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Greatest Common Divisors of Shifted Balancing Numbers

Prasanta Kumar Ray and Sushree Sangeeta Pradhan

ABSTRACT: It is well known that the successive balancing numbers are relatively
prime. Let for all integers a, sn(a) denote the greatest common divisor of the shifted
balancing numbers of the form s, (a) = ged(Bn — a, Bp+1 — 6a). In this study, we
show that {s,(£1)} is unbounded, whereas {sn(a)} is bounded for a # +1.
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1. Introduction

As usual, the n'” balancing number is denoted by B,, and the balancing numbers
satisfy the binary recurrence B, 11 = 6B, — B,,—1 with By = 0 and By =1 [1]. The
sequence of numbers closely associated with the balancing numbers is the Lucas-
balancing numbers {C,,} whose recurrence relation is given by C,,+1 = 6C,, — C,,—1
with Cyp = 1 and C; = 3 [15,16]. Balancing and Lucas-balancing numbers can
be extended negatively, in particular B_,, = —B,, and C_,, = C,, [22]. Panda,
in [17], explored many fascinating properties of balancing numbers, some of them
are similar to the corresponding results on Fibonacci numbers, while some others
are more interesting. Many exciting properties of balancing numbers and their
related sequences are available in the literature. Interested readers can go through
2,3,4,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27].

In [19] Panda et.al. studied a class of binary recurrences defined by z,+1 =
Az, — Bxp_1. with 2o = 0 and x1 = 1 where A and B are any natural num-
bers.They have shown that for B = 1 and A not in {1, 2}, the sequences obtained

2000 Mathematics Subject Classification: 11B39, 11B83
Submitted December 16, 2014. Published March 07, 2016

Typeset by Bsg&style.
273 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v35i3.26093

274 PrasaNTA KUMAR RAY AND SUSHREE SANGEETA PRADHAN

from these recurrences have many important and interesting properties identical to
those of balancing numbers. They named these class of sequences as balancing-like
sequences. We begin with defining the sequence of generalized balancing-like se-
quences G with initials GP = o and G# = 8 where o and 3 are natural numbers,
as

GB = AGB | — BGP , for n > 3,

where A and B are natural numbers. In particular, for A = 6 and B = 1, we obtain
GB =6GB | —GP_, for n > 3,
and for GP = a and G& = 8 we have
GF =PBBn_1 — aB,_s,

which are nothing but the balancing-like sequences introduced by Panda et.al. in
[19]. Tt is observed that, for « = 1 and 8 = 6, the sequence of balancing-like
numbers is nothing but the sequence of balancing numbers {B,,}. In a similar way,
we introduce Lucas-balancing-like numbers,

GS = QBGSA - aGSﬁQ,

and observe that for « = 1 and 8 = 3, the sequence of Lucas-balancing numbers
{C}} is obtained.

In [5], Chen studied about greatest common divisors of shifted Fibonacci numbers.
Motivated by this, we consider a slightly different sequence of numbers which we
call it as shifted balancing numbers (B,, +a) by a for all integers a and let s, (a) =
ged(By, — a, Bpy1 — 6a). In this study, the successive members of this sequence
for different values of a are considered. Further, we will show that {s,(£1)} is
unbounded whereas {s,(a)} is bounded for a # +1.

2. Preliminary results

In this section, some preliminary results concerning the greatest common divi-
sors of balancing-like sequences are established.

Lemma 2.1. For integersn, k and a, ged(GB+aBy, GZ_|+aBji1) = ged(GB_,+
G/Bk_;’_Q, fog + aBk+3).

Proof: For any integers a, b, and ¢, as ged(a,b) = ged(a + be,b) and ged(a,b) =
ged(—a,b) = ged(a, —b) = ged(—a, —b), we have

which completes the proof. O
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Lemma 2.2. For integers m, k and a,

ged(GE —a, GB | —6a) = ged(GE _,, + aBay_1, Gﬁ_(%ﬂ) +aBa). (2.1)

Proof: Simplification of the left side expression gives

ged(Gy, — a, G'r]ferl —6a) = ged(Gyy, —a, =G _y)
=gcd(GB —a, GB_))

m—1

=gcd(GB +aB_y, GE_| +aBy).

Because B_; = —1 and By = 0 and applying Lemma 2.1 & times, the result follows.
O

Lemma 2.3. Let m,k and a are integers, then

ged(G) +a, GI i+ 3a) = ged(Gh oy, + aCar, GD_(opiyy +aCokp1).  (2.2)

Proof: For integers m, k and a,
ged(GE +a, GB 1 +3a) = ged(GE +a, —GE_, — 3a)
=gcd(GB +a, GE_| +3a)
= gcd(GE +aCy, GB_| +aCy)

as Cp =1 and C7 = 3 and applying Lemma 2.1 k times, the result follows. O

3. Greatest common divisors of the successive members of the
sequence {s,(a)} for different values of a

In this section, we consider the sequence {s,(a)} = ged(B,, —a, B,+1 —6a) for
different values of ¢ and obtain some important identities.

