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New Types of Multifunctions in ideal Topological Spaces via e-J-Open
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ABSTRACT: The purpose of the present paper is to introduce and investigate two
new classes of continuous multifunctions called upper/lower e-J-continuous multi-
functions and upper/lower §3;-continuous multifunctions by using the concepts of
e-J-open sets and §3;-open sets. The class of upper/lower e-J-continuous multifunc-
tions is contained in that of upper/lower §3;-continuous multifunctions. Several
characterizations and fundamental properties concerning upper/lower e-J-continuity
and upper/lower §/3;-continuity are obtained.
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1. Introduction

It is well known that the concept of continuity play a significant role in general
and ideal topology as well as all branches of mathematics and quantum physics.
This concept has been extended to the setting of multifunctions from an ideal
topological space into a topological space by using weaker forms of open sets. In
[18] the concepts of d-semi-continuous functions and J-pre-continuous functions
are introduced as generalizations of semi-continuous functions due to Levine [13]
and precontinuous functions due to Mashhour et al. [15]. Most of these weaker
forms of continuity in topological spaces have been extended to multifunction [20].
Hatir [9] introduced the notion of §3;-open sets in an ideal topological space and,
by using the sets, defined 03;-continuous functions. Quit recently, Al-Omeri et
al. [3] introduced and investigated the notions of e-J-open sets and e-J-continuous
functions.

In this paper, we introduce some new classes of continuous multifunctions,
namely, upper/lower e-J-continuous multifunctions and upper/lower 63 ;-continuous
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multifunctions. And we obtain several characterizations and properties of these
continuous multifunction.

2. Preliminaries

Throughout this paper, (X, 7) and (Y, o) (or simply X and Y') mean topological

spaces on which no separation axioms are assumed unless explicitly stated. For any
subset A of X, the closure and the interior of A are denoted by CI(A) and Int(A),
respectively.
A subset A of a space (X, 7) is said to be regular open (resp. regular closed) [21]
it A= Int(Cl(A)) (resp. A= Cl(Int(A))). A is said to be d-open [23] if for each
x € A, there exists a regular open set G such that z € G C A. The complement
of a d-open set is said to be d-closed. A point z € X is called a d-cluster point of
A if Int(Cl(U)) N A # ) for each open set U containing . The set of all §-cluster
points of A is called the d-closure of A and is denoted by Cls(A) [23]. The set
d-interior of A [23] is the union of all regular open sets of X contained in A and is
denoted by Ints(A). A is said to be d-open if Ints(A) = A.

The subject of ideals in topological spaces has been studied by Kuratowski
[12] and Vaidyanathaswamy [22]. Jankovic and Hamlett [11] investigated further
properties of ideal topological spaces. An ideal J on a topological spaces (X, )
is a nonempty collection of subsets of X which satisfies the following conditions:
A€ Jand B C Aimplies B € J; A € Jand B € Jimplies AU B € J. The
applications to various fields were further investigated by Jankovic and Hamlett
[11]. A topological space (X, 7) with an ideal J on X is called an ideal topological
space and is denoted by (X,7,J). If p(X) is the set of all subsets of X, a set
operator (.)* : p(X) — p(X), called a local function [24,11] of A with respect to T
and J is defined as follows: for A C X,

A*(J,r)={2 e X |UNA&IT for every U € 7(x)},

where 7(z) = {U € 7 | x € U}. A Kuratowski closure operator C1*(.) for a topol-
ogy 7*(J,7), called the * topology, finer than 7, is defined by Cl*(A) = AUA*(J, 1)
[11]. When there is no chance for confusion, we will simply write A* for A*(J, 7).
X* is often a proper subset of X.

A subset A of an ideal topological space (X, 7,7) is said to be R-J-open (resp.
R-I-closed) [25] if A = Int(Cl*(A)) (resp. A = Cl*(Int(A)). A point z € X is
called a d-J-cluster point of A if Int(Cl*(U)) N A # 0 for each open set U contain-
ing . The family of all -J-cluster points of A is called the §-J-closure of A and is
denoted by 6Cl;(A). The §-J-interior of A is defined by the union of all R-J-open
sets of X contained in A and is denoted by dInt;(A). A is said to be d-J-closed if
CI(A) = A [25].

