I, = [rs — A\ + 1,7s] . For the set of sequences that are strongly summable
to zero, strongly summable and strongly bounded by the de la Vallee-Poussin
method.

The notion of A— double gai and double analytic sequences as follows: Let
A= (Amn)ﬁ,n:o be a strictly increasing sequences of positive real numbers tending
to infinity, that is

0< Ao <A1 < -+ and Ay, — 00aSM, N — 00

and said that a sequence x = (x,,,) € w? is A— convergent to 0, called a the A\—
limit of =, if Bff (x) — 0asm,n — oo, where

1
B# (‘T) = - Z Z ()‘m,n - )\m,n—i-l - )\m-i-l,n + )‘m-‘,-l,n-‘,-l)

Prs mel.s n€lrg

((m + 1) | A2 )™

where ((m + n)! [ A™z, )Y/ ™™ = (m + n)IV/m+n
(Am_l)\m,nxmn - Am_l)‘m,n-{-lxm,n—i—l - Am_l}‘m—i—l,nxm-i-l,n

1 1/m+n
+Am )\m+1,n+1xm+1,n+1) .

In particular, we say that z is a A,, — double gai sequence if B (z) — 0 as m,n —
oo. Further we say that x is \,;,,, — double analytic sequence if sup.,, ‘B# (x)’ < 00.
We have
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limm,n—>oo|B# (.T) - a‘ :limm,n—)oo ‘i Zmejm Znejm()\m,n - )‘m,n-l-l - )\m+1,n

Pt tt1) (M4 0) Az, )™

|B¢7L (z)| = a. Hence @ is App— convergent to a.

= 0. So we can say that [im,, n— oo

Lemma 2.1. FEvery convergent sequence is App— convergent to the same ordinary
limit.

Lemma 2.2. If a \n— Musielak convergent sequence converges in the ordinary
sense, then it must Musielak converge to the same \pp— limit.

Proof: Let & = () € w” and m,n > 1. We have
((m+ TL)' |Am1'mn|>1/m+n B B# (:C) _ ((m+ TL) |Amzmn|>1/m+n _

:,aLTS Zmelm Znelm (/\m,n - /\m,nJrl - /\m+1 n T >\m+1 n+1)

m 1/m+4n
((m +n)! |A™ 20 ]) fmtn i Zmefm Znez Amn — Amont1 — Amtin
+)\m+1 n+1) Zmejm Znelm ((m + 7’L) (Am lz - Am 1-Tm,n+1

1 1/m+n
—A™ Tm+1,n + A™ :Cerl n+1)) .

“ 7 Lmet. Yomer,, (A (A @ = A"y = A" 21
_ 1 +
+Am 1$m+1,n+1)) /m " ()\m,n - /\m,nJrl - /\m+1,n + /\m+1,n+1) .

Therefore we have for every 2 = (Zmn) € w? that ((m + n)! |A™2m,|)
Bl (x) = Spn (2) (n,m € N). where the sequence S (z) = (Smn (2)),, ,,— i de-

fined by Soo () = 0 and Sy () = 90%5 Zmelm Znelrs

(Amilxmn - Amilxm,n-i-l —A™™ xm—i—l n T A™ xm—i—l n+1
()\m,n - >\m,n+1 - >\m+1,n + )\m+1,n+1> (TL m Z 1) O

1/m+n -
)1/m+n

Lemma 2.3. A \,,,,— Musielak convergent sequence x = (xmn) converges if and

only if § () € [xC 10 (21, 0),d (22,0, d o1, O)),|

Proof: Let x = (zy,5) be Ay — Musielak convergent sequence. Then from Lemma
2.2 we have © = (x,,,) converges to the same /\mn, limit. We obtain S (z) €

[ 10 (24,0) (22,0, (i O], - Coversly

let S (z) € [XiB#,||(d(x1,o),d(x2,o),--- d (Tn_1, )||} . We have

1/m+n

limp n—soo (M + n)H A 240 ]) = limm, oo BY (x).

From the above equation, we deduce that A,,,— convergent sequence z = (L)
converges. a

Lemma 2.4. FEvery double analytic sequence is Ay — double analytic.

Lemma 2.5. A \,,,— Musielak analytic sequence © = (Zyy) is analytic if and

I(F)
only if S (x) € [A2 (A (21,0),d (22,0) -+, (21, 0))],
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Proof: From Lemma 2.4 and Spo () = 0 and
Smn (‘T) = L Zmel Znel

((m + n) (Am 1$mn - A™™ xm,n—i—l - A™™ :Em-i-l n T A™ :Em-l-l n+1
()\m,n - >\m,n+1 >\m+1,n + )\m+1,n+1) 3 (TL m Z 1) (N