3.1. The sequence {s,(1)}
Theorem 3.1. For any integer n, we have

ng(B4n,1 — 1, B4n — 6) = QBgnfl
ged(Byy, — 1, Bapy1 —6) = Bay + Bap—1
gcd(Bant1 — 1, Bynyo —6) = 2By,
gcd(Bant2 — 1, Banys —6) = Baopt1 + Ban.

N N N TN
NS SR I
2222

Proof: Form =4n — 1,k =n, and a = 1 in (2.1), we obtain
ged(Ban—1 — 1, Bay, — 6) = ged(Bap—1 + Bap—1, Ban—2 + Bay)

= gcd(2B2n—1, 6B2p_1)
=2DB9, 1.
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This completes the proof of (3.1). Putting m = 4n, k =n, and a = 1 in (2.1), we
have

gcd(Ban — 1, Bant1 —6) = ged(Bayn + Ban—1, Ban—1 + Bay)
= B2n + Banla

which gives (3.2). Again for m =4n+ 1, k =n, and a = 1 in (2.1), we have

ng(B4n+1 — 1, B4n+2 — 6) = ng(B2n+1 + BQn—la B2n + BQn)
= ng(GBgn, QBQn)
- 2B2na

gives (3.3). Finally, setting m = 4n+ 2,k =n, and a =1 in (2.1), we have

gcd(Ban+2 — 1, Banys — 6) = ged(Bant2 + Ban—1, Bant1 + Ban)
= gcd(6Bant1 + 6B2y, Bany1 + Bay)
= Boy41 + Bay,

which gives (3.4). O

3.2. The sequence {s,(2)}

Theorem 3.2. For any integer n, we have

gcd(Bun_1 — 2, Bap — 12) =3 (3.5)
gcd(Ban — 2, Bans1 —12) = 1 (3.6)
gcd(Bynt1 — 2, Bypyo —12) =1 (3.7)
ged(Bangz — 2, Binss —12) = 1. (3.8)

Proof: For m =4n — 1,k =n, and a = 2 in (2.1), we obtain

ged(Ban—1 — 2, Ban —12) = ged(Bap—1 + 2B2p—1, Bop—2+2Ba,)
= ged(3B2p—1, 6B2p—1 + Bay)
= ng(SBQn—la BQn)

Since ged(a, be) = ged(a, ged(a, b)c), we have

ng(B4n—1 - 23 B4n - 12) = ng(S ng(BQn—la BQn)a BQn)
= ged(3, Bay)
=3,
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which is (3.5). Let m = 4n,k =n, and a = 2 in (2.1), then we have

gcd(Ban — 2, Buny1 — 12) = ged(Ban + 2Ban—1, Ban—1 + 2Bay)
= ged(—3Bay,, Baon—1 + 2Bay,)

= gcd(3Bay, Bon—1 + 2Bay,)

= ged(Bap—1, Ban—1+ 2B2,)

= ged(Bap—1, 2Bay,)

= ged(Bap—1, 2gcd(Bap—1, Ban))

= ged(Bap—1, 2)

= 1,

gives (3.6). Again putting m = 4n+ 1,k =n, and a = 2 in (2.1), we get

ged(Bani1 — 2, Banso — 12) = ged(Boni1 + 2Bon_1, Bap + 2Bay)
= gcd(6B2y, + Ban—1, 3B2y)
= ged(Bap—1, 3Bay)
= ged(Bap—1, 3ng(Bgn 1, Bayn))
= ged(Bap—1,
= 17
gives (3.7). Finally setting m = 4n+ 2,k =n, and a = 2 in (2.1), we obtain

gcd(Bunsa—2, Binss—12) = ged(Banso + 2Bon—1, Bansr +2Ban)
= ged(Banyo 4282y, +2B2, 14 Bang1, Bany1+2Bo2y,)
= gcd(6B2n+1+6B82,+ Bop+ Ban—1, Bant1+2B82,)
6B2, + Boy, + Bap—1, Bapt1 + 2Bay)
5Bs, + Bap—1, Bont1 + 2Bay)

(
(
= ged(—
(—
(3Ban, Bani1 + 2Bon)
(
(
(3,

= ged

= ged(3 ged(Bap, Bant1 +2B2y,), Bopyr +2Bay)
= ng 3ng(B2n, B2n+1> B2n+1 + 232n>

= ng 3 B2n+1 + 232n>

=1

?