A subset A of an ideal topological space (X, 7,7) is said to be e-J-open [3] if
A C Int(6CIlr(A)) U Cl(6Intr(A)). The complement of an e-J-open set is said to
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be e-J-closed. The intersection of all e-J-closed sets containing A is called the e-
J-closure of A [3] and is denoted by Cl*(A). The union of all e-J-open sets of X
contained in A is called the e-J-interior [3] of A and is denoted by Int}(A).

A subset A of an ideal topological space (X, 7,7) is said to be 63 ,-open [9] if
A C Cl(Int(6Cl1((A))). The complement of a 63 ;-open set is said to be 63 ;-closed
[10]. The intersection of all 63 ;-closed sets containing A is called the 03;-closure of
A [10] and is denoted by §5C1(A). The union of all §3;-open sets of X contained
in A is called the 68 -interior [9] of A and is denoted by 68Int;(A). The family of
all e-J-open (resp. e-J-closed, §3;-open, 08 ;-closed) sets of X containing a point
x € X is denoted by FIO(X,x) (resp. FIC(X,x), §8I0(X,z), 64IC(X,x)). The
family of all e-J-open (resp. e-J-closed, §3;-open, §/3;-closed) subsets of X is de-
noted by FIO(X, 1) (resp. EIC(X, 1), 0810(X,T), 6BIC(X,T)).

By a multifunction F' : X — Y, we mean a correspondence from each point
x € X to a nonempty set F(x) of Y. For a multifunction F : X — Y, the
upper and lower inverse of any subset B of Y are denoted by F™(B) and F~(B),
respectively, where F*(B) = {x € X : F(z) C B} and F~(B) = {z € X :
F(z) N B # ¢}. In particular, F~(y) = {z € X : y € F(x)} for each point y € Y.
A multifunction F' : X — Y is called a surjection if F(X) =Y. A multifunction
F : X — Y is called upper semi-continuous (rename upper continuous) (resp.
lower semi-continuous (rename lower continuous) [1| if F(V) (resp. F~(V)) is
open in X for every open set V of Y.

3. e-J-Continuous Multifunctions
Definition 3.1. A multifunction F : (X,7,3) — (Y, 0) is said to be:

1. upper e-J-continuous (resp. upper 00 -continuous) if at a point x € X if for
each open set V of Y such that F(z) C V, there exists U € EIO(X,x) (resp.
U € §8I0(X,x)) such that F(U) CV,

2. lower e-J-continuous (resp. lower §f3;-continuous) at a point x € X if for
each open set V. of Y such that F(x) NV # ¢, there exists U € EIO(X, x)
(resp. U € 6B10(X, x)) such that F(u) NV # ¢ for every u € U,

3. upper/lower e-J-continuous (resp. upper/lower 0 -continuous) if F has this
property at each point of X.

Definition 3.2. A subset U of an ideal topological space (X, 7,J) is called an e-
J-neighborhood [3] (resp. 08 ;-neighborhood) of a point x € X if there exists an
e-J-open (resp. 0 -open) set A of X such thatx € A C U.

Theorem 3.3. For a multifunction F : (X,7,7) — (Y,0), the following state-
ments are equivalent:

1. F is upper e-J-continuous;

2. FT(V) e EIO(X,T) for every open set V of Y;
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3. F~(V) e EIC(X,T) for every closed set V of Y;
4. eCl*(F~(B)) C F~(Cl(B)) for every BCY;

5. For each point x € X and each neighborhood V' of F(x), F*(V) is an e-J-
neighborhood of x;

6. For each point © € X and each neighborhood V' of F(x), there exists an
e-J-neighborhood U of x such that F(U) C V;

7. Cl(0Int;(F~(B))) N Int(6Cl(F~(B))) C F~(CIl(B)) for every subset B of

8. FT(Int(B)) C Int(6Cl;(F*(B)))UCI(8Int;(FT(B))) for every subset B of
Y.

Proof: (1) = (2): Let V be any open set of Y and x € F*(V), then there

exists U € EIO(X,x) such that F(U) C V. Therefore, we obtain x € U C

Cl(6Int (U))UInt(6CIL ((U)) C Cl(dIntr(FT(V)))UInt(6Cl (F+(V))). We have

FH (V) C Cl(dIntr (FT (V) UInt(6Cl (FT(V))) and hence F*(V) € EIO(X,T).

