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ABSTRACT. In this paper we introduce the notion of A, — x2 and A? sequences

Further, we introduce the spaces xffff‘, |(d(x1,0), ($2, 0),,d(zn-1,0))],
and A?Z’\, I(d(x1,0),d (z2,0), - ,d(xn-1,0))] } , which are of non-absolute

type and we prove that these spaces are linearly isomorphic to the spaces x? and A2,
respectively. Moreover, we establish some inclusion relations between these spaces.

1. INTRODUCTION

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (,,,), where m,n € N, the set of
positive integers. Then, w? is a linear space under the coordinate wise addition and
scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [1]. Later on,
they were investigated by Hardy [2], Moricz [3], Moricz and Rhoades [4], Basarir and
Solankan [5], Tripathy [6], Turkmenoglu [7], and many others.

We procure the following sets of double sequences:
M, (t) == {(mmn) € w? : SUpmnen |Z | ™™ < oo} ,
Cp (£) == {(@mn) € W? : p = liMumpsoo [Tmn — I|'™ =1 for somel € C},
Cop (1) == {(xmn) € w?:p—liMmyn oo ]xmn|tm" = 1} ,

Lo (1) = {(xmn) cw’ iy Y |xmn|tmn < Oo} )
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Cup (1) 1= €, (1) M, (1) and Copy (1) = Cop (£) (1 M (2);

where t = (t,,,) is the sequence of strictly positive reals t,,, for all m,n € N and
p — limy, .0 denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € N; M, (¢),C, (), Cop (), Lu (t),Chy (t) and Copp, (t) reduce to the sets
My, Cp, Cop, Loy, Cpp and Cppp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Colak
[8,9] have proved that M, (t) and C, (t), Cy, (t) are complete paranormed spaces of
double sequences and gave the a—, f—,v— duals of the spaces M, (t) and Cy, ().
Quite recently, in her PhD thesis, Zelter [10] has essentially studied both the theory
of topological double sequence spaces and the theory of summability of double se-
quences. Mursaleen and Edely [11] and Tripathy have independently introduced the
statistical convergence and Cauchy for double sequences and given the relation be-
tween statistical convergent and strongly Cesaro summable double sequences. Altay
and Basar [12] have defined the spaces BS, BS§ (t), C8,, C8,, CS, and BV of double
sequences consisting of all double series whose sequence of partial sums are in the
spaces M, M, (t),C,, Cyp, C, and L,, respectively, and also examined some proper-
ties of those sequence spaces and determined the a— duals of the spaces B8, BV, C§,;,
and the § (J) — duals of the spaces C§;, and CS§, of double series. Basar and Sever
[13] have introduced the Banach space £, of double sequences corresponding to the
well-known space ¢, of single sequences and examined some properties of the space
L,. Quite recently Subramanian and Misra [14] have studied the space x3; (p, ¢, u) of
double sequences and gave some inclusion relations.

The class of sequences which are strongly Cesaro summable with respect to a mod-
ulus was introduced by Maddox [15] as an extension of the definition of strongly
Cesaro summable sequences. Connor [16] further extended this definition to a def-
inition of strong A— summability with respect to a modulus where A = (a,y) is
a nonnegative regular matrix and established some connections between strong A—
summability, strong A— summability with respect to a modulus, and A— statistical
convergence. In [17] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [18]-[19], and [20] the four dimensional matrix transformation
(A)y o = D=1 D mey @ Tmn Was studied extensively by Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0 and
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0 <p<1, we have

(1.1) (a+b)P <al + VP

The double series Y ° | &, is called convergent if and only if the double sequence
’ m,n
z;j(m,n € N).

(Smn) is convergent, where s, = > ;"7

1/m+4n

A sequence = (x,,)is said to be double analytic if sup,, |Tmn| < o00. The

vector space of all double analytic sequences will be denoted by A% A sequence

)1/m+n

x = (Typ) is called double gai sequence if ((m + n)! |z, — 0 as m,n — oo.