gives (3.8). O

3.3. The sequence {s,(—1)}

Theorem 3.3. For any integer n, we have

ged(Bin_1 +1, Bin +6) = Bayp — Ban_s (3.9)
ged(Byy, + 1, Bypy1+6) = Bay — Bap—1 (3.10)
gcd(Bini1 + 1, Binya +6) = Boni1 — Bon_1 (3.11)
ged(Binsa + 1, Binss +6) = Bany1 — Bon. (3.12)
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Proof: For m =4n — 1,k =n, and a = —1 in (2.1), we obtain

ged(Byp—1+ 1, Byy +6) = ged(Bap—1 — Ban—1, Ban—2 — Bay)
- BQn - BQn—Q;

gives (3.9). Let m =4n,k =n, and a = —1 in (2.1), we get

ged(Ban + 1, Bany1 + 6) = ged(Bay, — Bayp—1, Ban—1 — Bay) = Bay, — Bay—1,

which is (3.10). Putting m =4n+ 1,k =n, and a = —1 in (2.1), we get

ng(B4n+1 +1, B4n+2 + 6) = ng(B2n+1 - BQn—la Bay, — BQn)
= Bopt1 — Bap_1,

giving (3.11). Further, setting m =4n + 2,k =n, and a = —1 in (2.1), we obtain

ged(Bin42 + 1, Bints +6) = ged(Bant2 — Ban—1, Bant1 — Bay)
= gcd(6B2n+1 — 6B2y, Bapt1 — Bay)
= Boyp41 — Bay,

which is (3.12).

3.4. The sequence {s,(—2)}

Theorem 3.4. For any integer n, we have

gcd(Bap—1+ 2, Byp +12) =1
gcd(Bayn + 2, Bapt1 +12) =1
gcd(Bynt1 + 2, Banyo +12) =3
ged(Bynta + 2, Bynys +12) = 1.

Proof: Setting m =4n — 1,k =n, and a = —2 in (2.1),

ged(Byp—1 + 2, By +12) = ged(Bap—1 — 2B2n—1, Ban—2 — 2Bay,)
= ged(—Ban—1, Ban—2 — Ban)

= ged(Bay—1, Bap—2 — 2Bg, — 6B, 1)

= ged(Bap—1, 3Bay)

= ged(Bap—1, 3ged(Ban—1, Ban))

= ged(Bap-1, 3)

=1

3
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giving (3.13). Let m = 4n,k =n, and a = —2 in (2.1). Then

gcd(Ban + 2, Bany1 + 12) = ged(Bay, — 2Bay—1, Bap—1 — 2Bay,)
= gcd(—3Bay,, Bapn—1 — 2Bay)
= ged(3 ged(Ban, Ban—1 — 2Bay), Ban—1 — 2Bay,)
= ged(3 ged(Ban, B2n-1), Ban—1 —2Bay,)
= ged(3, Baop—1 — 2Ba,)
=1

gives (3.14). For m =4n+ 1,k =n, and a = —2 in (2.1), we have

ged(Ban+1 + 2, Binya +12) = ged(Bayy1 — 2Ban—1, Bon — 2Bay,)

(
= ged(Bant1 — 2Ban—1, Ban)
= gcd(6Ba, — 3Ban_1, Bay)
= ged(—3Bap—1, Ban)
= ged(3 ged(Ban—1, Ban), Ban)
= ged(3, Bay)
=3,

which is (3.15). Again setting m =4n + 2,k = n, and a = —2 in (2.1)

gcd(Banta+2, Bants+12) = ged(Banta — 2Ban—1, Bant+1 — 2Bay)
= gcd(Bapt2+2B2,—2Boy—1— Bont1, Bant1—2Bay)
= gcd(6B2n+1 + Bop— Bap—1—6Ba,,, Bopy1—2Bay,)
(6 Bapt1 — Ban—1 — 5Bay, Boyy1 — 2Bay,)
(7TB2n+1—5B2,— Bapt1—Ban—1, Bapnt1—2Bay,)
= ng(?BQn+1 — 11Bs,, Bop+1 — 2Bay)
(Ban+1 + Ban, Bant+1 — 2Bay,)
= ged(Bant1 + Ban, 3Bant1)
= ng(Bgn+1 + Bayp, 3ged(Bapt+1 + Ban, Bant1))
(B2n+1 + Ban, 3)

gives (3.16). O
Theorem 3.5. For any integer n, we have

ged(Can—1 + 1, Cyp +3) = Cop + Cop1 (3.17)

ged Cap + 1, C4n+1 + 3) =2C9, (318)

(3.19)

(3.20)