(2) = (3): From the fact that F'*(Y\B) = X\ F'~(B) for every subset B of Y, this

proof follows immediately.

(3) = (4): Since CI(B) is closed in Y for any subset B of Y, F~(CI(B)) is e-J-

closed in X. Therefore, we obtain eCl*(F~(B)) C F~(Cl(B)).

(4) = (3): Let V be any closed set of Y. Then we have: eCl*(F~(V)) C

F~(Cl(V)) = F~ (V). This shows that F~ (V) is e-J-closed in X.

(2) = (5): Let x € X and V be a neighborhood of F(x). Then there exists an open

set A of Y such that F(x) C A C V. Therefore, we obtain z € FT(A) C F* (V).

Since F(A) € EIO(X,7),Then F*(V) is an e-J-neighborhood of x.

(5) = (6): Let x € X and V be a neighborhood of F(z). Put U = F*(V), Then

U is an e-J-neighborhood of x and F(U) C V.

(6) = (1): Let x € X and V be any open set of Y such that F(z) C V. Then

V is a neighborhood of F(x). There exists an e-J-neighborhood U of = such that
F(U) C V Therefore there exists A € EIO(X, ) such that 2 € A C U and hence
F(A) C

3)=(7 ) Smce CI(B) is closed in Y for any subset B of Y, then by (3), we have

F~(Cl(B)) is e-J-closed in X. Therefore, Cl(§Int;(F~(B)))NInt(6Cl;(F~(B))) C

Cl(0Int;(F~(CIU(B)))) N Int(6Cl;(F~(Cl(B)))) C F~(CIl(B)).

(7) = (8): By replacing Y\ B instead of B in (7), we have Cl(6Int;(F~(Y\B))) N

Int(6Cl;(F~(Y\B))) C F~(ClI(Y\B)), and F*(Int(B)) C Int(6Cl;(F*(B))) U
Cl(3Tnt; (F*(B)).

(8) = (2): Let V be any open set of Y. Then, by using (8) we have FT (V) €
EIO(X,7) and this completes the proof. o

Theorem 3.4. For a multifunction F : (X,7,9) — (Y, 0), the following state-
ments are equivalent:
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~

. F s lower e-J-continuous;

F~(V) e EIO(X,T) for every open set V of Y;
FY(V)e EIC(X,T) for every closed set V of Y;
eCl*(F*(B)) C FT(CU(B)) for every BCY;
F(eCl*(A) C CIU(F(A)) for every A C X;

S &

Cl(6Int;(F*(B))) N Int(6Cl;(FT(B))) C FT(CU(B)) for every subset B of
Y;

7. F~(Int(B)) C Int(6Cl;(F~(B)))UCIl(0Int;(F~(B))) for every subset B of
Y.

Proof: This proof is similar to that of Theorem 3.3. Thus it is omitted. O

Theorem 3.5. For a multifunction F : (X,7,9) — (Y, 0), the following state-
ments are equivalent:

1. F is upper 65 -continuous;

FH (V) e dBIO(X, 1) for every open set V of Y;
F=(V) e dBIC(X,T) for every closed set V of Y ;
dpClL(F~(B)) C F~(Cl(B)) for every BCY;

For each point © € X and each neighborhood V of F(x), F*(V) is a §3CI;-
neighborhood of x;

6. For each point x € X and each neighborhood V' of F(x), there exists a §5C1;-
neighborhood U of x such that F(U) C V;

7. Int(Cl(6Int;(F~(B)))) C F~(Cl(B)) for every subset B of Y;
8. Ft(Int(B)) C Cl(Int(6Cl;(F*(B)))) for every subset B of Y.