The double gai sequences will be denoted by x2. Let ¢ = { finite sequences} .

th

Consider a double sequence x = (z;;). The (m,n)" section z™" of the sequence

is defined by zl™m = > ity for all m,n € N; where Sj; denotes the double
1

(i-+5)!

sequence whose only non zero term is a in the (4, j)th place for each i, j € N.

An FK-space(or a metric space) X is said to have AK property if (3,,,) is a Schauder
basis for X. Or equivalently z™" — z.

An FDK-space is a double sequence space endowed with a complete metrizable; lo-
cally convex topology under which the coordinate mappings x = (x) — () (m,n €
N) are also continuous.

Let M and ® are mutually complementary modulus functions. Then, we have:

(i) For all u,y > 0,

(1.2) uy < M (u) + @ (y), (Young'sinequality)[See[21]]

(ii) For all w > 0,

(1.3) wn () = M (u) + @ (1 (u))..

(iii) For all w > 0, and 0 < A < 1,

(1.4) M (M) < AM (u)
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Lindenstrauss and Tzafriri [22] used the idea of Orlicz function to construct Orlicz

sequence space
Uy = {x cw:y o M <%) < 0o, forsomep > O} ,

The space £); with the norm

lall = inf {p >0 5z, M (k1) <1}
becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces £}, coincide with the classical sequence space ¢,.
A sequence f = (fmn) of modulus function is called a Musielak-modulus function.

A sequence g = (gmn) defined by

Gmn (V) = sup {|v|u — (foun) (W) :u >0}, mn=1,2,---
is called the complementary function of a Musielak-modulus function f. For a given
Musielak modulus function f, the Musielak-modulus sequence space t¢ is defined as

follows
tp= {a: € w2 : My (|Zmn)/™™ = Oasm,n — oo} :
where My is a convex modular defined by

00 o0 1/m+n
Mf (l‘) = ZmZI ZnZI fmn (|$mn|) fm y U= (‘rm’”> S tf
We consider ¢; equipped with the Luxemburg metric

d(Ly) = SUPmn {an (Z::1 21010:1 Jmn (W)) < 1}

The notion of difference sequence spaces (for single sequences) was introduced by

Kizmaz as follows

Z(A)={x=(xp) ew: (Axy) € Z}
for Z = ¢, ¢y and {,, where Axy = x — w1 for all k € N.
Here ¢, ¢y and £, denote the classes of convergent, null and bounded sclar valued single
sequences respectively. The difference sequence space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by Basar and Altay and in the case
0 < p < 1 by Altay and Basar in [1]. The spaces ¢(A), ¢y (A),lx (A) and bv, are

Banach spaces normed by
ol = fara| + supisy |Ay| and [zl = (32, ael”)'"” (1< p < o0).

Later on the notion was further investigated by many others. We now introduce the

following difference double sequence spaces defined by

Z(A) ={x = (zpn) € W*: (Azypy) € Z}
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where Z = A27 X2 and Axmn = (xmn - 'Tmn—l—l) - ('Tm+1n - xm—l—ln—{-l) = Tmn — Tmn+1 —
Tmain + Tmaine1 for all m;n € N. The generalized difference double notion has
the following representation: A"z, = A™ 'z, — A™ g 00 — Ay,

A™ g i1, and also this generalized B* difference operator is equivalent to the

following binomial representation: B"z,, = > " > 7", (—1)"* (?) (Zl) Tomtimnts-

Let n € N and X be a real vector space of dimension w, where n < m. A real
valued function d,(z1,...,2,) = ||(d1(21,0),...,dn(x,,0))|, on X satistying the fol-
lowing four conditions:

(i) [[(di(21,0),...,dn(2s,0))|l, = 0 if and only if di(z1,0),...,d,(z,,0) are linearly
dependent,

(i) ||(d1(21,0),...,dn(2s,0))|l, is invariant under permutation,

(i) [[(ads (21, 0), . . duzn, 0))lp = o] (s (21, 0), . . du(n, 0)) s € R

(iv) dy ((21,31), (22,92) -+ (T, Un)) = (dix (21,22, - 20)P + dy (Y1, Y2, - y)?) P forl <
p < 005 (or)

(V) d((@1,91)s (@2,92), -+ (Tn, yn)) = sup {dx (x1, @2, - 2n), dy (Y1, Y2, Yn) }

for 1,29, -2, € X, y1,92,---yn € Y is called the p product metric of the Cartesian
product of n metric spaces is the p norm of the n-vector of the norms of the n sub-
spaces.