(
ged(Cung1 + 1, Cango +3) = Conyr1 + Coy
ng(C4n+2 =+ 1, C4n+3 4+ 3) = 202n+1'
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Proof: Putting m =4n — 1,k =n, and a =1 in (2.2), we get

gcd(Can—1 + 1, Cup +3) = ged(Con—1 + Copn, Copn—2+ Copnt1)
= ged(Cap—1 + Cayp, 6Cop—1 +6Csy,)
= CQn—l + CQna

which is (3.17). Let m =4n,k =n, and a = 1 in (2.2) to obtain

gcd(Cup + 1, Cypy1 + 3) = ged(Cap + Cony Cop1 + Copg1)
= ng(Qan, GCQH)
= 2027’15

which follows (3.18). For m =4n+ 1,k =n, and a = 1 in (2.2), we get

gcd(Cunt1 + 1, Canyo + 3) = ged(Cant1 + Copy Cop + Coptr)
= CQn + 0271-‘,-1;

which gives (3.19). Setting m = 4n + 2,k =n, and a = 1 in (2.2), we obtain

gcd(Canta + 1, Capnys +3) = ged(Capga + Copny Copinr + Copt)
= gcd(6C2n41, 2C241)
= 20241,

gives (3.20).

d

From the above results so far we have obtained, it is evident that {s,(a)} is
unbounded for @ = £1. The next is to show {s,(a)} is bounded for a # £1. For

this, we prove the following two results.

Theorem 3.6. For any integers o, 3,n and a with o® + % — 608 — a® # 0, we

have
ged(GB | —a, GB —6a) < |a® + % — 608 — d?|.

Proof: For m =4n —1 and k = n in (2.1), we obtain

ng(an—l —a, an - 60’)
= ng(GQanl +aBap—1, C7V2an2 + a’BQ’ﬂ)
=gcd(BBan—2 — aBan—3 + aBan_1, BBan—3 — aBap_4 + aBay,).

Using the recursion relation for B, let
fn=BBan_2 —aBa, 3+ aBa, 1 = (B +6a)Ba,_2 — (a + a)Ban_3
and

gn = BBan—3 — aBap_4 + aBa, = (o + 35a)Ban—2 + (8 — 6a — 6a) By, —3.
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Since ged(fn, gn) divides yf, + zg, for any integers y and z, and
(a +a)gn — (6a + 6a — ﬁ)fn = (a2 + ﬁ2 —6af — GQ)BQn—Q

and

(B +6a)gn — (a +35a) fr, = (a® + % — 603 — a®) By, _3,
we see that if o2 + 2 — 608 — a® # 0, then the greatest common divisor of the two
numbers is |2 4 52 — 68 — a?|. Therefore ged(f, gn) divides a® + % — 6a3 — a2.
That is to say,

ng(an,1 - a, an - 60’) S |O‘/'2 + 52 - 60‘5 - a‘2|'
If m=4n+1and k = n in (2.1), we have, similarly
ged(Gingy —a, Giyy —6a) < Jo” + 5% — 6af — a?|.

This ends the proof. O

Theorem 3.7. For any integers o, 3,n and a with o + % — 608 — a® # 0, we
have
ged(GE, —a, GE, .1 —6a) < |a® + 5% — 6a8 — d?|.

Proof: Again setting m = 4n and k =n in (2.1), we get

ng(GALBn_a7 an+l_6a) = ng(GQBn + aBQn—h G2Bn—1 + aBQ")
= ged(BBan—1—aBan—2+aBan—1, BBan—2—aBan—3+aBay).

Using the recursion relation for B, let
fn=8Bapn—1—aBay_o2+aBa,—1 = (8+a)Bap—1 — aBayp_o
and
gn = BBan—2 — aBay—3 + aBa, = (a + 6a)Bap—1 + (B — 6 — a) Bay—2.
Since ged(frn, gn) divides yf, + zg, for any integers y and z, and
agn + (8 — 6o — a)fu = (a® + 5% — 60 — a®) Baps

and

(ﬂ + a’)gn - (Oé + 6a)fn = (Oé2 + 52 - 60‘ﬂ - 112)32”,2,
we see that if o2 + 5% — 608 — a® # 0, then the greatest common divisor of the two
numbers is |a® + 5% — 6a — a?|. Therefore ged(fn, gn) divides o + % — 603 — a?
. That is to say,

ged(GE, —a, GZ,.1 —6a) < |a® + 5% — 6a8 — d?|.
If m =4n+ 2 and k = n in (3), we have, similarly
ng(anJrQ —a, anJrB - 60’) S |O‘/'2 + 52 - 60‘ﬂ - a2|7

which completes the proof. O
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