Proof: (1) = (2): Let V be any open set of Y and z € F*(V), then there
exists U € §BIO(X,x) such that F(U) C V. Therefore, we obtain x € U C
Cl(Int(6C1(U))) C Cl(Int(6Cl;(F*(V)))). Then we have

FH(V)  Cl(Int(5CI(FF(V)))) and hence F*(V) € §810(X, T).

(2) = (3): From the fact that F'*(Y\B) = X\F~(B) for every subset B of Y, this
proof follows immediately.

(3) = (4): Since CI(B) is closed in Y for any subset B of Y, F~(CI(B)) is §f5;-
closed in X. Therefore, we obtain 68C1;(F~(B)) C F~(CI(B)).

(4) = (3): Let V be any closed set of Y. Then we have §8CI;(F~(V)) C
F~(Cl(V)) = F~ (V). This shows that F~ (V) is 63;-closed in X.

(2) = (5): Let z € X and V be a neighborhood of F'(z). Then there exists an open
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set A of Y such that F(x) C A C V. Therefore, we obtain z € F*(A) C F* (V).
Since F*(A) € 3I0(X, 1), Then F*(V) is a §3;-neighborhood of x.

(5) = (6): Let x € X and V be a neighborhood of F(z). Put U = F*(V), Then
U is a 683;-neighborhood of x and F(U) C V.

(6) = (1): Let x € X and V be any open set of Y such that F(z) C V. Then
V is a neighborhood of F(z). There exists a 68;-neighborhood U of z such that

F(U) Cc V. Therefore there exists A € §3I0(X, 1) such that x € A C U and hence
F(A) CV.
(3) = (7): Since CI(B) is closed in Y for any subset B of Y, then by (3),

we have F~(CIl(B)) is d8;-closed in X. Therefore, Int(Cl(6Int;(F~(B)))) C
Int(Cl(6Int;(F~(CI(B))))) C F~(CI(B)).

(7) = (8): By replacing Y\ B instead of B in (7), we have Int(Cl(68Int;(F~(
Y\B)))) C F~(CI(Y\B)) and F*(Int(B)) C Cl(Int(6Cl;(F*(B))).

(8) = (2): Let V be any open set of Y. Then, by using (8) we have FT(V) €
0BIO(X,7) and this completes the proof. O

Theorem 3.6. For a multifunction F : (X,7,9) — (Y, 0), the following state-
ments are equivalent:

1. F is lower §-continuous;

F=(V) € dBIO(X,T) for every open set V of Y;

FY (V) e dBIC(X,T) for every closed set V of Y;

dBCI (FT(B)) C FY(CI(B)) for every BCY;

F(68CI1(A) C CI(F(A)) for every A C X;
Cl(Int(6C1;(F*(B)))) C FY(CI(B)) for every subset B of Y;

S N e N

F~(Int(B)) C Cl(Int(6Cl;(F~(B)))) for every subset B of Y.
Proof: This proof is similar to that of Theorem 3.5. Thus it is omitted. O

Theorem 3.7. Let F : (X,7,7) — (Y,0) and G : (Y,0) — (Z,n) be mul-
tifunctions. If F : (X,7,9) — (Y, 0) is upper/lower e-J-continuous (resp. up-
per/lower 68;-continuous) and G : (Y,0) — (Z,n) is upper/lower continuous,
then F oG : X — Z is upper/lower e-J-continuous (resp. upper/lower 6f3;-
continuous).

Proof: Let V be any open subset of Z. Using the definition of G o F'; we obtain
(Go F)Y (V) = FH(GT(V)) (resp . (Go F)~(V) = F~(G~(V))). Since G is
upper/lower continuous, it follows that G* (V) (resp. G~ (V)) is an open set. Since
F is upper /lower e-J-continuous (resp. upper/lower 65 ,-continuous), it follows that
FH(GH(V)) (resp . F7(G=(V))) is an e-J-open (resp. d3;-open) set. This shows
that G o F' is an upper/lower e-J-continuous (resp.upper/lower §4;-continuous)
multifunction. O
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Every upper e-J-continuous multifunction is upper d5;-continuous but the con-
verse need not be true as shown by the following example.