))1/m+n

3. The spaces of \,,,— double gai and double analytic sequences

In this section we introduce the sequence space

[y I@@0.0)d (2.0 - 0D
[ FAN II(d(z1,0),d(x2,0), - ,d(zn-1,0))]l } as sets of A, double gai and
double analytlc sequences:
[y I(@(@0,0).d (2.0 - d s 0D
litn o [ B, 1(d (21,0),d (23,0), -+ ,d (20 -1,0))] }
, I(F)
(42,5, (@ (@1,0),d(22,0), -+ d (a1, 0, =
I(F)
U [B (A 21,0, d (22,0), - d (202, 0))],]
Theorem 3.1. The sequence spaces
I(F)
[y, ,||<d<z1,o>,d<sc2,o>,~~,d<zn71,o>>||p} and
I(F)
[ FAN d(x1,0),d(x2,0),--- ,d(:z:n_l,O))Hp} are isomorphic to the spaces
I(F)
|: 561, ad(anO)v"' ad(znflao))”p} and
I(F)
[Af,n (£1,0),d(22,0), -+ ,d (-1, 0))
Proof: We only consider the case
I(F)
[y, (A (1,0),d (22,0) -+ d (zn 1, 0D, | =
I(F)
(Gl (w1,0),d(22,0),-+ d(@a1,0)),]  and
I(F)
[A?AA ) ||(d (.’L'1, 0) ) d (‘TQ, 0) s 1T ad(xn—la O))||p:| =
I(F)
[ 1 (d (21,0) , d (22,0) , - - ,d(xn_l,o))up} can be shown similarly.
Con51der the transformation T defined,
I(F)
TZL':B#G |:X?c,||(d($1,0),d(1'2,0), (SCn 1, ))” :|
for every z € [X?A%n’ I(d (21,0),d(22,0),-- ,d(xn_1,0))] } . The linearity

of T is obvious. It is trivial that x =0 Whenever Tz = 0 and hence T is injective.
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To show surjective we define the sequence & = {z,,, (\)} by

Z Z ()\m,n - )\m,n—i-l - )\m-l-l,n + )\m+1,n+1)

50” mel.s n€l,s

((m + n)! A2 )™ = (3.1)
We can say that Bl (z) = ymn from (3.1) and z € {X?, |(d(21,0),d(z2,0),---,

s 1] e B o0 a0 .0,
:|I(F)

and

We deduce from that = € [Xfmm,|\(d(z1,0),d(x2,o),... LA (zn_1,0)]|

p

Tx = y. Hence T is surjective. We have for every x € [X?‘A?nn’ II(d(x1,0),d (x2,0),

I(F)
d(2n_1,0))] ] that d (Tz,0) 2 = d(Tz,0) . =

d (m, O) I(F) .
[y N@01,0)d(2.0) o 1.0 }
' 1w
Hence [x3ay (@ (21,0),d (22,0, d (w01,0))],
I(F)
[X?c, Il(d(21,0),d(22,0),- ,d(zn—-1,0))] } are ismorphic. Similarly obtain
other sequence spaces. O

4. Some Inclusion and Relations

Theorem 4.1. The inclusion )

(G [ (22,0) d (22,0) - d ar, O, ]
I(F)
[y 1(d(@1,0).d (2.0 . @acr,O),] " holds
Proof: Let [;@Amn,||(d(x1,0),d(x2,0),--. d (2n_1,0))]| ] . Then we deduce

that ga%s Yomerl,. 2onet,. Aman = Amnt1 = Amt 1 + Amgt,nt1)
(4 1) A 2 ) < it e S S,

()\m,n - >\m,n+1 - >\m+1,n + )\m+1,n+1> ((m + TL)' |Amzmn|>l/m+n ==

Limim, n—oo ((m + n)! |Am$mn|)1/m+" = 0. Hence
v e [ay I@d@1,0),d(@2.0) - d (@, O] 0
Theorem 4.2. The inclusion )
(A2, (1.0 d(22.0) - d (zur )],
I(F)
(A2 (@ (1,0) d (22,0) - d (e, ), | holds

Proof: It is obvious. Therefore omit the proof. O
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Theorem 4.3. The inclusion [;@,n( (21,0),d (22,0), - ,d (zn_1,0))]| ]
I(F)
[X?Ax N(d(21,0),d (x2,0), -+ ,d(xn-1,0))]| } hold. Furthermore, the equal-
I(F)
ities hold if and only if S (z) € [x?c,||(d(x1,0),d(:c2,0),-~~ d(zn_1,0))] ]
every sequence x in the space [X?Ax (d (21,0),d (22,0), -+ ,d(x,_1,0))| }

Proof: Consider

) I(F)
[l (@1,0),d (22,0),-+ d(@ar, O, | ©
[y @ (1.0) A (@2,0), - d@arO),| (4.1)
is obvious from Lemma 2.1. Then, we have for every
I(F)
e [x3ay, Id(@1,0),d(22,0), -+ ,d (20 1,0 H } that
HAS {X?,H(d(l'l,()),d(l'%()), (SCn 1, ))H i| and hence
S(z) € {x?,|\(d(z1,0),d(z2,0),~~~ d (21, ))M by Lemma 2.3. Con-
versely, let © € [X?’A%m’ I(d(21,0),d(x2,0), - ,d(zp_1, ) H } Then, we have
that S (z) € [x?c,||(d(xl,0),d(xg,0),--~ d(2n_1,0))] ] . Thus, it follows by
Lemma 2.3 and then Lemma 2.2, that
HAS |:X?C,H(d(1'1,0),d(1'2,0), (SCn 1, ))H :| . We get
[Cay, (0 @1,0) 4 (22.0). - cd @ar. 0D,
, 1(F)
(Gl (@1,0),d(22,0), -+ ,d (wa-1,0)), (4.2)
From the equation (4.1) and (4.2) we get
[Cay, [ (2,0) d(2,0) - d(ear. O]
I(F)
[ 1d (21,0),d (2,0) -+ d (@, O, | 0
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