A trivial example of p product metric of n metric space is the p norm space is
X = R equipped with the following Euclidean metric in the product space is the p
norm:

[(d1(21,0),...,dn(20,0)) ||z = sup (|det(dmn (Tmn, 0))|) =

di1 (211,0)  dia(212,0) ... dip (21,0)
do1 (91,0)  dag (722,0) ... dop (214,0)

sup

dn1 (201,0)  dn2, 0 (202,0) ... dpp (Tpn, 0)
where x; = (z;1, - x;,) € R” for each t = 1,2, n.

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the p— metric. Any complete p— metric space is said to be

p— Banach metric space.

2. NOTION OF \,,,— DOUBLE CHI AND DOUBLE ANALYTIC SEQUENCES

The generalized de la Vallee-Pussin means is defined by :
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tT'S (x) = i szIrs ZTLEL‘S Lmn

where I, = [rs — A5 + 1,75s] . For the set of sequences that are strongly summable to
zero, strongly summable and strongly bounded by the de la Vallee-Poussin method.

The notion of A— double gai and double analytic sequences as follows: Let A =
(Amn)zn:o be a strictly increasing sequences of positive real numbers tending to

infinity, that is
0 < Ao < A1 < -+ andAy,, = occasm,n — o0

and said that a sequence x = (,,,) € w? is A— convergent to 0, called a the A— limit

of x, if BY (x) — 0asm,n — oo, where

B# (z) = i Zmelrs Znelrs (A = At = Amgin + Amgingr) ((m 4 n)! |Amxmn|)1/m+n )
where ((m + n)! | Az, )™ =

(m + n)It/mtn

(A" N i — A" N 1Tt — A" N1 T n + Am_l>\m+1,n+1xm+1,n+1)1/m+n'
In particular, we say that x is a A, — double gai sequence if Bl (z) — 0 as m,n — oo.
Further we say that = is A,,,— double analytic sequence if sup,,, ‘B;j (x)‘ < 00. We

have

limim oo |B{7‘ (x) — a| = 1My n—o0

m 1/m+n
ﬁ Zmehs Znelrs (/\m,n - )‘m,n-l—l - )‘m—i—l,n + )‘m+1,n+1) ((m + n)' |A xmn|) fm

0. So we can say that lim, n—eo {B;; (I)‘ = a. Hence z is \,,,— convergent to a.

2.1. Lemma. Every convergent sequence is \,,,— convergent to the same ordinary

limit.

2.2. Lemma. If a \,,,— Musielak convergent sequence converges in the ordinary
sense, then it must Musielak converge to the same \,,,— limit.

Proof: Let 2 = (2,,,) € w? and m,n > 1. We have

((m +n)! |Amxmn|)1/m+n - B# (z) = ((m +n)! |Am$mn|>1/m+n -

i Zmehs Znehs (A = Amnt1 = Amsin + Amgingr) ((m 4 n)! |Am$mn|)1/m+n

:# Zmehs Znelrs (Am,n - /\m,n+1 - /\m—i-l,n + /\m+1,n+1>

St Smer (M4 ) (A iy — A Vi — A gy A )
:# Zmel'rs Znehs ((m + n>! (Am_lxmn - Am_lxm,n—i-l - Am_lxm—i-l,n + Am_lxm+1,n+1>>1/m+n
(A — AMmnt1 — Amtin + Amtintl) -

Therefore we have for every & = (Z,) € w? that ((m + n)! | Az, |)Y ™" — Bl (z) =

Smn () (n,m € N) . where the sequence S () = (Spn () _, is defined by Sy (z) =

m,n=0 1
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0 and Sy (2) = i Zmezm Znebs

-1 -1 -1 -1
(Am Lmn — A™ Tmn+1l — A™ Tm+1n + AT Tm4+1,n+1

(>\m,n - /\m,n+1 - /\m+1,n + /\m+1,n+1> ) (n, m 2 1) .