Example 3.8. Let X =Y = {a,b,c,d}. Define a topology T = {¢, X,{a},{c},{a,b
4 {a,c},{a,b,c}t, {a,c,d}} on X, and an ideal T = {¢,{b}}, and a topology o =
{6, Y, {d},{b,d}, {a,b,d}} on Y. Let F: (X,7,7) — (Y,0) be a multifunction
defined as follows: F(x) = {x} for each x € X. Then F is upper d3;-continuous
but it is not upper e-J-continuous because {b,d} is open in (Y,c) and F*({b,d}) =
{b,d} is not e-J-open in (X, 7,7).

Recall that, for a multifunction F : (X, 7,7) — (Y, 0), the graph multifunction
Gr: X — X XY is defined as follows: Gp(z) = ({x} x F(x)) for every z € X.

Lemma 3.9. [17] For a multifunction F : (X,7,7) — (Y, 0), the following hold:
1. GEH(Ax B) = AN F*(B) and Go(A x B) = ANF~(B).
for any subsets A C X and BCY.

Theorem 3.10. Let F' : (X,7,7) — (Y,0) be a multifunction such that F(x)
is compact for each x € X. Then F is upper e-J-continuous (resp. upper 6(3;-
continuous) if and only if Gp : X — X XY is upper e-J-continuous (resp. upper
08 -continuous).

Proof: (Necessity) Suppose that F : (X,7,J) — (Y, o) is upper e-J-continuous
(resp. upper 08;- continuous). Let # € X and H be any open set of X x Y
containing Gr(z). For each y € F(z), there exist open sets U(y) C X and V(y) C
Y such that (z,y) € U(y) x V(y) € H. The family of {V(y) : y € F(x)} is an
open cover of F(z) and F(x) is compact. Therefore, there exist a finite number
of points, says, y1, y2,..., yn in F(z) such that F(z) C U{V(y;) : 1 < i < n}.
Set U ={U(y;) : 1 <i<n}and V =U{V(y;): 1 <i<n}. Then U and V
are open in X and Y, respectively, and {x} x F(x) C U xV C H. Since F is
upper e-J-continuous (resp. upper §5;-continuous), there exists U, € EIO(X, x)
(resp. U, € §5I0(X, z)) such that F(U,) C V. By Lemma 3.9, we have U N U, C
UNFT(V)=GL(UxV) C GL(H). Therefore, we obtain UNU, € EIO(X, x) this
follows from Theorem 2.13 [3] (resp. UNU, € 6I0(X,z)) and Gp(UNU,) C H.
This shows that G is upper e-J-continuous (resp. upper 64 ;-continuous).

(Sufficiency). Suppose that Gp : X — X x Y is upper e-J-continuous (resp.
upper 3;-continuous). Let € X and V be any open set of Y containing F(z).
Since X x V is open in X x Y and Gp(zx) C X x V, there exists U € FIO(X, z)
(resp.U € 0BI0(X,x)) such that Gp(U) C X x V. Therefore, by Lemma 3.9 we
have U C GL(X x V) = F*(V) and hence F(U) C V. This shows that F is upper
e-J-continuous (resp. upper 3 ;-continuous). O

Theorem 3.11. A multifunction F : (X, 7,7) — (Y, 0) is lower e-J-continuous
(resp. lower 08 ;-continuous) if and only if Gp : X — X x Y is lower e-J-
continuous (resp. lower 08 ;-continuous).
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Proof: (Necessity) Suppose that F' : (X,7,7) — (Y,0) is lower e-J-continuous
(resp. lower 63 -continuous). Let € X and H be any open set of X x Y such
that + € GL(H). Since H N ({z} x F(x)) # ¢, There exists y € F(z) such that
(z,y) € H and hence (x,y) € U x V C H for some open sets U C X and V C Y.
Since F'(2)NV # ¢, there exists U, € EIO(X, x) (resp. U, € §SIO0(X, x)) such that
U, C F~(V). By Lemma 3.9 we have UNU, C UNF~ (V) = GR(UxV) C Gz(H).
Moreover, x € UNU, € EIO(X,7) (resp. x € UNU, € §8I0(X, 7)) and hence
G is lower e-J-continuous (resp. lower 63 ;-continuous).

