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A collocation method for solving the fractional calculus of variation
problems

Mohammadreza Ahmadi Darani and Mitra Nasiri

ABSTRACT: In this paper, we use a family of Miintz polynomials and a computa-
tional technique based on the collocation method to solve the calculus of variation
problems. This approach is utilized to reduce the solution of linear and nonlin-
ear fractional order differential equations to the solution of a system of algebraic
equations. Thus, we can obtain a good approximation even by using a smaller of
collocation points.
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1. Introduction

Fractional calculus which involves the study of non-integer powers of differen-
tiation and integral operators has many applications in studying and solving the
complicated problems in science and engineering [2,1]. The fractional calculus of
variations as an important branch of the fractional calculus is a research area un-
der strong recent development. For instance, the reader is referred to the recent
books [4,5,3] and papers [6,7]. The calculus of variations deals with the problem
of extremizing functions [8] and be is defined as follows:

All differentiable functions y : [a,b] — R such that y(a) = y, and y(b) = y;, that y,
and y;, are known, find minimize (or maximize) of the following functional:

b
Jly()] = / £(t,y(t), SDFy(t))dt, (1.1)
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where {D§* denotes the left fractional derivative operator of order « in the Caputo

sense. We can solve this problem with using the following differential equation [6]
8_'6 + CDQ 0L
oy TP oDyy

=0, (1.2)

which is called the Euler-Lagrange equation. Here tCDg‘ denotes the right fractional
derivative operator of order o which will be defined in the next section. By em-
ploying fractional derivatives into the variational integral we obtain the fractional
Euler-Lagrange equation. Now, in this paper we use a kind of the Miintz-Legendre
polynomials such that their fractional derivatives be Miintz-Legendre polynomials
again. For this purpose, in Section 2, we express some necessary definitions and no-
tations. In Section 3, the Miintz-Legendre polynomials are introduced. In Section
4, we solve the fractional differential equations in calculus of variations numerically
by using the collocation method. Some numerical examples are given in Section 5.

2. Preliminaries and notation

In this section, we present a short overview to the fractional calculus [11,10,9].
In this sequel, we suppose a € (0,1) and T" represents the Gamma function

1"(2:):/ t*~te~tdt.
0

Definition 2.1. The fractional derivative of f in the Caputo sense is defined for
feC0,1] as

Do f(x) = ! )/Ox(x—t)_o‘f’(t), x € [0,1]. (2.1)

Il -«

Definition 2.2. The left and right hand sides Caputo fractional derivatives of
order o are defined for f € C10,1] as

1 @ o
)A(x—ﬂ Fodt, we 0,1,

DS f(x) = Ti—a)

and

D (@) = =y [ =)0t w1

Il -«
respectively.

Remark 2.3. According to the above definitions it is clear that for a = 0, the Ca-
puto fractional derivative is equal to the left hand side Caputo fractional derivative.

According to the definition of right hand side Caputo derivative [10], we get

(14 8) LB—a
1+ 8-a) ’

Remark 2.4. For the simplification the notation D is used instead of SD2.

Cpogh = B,t > 0. (2.2)
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3. Miintz polynomials

Let {\;;, ¢ € No} be a set of real numbers which 0 < A\g < A < -+ —
oo. According to Miintz’s idea there are functions s; = Zk OakxA with real
coefficients which are dense in L?[0, 1] if and only if -7 ; Ay~ = +o00. We consider
the Miintz-Legendre polynomials that are orthogonal in the interval (0,1) with
respect to the weight function w(z) = 1.

3.1. Miintz-Legendre polynomials

Before discussion about Miintz polynomials, we need to brief review of the
general form of orthogonal polynomials which are the familiar as the Jacobi poly-
nomials. These polynomials which are denoted by P(a o )( ), a, B > —1, are widely
applicable in numerical solution of differential equatlons. They have the following
explicit form [12]

P @) = 3> ED m<1+m (15 0+ Blugm 1+
m!(k—m)! (14 B)m(l+a+B)r " 2 '

m=0

Go=1 (i=jG+1)-(G+i-1).

The Jacobi polynomials are orthogonal on [—1, 1], with respect to the weight func-
tion w(r) = (1 — 2)*(1 +2)%. By choosing a = 8 = —1/2 and a = 8 = 0, the
well known Chebyshev polynomials of the first kind and the Legendre polynomials
are derived, respectively. They can computed by the following recurrence relation
[13,14,12]

[e3 [e3 1
R =1, PP = Z{(a~B) + (a+p+2)al,
P (@) = a3l (@) P @) = g PP (@),

a8 =2k + 1)(k+a+ B +1)(2k +a+ 8),
ag‘f( )= (2k+a+ B+ 1D)[2k+a+B)2k+a+B+2)x+a® -5,
agf = 2(k+a)(k + B)(2k +a+ B +2). 3.1)

The following formula is very useful that relates the Jacobi polynomials and their
derivatives

d o o
=P (@) = (k+a+/3+1) PETH Y (),

If the complex numbers from the set A,, = {\;, i = 0---,n} satisfy the condition
R(Ax) > —1/2, then the Miintz-Legendre polynomials on the interval (0, 1] are
defined as follows (see[16,15,17])

Hv O(Ak—f—)\ +1)
11— 0,07k (Al — A v)

Pp(z) :== P ch R, Crp = (3.2)
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For the Miintz-Legendre polynomials (3.2), the orthogonality condition is

1
(P, Py) :/ P, ()P, (x)dx = 6%

Obviously P, (1) = 1 and P,(1) = Ay + 30 —g Ak +Ar +1)[17]. In the case Ay = ka
for positive number «, the Miintz-Legendre polynomials on the interval [0, 7] are
defined as

n o _ 1\n—k n—1
Ln(t; ) == Zan(%)k v Chk = m [[((E+v)a+1).  33)
k=0 v=0

The functions Lg(t;«), kK =0,1,---,n, form an orthogonal basis for M, ., where
M, o is represented by

My, o = span{l,t*,--- t"*}, ¢ € [0,T],
={co+cit“+ - +cpt" e, R EE(0,T]}.