)l/m—‘rn

2.3. Lemma. A \,,,— Musielak convergent sequence x = (mmn) converges if and

I(F)
only if () € [, 1(d (21,0)d (72,0) -+ d (@-1,0))]], |
Proof: Let z = (z,,,) be \,— Musielak convergent sequence. Then from Lemma

2.2 we have © = (Z,,) converges to the same Amn— limit. We obtain S (z) €
X 1 (21,0),d (25,0), -+ d (s, ))H conversely,
let S (z) € [Xch#,H(d(xl,O),d(xQ,O),... d (n1,0))] } . We have

LM oo (104 1)V AT 2000 )7 = Tim, s BE ()
From the above equation, we deduce that \,,— convergent sequence = = (Z,)
converges.

2.4. Lemma. Every double analytic sequence is \,,,— double analytic.

2.5. Lemma. A )\,,,— Musielak analytic sequence = = (x,,,) is analytic if and only
I

)
if (z) € |Afgp II(d(21,0),d(2,0), -, d(zn-1,0)l,
Proof: From Lemma 2.4 and Sy () = 0 and
Smn (x) = i Zmelrs Zne[rs
((m + n) (Am ! - Am_lxmﬁﬂ»l - Am_lxnﬂ»l,n + Am_lxm+1,n+1>>
()\m,n - >\m,n+1 - )\erl,n + >\m+1,n+1) ) (n, m Z 1) .

I_l

1/m+n

3. THE SPACES OF \,,,— DOUBLE GAI AND DOUBLE ANALYTIC SEQUENCES

In this section we introduce the sequence space

[y, 10 (01,00, d 22,0), - dar, )]

- fAA (d(21,0),d (22,0), -+ ,d(zp_1, ))H} as sets of \,,,, double gai and dou-
ble analytic sequences:

iy, 1(021,0),d(2,0), (s, O]

(it o0 [ Bt 1d (1,0) d (23,0 -+ d (1, ol ]

(82 N 1,00, 22,0) -, O]

supn [B 1 (@1,0),d 22,0+ d (s, ), ]
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3.1. Theorem. The sequence spaces [X?”A/\ N(d(21,0),d(22,0), -+ ,d(zn-1,0))]| ]
1(F)

and [AfcM (d (21,0),d (22,0), -+, d (zp1, 0))”4 are isomorphic to the spaces
1 0,0) d (22,0) -+ s, 0]

(42,14 (20,0) d (22.0) - d (w0, O,
Proof: We only consider the case [X?”A%m’ 1(d (21,0) ,d (x2,0), - ,d (zn-1,0))],
X?‘?H(d<x170)7d('x270)7"' xn 17 :|

) 1(F)
A2 1 (21,0),d (2,0) -+ (s, m@ ~
F)

A}, I1(d (21,0) ,d (22,0, -+ ,d (wn_ 1,0))||p} can be shown similarly.

Consider the transformation 7" defined, Tz = Bl € [Xfc, II(d (1, 0) ,d (29,0) -+, d(zn-1,0))]],
for every x € [X?%a,m’ [(d (21,0),d (22,0) -+ ,d(2-1,0))] ] . The linearity of T

is obvious. It is trivial that z = 0 whenever T'x = 0 and hence 7T is injective.