(Sufficiency). Suppose that G is lower e-J-continuous (resp. lower §3;-continuous).
Let x € X and V be an open set in Y such that z € F~ (V). Then X x V is open
in X xY and Gr(z)N(X xV)={z} x F(x))N(X x V) ={z} x (F(z)NV) #
¢. Since G is lower e-J-continuous (resp. lower 05;-continuous). There exists
U € EIO(X,z) (resp. U € §8I0(X,z)) such that U C Gr(X x V). By Lemma
3.9 we obtain U C F~ (V). This shows that F' is lower e-J-continuous (resp. lower
03 -continuous). O

4. Some properties of upper (lower) e-J (§5;)-Continuous
Multifunctions

Definition 4.1. An ideal topological space (X, 7,J) is said to be e-J-compact [3]
(resp. 6B -compact) if every cover of X by e-J-open (resp. §5;-open) sets has a
finite subcover.

Theorem 4.2. Let F : (X, 7,7) — (Y, 0) be an upper e-J-continuous (resp. upper
31 - continuous) surjective multifunction such that F(x) is compact for each x € X .
If (X, 7,3) is e-J-compact (resp. 68 ;-compact), then (Y, o) is compact.

Proof: Let {V) : A € A} be an open cover of Y. For each z € X, F(x) is compact
and there exists a finite subset A(x) of A such that F(z) C U{Vy : A € A(x)}.
Set V(xz) = U{Vy : A € A(x)}. Since F' is upper e-J-continuous (resp. upper 60 ;-
continuous), there exists U(z) € EIO(X, 1) (resp. U(x) € 6I0(X, 7)) containing
x such that F(U(z)) C V(x). The family {U(x) : z € X} is an e-J-open (resp.
0 -open) cover of X and there exist a finite number of points, say, x1, 2 , . . .
, Tp, in X such that X = U{U(z;) : 1 <14 < n}. Therefore, we have Y = F(X) =
FUZ U(z:) = Ui FU(2:) € Uz V(@) = Uiz Useages) Va- This shows
that Y is compact. O

Definition 4.3. Let A be a subset of an ideal topological space (X, 7,7). The e-
J-frontier [4] (resp. dB;-frontier) of A, denoted by e-J-Fr(A) (resp. 6B;-Fr(A)),
is defined by e-J-Fr(A) = Cl(A)NCIH(X — A) = Clz(A) \ Int}(A). (resp. §f5;-
Fr(A) =06BCI1(A)N§BCIH (X — A) = §BC1(A) \ §5Intr(A)).

Theorem 4.4. Let F : (X,7,7) — (Y,0) be a multifunction. The set of all
points x of X at which F is not upper e-J-continuous (resp. upper 6 -continuous)
is identical with the union of the e-J-frontier (resp. 0 -frontier) of the upper
inverse images of open sets containing F(x).
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Proof: Let x € X at which F is not upper e-J-continuous (resp. upper 605;-
continuous). Then, there exists an open set V' of Y containing F(z) such that
UN(X\ Ft(V)) # ¢ for every U € EIO(X,z) (resp. U € 68I0(X,z)). There-
fore, x € CI*(X \ FT(V)) = X \ Int:(F*(V)) [resp. = € §8CI; (X \ FT(V)) =
X\ 68 Int(FT(V))] and = € FT (V). Thus, we obtain = € e-J-Fr(F*(V)) (resp.
x € 8-Fr(FT(V))).