Theorem 3.1. Let a > 0 be a real number and t € [0,T]. Then the following
representation holds true

0,2 -1 @
Lu(ta) = Pi" 70 (2(5)" - 1), (3.4)
where P 1s the well known Jacobi polynomial.

Proof: See [18]. O

Therefore, the Miintz-Legendre polynomials L, (¢; «) can be obtained by means
of the following recurrence formula

Lo(t;a) =1, Li(t;a) = (é + 1) (%)a — é,

bl,nLnJrl(t; 04) - b?,n(t)Ln(t, a) - b3,nLn71(t; Oé), (35)

where
0,1-1 0,1-1 T\ 0,1-1
bl,n = (117;; , b2,n(t> = (127;; (2(?) — 1), b37n = (137;; R

1_
and the coefficients a?’,{* " are appeared in recurrence relation for Jacobi polyno-
mials where are stated in (3.1). By applying (2.2) and (3.3), the Caputo fractional
derivative of L, (¢; a) can be represented as

& t (b= I'(1+ ka)
Ln(t; o) kzzl kT F T+ k- a)TaC ke (36)

It is important to notice that DLy, (t; ) € M, 4.
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4. The collocation method

This section is devoted for solving a nonlinear fractional differential equation
with boundary conditions that is expressed as [13,19]

b
Ty(o) = [ £(t(o). Dyio)de, ¢ .7) (4.1)
with the initial conditions

y(a) =ya, y(b) =, (4.2)

in which y, and y; are fixed and real numbers. Numerical evaluation of this solution
is the aim of this section. At first, the solution y is approximated by g,, € M, o as
the following truncated series

n(t) =Y arLy(t; ), (4.3)
k=0

where ay, is unknown coefficients and L (¢; ) is Miintz-Legendre polynomials. We
know that if y,, € M, o then D@, belongs to M, o, too. Hence, we have

D2in(t) =Y ax DY Ly(t; ), (4.4)
k=0

where the fractional operator in left hand side is easily evaluated by (3.6). Sub-
stituting the above truncated series into (1.2), we get an fractional differential
equation as

oL oL
cee = — DY _——— — (. 4.
<p(t,a0,a1, aan) a?jn + tDb 8D$‘g]n 0 ( 5)

Calculating the Caputo fractional derivative in the above equation is based on
Gauss-Legendre quadrature. The unknown coefficients aj in (4.3) are obtained
from collocating (4.5) in n — 1 points along with the initial conditions

gn(a’) = Ya, gn(b> = Yo (46)
Now, we set the collocation points as 6;, i = 1,--- ,n—1. In this case, a particularly
convenient choice for the collocation points #; are 0; = ti/a, i=1,---,n—1, where

t; are the well-known Chebyshev-Gauss-Lobatto points shifted to the interval [0, T7,
ie.,
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By substituting (4.3) into (4.6), we get
galao, -+ an) ==Y arLi(a;a) — yo =0,
k=0

gb(G/Oa o aan) = ZakLk(b? CY) — Y = 0. (47)
k=0

Also, collocating (4.5) on the mentioned nodes yields
©(0;,a0,a1, - ,a,) =0, i=0,--- ,n—1. (4.8)

The unknown coefficients ag, a1, ,a, are obtained from the solution of system
of n + 1 algebraic equations derived from (4.7) and (4.8).

5. Numerical Examples

In this section, we apply the proposed approximation procedure in two exam-
ples.

Example 5.1. As the first example, we consider the following minimization prob-
lem:

The FEuler-Lagrange equation for this problem has the following form

2
DU 0D (0) — rrost™) = 0.

Collocating the above fractional differential equation according to the mentioned
method in previous section, yields the approzimation of the solution of the problem.
In Fig. 1, we can see the approximated solution obtained by our method for aw = 0.5,
n=23,4andT = 1. For n =4 we have the exact solution and we can see that
by increasing n the approximated solutions converge to the exact solution.

If we solve the problem with the direct method, we can see that with n = 30, the
solution s not exact again. In Fig. 2, the approrimation solution and the exact
solution with direct method are plotted. It reveals that collocation method is better
than the direct method.
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y(t)

t
|_ —n=3 exact solution|

Figure 1: Analytic and approximate solutions for example (5.1) with collocation
method

Example 5.2. As the second example, we consider (4.1) with the operator L as
follows

and the boundary conditions are given as

The exact solution of this problem is y(t) = 16t> — 20t> + 5t. The corresponding
Euler-Lagrange equation corresponding to this problem is

161(6) 15, 200(4) 55 5
© T(5.5) (3.5  I(L5)

FDY (o DYy 1) %) = 0.

In Fig. 3, we indicate the approximated solutions obtained for n = 5,6,10. For
n = 10, we obtain the exact solution.
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Analytic solution
0.9 || == - — Approximation: n = 5, Error= 0.03
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Figure 2: Analytic and approximate solutions for example (5.1) with direct method

y()

T T T T - .I.
0 0.2 0.4 0.6 0.8 1
t

exact solution |

Figure 3: Analytic and approximate solutions for problem (5.2) with collocation
method
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Figure 4: Analytic and approximate solutions for problem (5.2) with direct method

6. Conclusion

This paper describes an efficient method for finding the minimum of the initial
value problems for fractional differential equations. We use a family of Miintz-
Legendre as an approximation basis. The aim is to estimate fractional differential
equations in calculus of variations based on nonclassical orthogonal polynomials
with collocation method.
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