To show surjective we define the sequence x = {z,,, ()} by

(3 1)
Z Z myn m”'H o )\m—i—l,n + )‘m—i-l,n-i-l) ((m + n)' ‘Amxmnl)l/m+n = Ymn
()07”5 meElrs n€lrs
We can say that B () = Ymn from (3.1) and 2 € [Xfc, Il(d (xl, 0) cd(22,0), -+ d(zp_1,0))] }
hence Bl (z) € [Xfc, I|(d(z1,0),d(x2,0),- - ,d(zp_1, ))H } . We deduce from that
T € [X?CA)\ ,(d (21,0),d (22,0), -+ ,d(z,_1,0))]| } and T'x = y. Hence T is sur-
jective. We have for every = € [)@N I(d (21,0),d (22,0),--- ,d (2,-1,0))] }

that d (T'z,0),, = d(Tz,0),, = d(z,0) :|I(F) :

[x2 4y, e 0)dan o> - d(@n 10,
mmehh%JW@MDJ@MDw~ unbwu]

[Xff, II(d (x1,0),d(x2,0), - ,d(x,_1,0))|| ] are ismorphic. Similarly obtain other

sequence spaces.
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4. SOME INCLUSION AND RELATIONS

4.1. Theorem. The inclusion |x3A, ,[I(d (21, 0) ,d(xQ, 0), ,d(@n1,0))|,
[y 10 1,0) d (2,0) -+ (i, >>H] holds
Proof: Let [)&A (d(21,0),d(29,0), -+ ,d(2,-1,0))]] } . Then we deduce that

i Zmehs Znehs ( m,n >‘m,n+1 - >\m+1,n + >‘m+1,n+1) ((m + n) |Am$mn|>1/m+n <

9015 limmm%oo Zmehs Znelrs O‘m,n - >‘m,n+1 - >\m+1,n + )‘m+1,n+1) ((m + n)! ’Ammmn|)1/m+n =
Limum n—soo ((M + n)! ]Amxmn|)1/m+n 0. Hence
v e [y M@ (@1.0),d(@2.0). - d (@ 0)],]
1(F)

4.2. Theorem. The inclusion |A2, |(d (z1, 0) d(xg, 0), -, d (a1, 0))||p] C
(A2, 1 (21.0).d(@2.0). (e, 0] holds,
Proof: It is obvious. Therefore omit the proof.
4.3. Theorem. The inclusion [X?c, |(d (ZL’l,O),d(QTQ,O),"' d(xn-1,0))]| ]
[X?A%rm’ |(d (z1,0),d(22,0),-- ,d(zn_1,0))]| ] hold. Furthermore, the equalities

. . I(F)
hold if and only if S (z) € [Xff, |(d (z1,0),d(x2,0),--- ,d(a:n_l,O))Hp] for every

' 1(F)
sequence z in the space [X?CA%’ II(d (x1,0),d(x2,0),-- ,d(x,_1, 0))“4
Proof: Consider
(4.1)
[ 0,0) d 2,0) - (o OD, ] € [iay, 10 0,0) d(22,0) - d (e O
is obvious from Lemma 2.1. Then, we have for every
I(F)

7€ Xy, 1(d(21,0),d (22,0) -+ d (2,1,0))] } that
e [Xﬁt, 1(d (21,0) ,d (22,0) , -+ ,d (1, 0))]| ] and hence
S (x) € [Xfc, 1(d (21,0) ,d (22,0, ,d (2n_1,0))] } by Lemma 2.3. Conversely,
let z € [X?CMM,H(d(ﬁcho)ad(xzao)f“ (xn 10|l } . Then, we have that S (z) €

[Xff,H(d(ml,O),d(xg,O),--- d (n1,0))] ] . Thus, it follows by Lemma 2.3 and
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then Lemma 2.2, that z € [Xfc,||(d(a:1,0),d(:r2,0),--- d (Tnr, ))||] . We get
(4.2)
g N 1,0)d2,0) - d s, O] € W5 10 (02,0),d (0,0 >>||}
From the equation (4.1) and (4.2) we get [X?‘A},m’ |(d (21,0),d(x9,0), -+ ,d(x,-1,0))|| ]
1@ (1,00, d 22,0), - d a0,
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