Conversely, let F' be upper e-J-continuous (resp. upper 03 ;-continuous) at z. Sup-
pose that V is an open set of Y containing F'(z) such that « € e-J-Fr(F*(V)) (resp.
x € 6f;-Fr(Ft(V))). There exists U € EIO(X,z) (resp. U € 68I0(X,z)) such
that U € FT(V). Hence x € Int:(F*(V)) (resp. 68;Int(F*(V)). This is a con-
tradiction and hence F' is not upper e-J-continuous (resp. upper 3 ;-continuous)
at x. O

Theorem 4.5. Let F : (X,7,7) — (Y,0) be a multifunction. The set of all
points x of X at which F is not lower e-J-continuous (resp. lower ¢ ;-continuous)
is identical with the union of the e-J-frontier (resp. B;-frontier) of the lower
inverse images of open sets containing F(x).

Proof: The proof is shown similarly as in Theorem 4.4. O

In the following (D, >) is a directed set, (F)) is a net of a multifunction F) :
(X,7,7) — (Y, 0) for every A € D and F is a multifunction from X into Y.

Definition 4.6. Let (F)\)xep be a net of multifunctions from X toY. A multifunc-
tion F* : (X,7,9) — (Y, 0) defined as follows: for each x € X, F*(z) ={ye Y :
for each open neighborhood V' of y and each n € D, there exists A\ € D such that
A >n and VN Ex(z) # ¢} is called the upper topological limit [5] of the net
(Fx)xen-

Definition 4.7. A net (F)\)xep is said to be equally upper e-J-(resp. equally upper
0B;-) continuous at xo € X if for every open set Vy containing Fy(xo), there exists
U € EIO(X,xg) (resp. U € 6810(X,x0)) such that F\(U) C V) for all A € D.

Theorem 4.8. Let (F\)xep be a net of multifunctions from a ideal topological
space (X, 7,7) into a compact topological space (Y, o). If the following are satisfied:

1. \H{Fy(x) :n > A} is closed in Y for each X € D and each x € X,

2. (F\)xep is equally upper e-J-(resp. equally upper §3;-) continuous on X,
then F* upper e-J-(resp. upper 63;-) continuous on X.
Proof: From Definition 4.6 and part (1), we have F*(x) = N{(U{F(z) : n > A}) :
X € D}. Since the net ((J{F,(x) : 7 > A})rep is a family of closed sets having the

finite intersection property and Y is compact, it follows that F*(x) # ¢ for each
x € X. Now, let 29 € X and let V € o such that V' # Y and F*(zp) C V. Since

F*(xo) N(Y\V) = ¢, F*(z0) # ¢, and (Y \ V) # &, ({(U{Fy(x0) : 1 > A}) :



222 WabpEl AL-OMERI, M.S. MD. Noorani, A. AL-OmARI AND T. NOIRI

AXe DN (Y \V) = ¢ and hence {(U{Fy(zo) N (Y \V):n>A}): A€ D} =¢.
Since Y is compact and the family ({(IU{Fy(zo) N (Y \ V) :n > A}): A € D} is
a family of closed sets with the empty intersection, there exists A € D such that
for each n € D with n > X\ we have F,(zo) N (Y \ V) = ¢; hence F,(z9) C V.
Since the net (Fy)xep is equally upper e-J-(resp. equally upper 63;-) continuous
on X, there exists U € EIO(X, ) (resp. U € §310(X,x0))) such that F,(U) C
V for each n > X hence Fy(xz) N (Y \ V) = ¢ for each x € U. Then we have
NULF (@)1 (Y \ V) i3> A} £ A € D} = 65 and hence (Y{(ULFy (2) : 1 > A} -
A€ DN (Y \V) = ¢. This implies that F*(U) C V. If V =Y, then it is clear
that for each U € EIO(X,x) (resp. U € 0BI0(X,x0))) we have F*(U) C V.
Hence F™* is upper e-J-(resp. upper 0;-) continuous at xg. Since xg is arbitrary,
the proof completes. O
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