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On some metabelian 2-group and applications II

Abdelmalek Azizi, Abdelkader Zekhnini and Mohammed Taous

ABSTRACT: Let G be some metabelian 2-group such that G/G’ ~ Z/2Z x Z /27 x
Z/27Z. In this paper, we construct all the subgroups of G of index 2 or 4, we give the
abelianization types of these subgroups and we compute the kernel of the transfer
map. Then we apply these results to study the capitulation problem of the 2-ideal
classes of some fields k satisfying the condition Gal(kg)/k) ~ G, where ng) is the
second Hilbert 2-class field of k.
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1. Introduction

Let k be an algebraic number field and let Ci(k) denote its class group. Let )
be the Hilbert class field of k, that is the maximal abelian unramified extension
of k. Let k() be the Hilbert class field of k") and put G = Gal(k® /k). Denote
by F a finite extension of k and by H the subgroup of G which fixes F', then we
say that an ideal class of k capitulates in F' if it is in ker ji_, r, the kernel of the
homomorphism:

induced by extension of ideals from k to F. An important problem in Number
Theory is to explicitly determine the kernel of ji_,r, which is usually called the
capitulation kernel. As ji_,r corresponds, by Artin reciprocity law, to the group
theoretical transfer (for details see [14]):

VG—>H : G/G/ — H/H/,

where G’ (resp. H') is the derived group of G (resp. H). So, determining ker j,_, p
is equivalent to determine ker Vg, iy, which transforms the capitulation problem
to a problem of Group Theory. That is why the capitulation problem is completely
solved if G/G’ ~ (2, 2), since groups G such that G/G’ ~ (2, 2) are determined and
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well classified (see [11,14]). If G/G’ ~ (2,2"), for some integer n > 2, then G is
metacyclic or not; in the first case the capitulation problem is completely solved,
whereas in the second case the problem is open (see [6,7]). If G/G' ~ (2,2,2),
then the structure of GG is unknown in most cases, so the capitulation problem is
also style open, in reality there are some studies which dealt with this problem in
particular cases; see [1,2,3,9,10]. Tt is the purpose of this paper to provide answers
to this problem in a particular case, it is the continuation of a project we started in
[4,5]; we give some group theoretical results to solve the capitulation problem, in
a particular case, if G satisfies the last condition. For this, we consider the family
of groups defined, for integers n > 1 and m > 2, as follows

Gn,m:<aa T, P p4:7_ :UQMZLP:T a s

In this paper, we construct all the subgroups of G,, ,, of index 2 or 4, we give the
abelianization types of these subgroups and we compute the kernel of the transfer
map Voog @ Gnm/G,,, — H/H', for any subgroup H of Gy, ,,, defined by the
Artin map. Then we apply these results to study the capitulation problem of the
2-ideal classes of some fields k satisfying the condition Gal(ng) /k) ~ G,, , where

kg2) is the second Hilbert 2-class field of k. Finally, we illustrate our results by
some examples which show that our group is realizable i.e. there is a field k such
that Gal(k$” /K) ~ Gyym.

2. Main Results

Recall first that a group G is said to be metabelian if its derived group G’ is
abelian, and a subgroup H of a group G, not reduced to an element, is called
maximal if it is the unique subgroup of G distinct from G containing H.

Let Gy, m be the group family defined by the Formula (1.1). Since [7,0] = 1,
[p.o] = 0% and [p,7] = p* = 72" 02", s0 Ghm = (0%,0%) = (02,72 ¢y =
(02,72"), which is abelian. Then G, is metabelian and Gy /Gl ,, ~ (2,2,27).
Hence G, , admits seven subgroups of index 2, denote them by H; 2, and if n =1
it admits also seven subgroups of index 4, we denote them by H; 4, where 1 <17 < 7.
These subgroups, their derived groups and the types of their abelianizations are
given in Tables 1 and 2 below, where b = max(m,n + 1).

To check the Tables entries, we use the following lemmas.

Lemma 2.1 ([12], Prposition 5.1.5). Let x, y and z be elements of some group G,
put 2¥ =y 'xy. Then [vy, 2] = [z, 2]%[y, 2] and [z,yz] = [z, 2][z, y]*.

Lemma 2.2. Let Gy, = (0,7, p) denote the group defined above, then

1. p? commutes with ¢ and T.

2. plop=0c"L

3. 77 lpr = p? and p~trp = Tp?.
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Table 1: Subgroups of G, », of index 2

L] | Hio | Hio | Hio/His

1 (0,7) (1) (2m, 27t

2 {0, p) (0?) (2,4)

3| m=2 (r.p) (0*) (2,4)
m >3 <Tapa02> <P2,U4> (2,27271)
n=1land m=2 | (o7,p,7°) <727>L (2,4)

= 2and m=2 | (o7,p) (r2") (4,2™)
n=1 and m>3 || (o7,p) ((e7)?) || (2,4) o
n>2 and m >3 || {o7,p,0?) || (?p?) EZ: Zb) i)f :;L; T_nl_ 1

. [[m=2 (op,7) (p%) (2,27%7)
m >3 (op,7,0%) || (p?,0%) || (2,2,2™)

6 (Tp, o) (0?) (2,2"*)

7 {op,7p) (@) 1 (4,27

Table 2: Subgroups of G, of index 4

i [ Hia || Hia || Hia/Hi4 |
o M @2
2 || (r,0%) 1 | (42mh
Bl R Rl )
4 || {or,7%) (1 (2,2™)
5 [(op.o®) |07 20
6 [ ro.0?) 0% (2
T orp,o™y o) [ 2.0)

4 (0p)? = 7% and (o7p)? = (7p)? = 2
5. [p, o1] = p?c?
6. [p, 72 =1 and for allr € N, [p, 0] = a2

Proof: 1., 2. and 3. are obvious, s1nce P2 =12"62"""[p, 0] = 02 and [p, 7| = p*.

4. (op)? = opop = apr_lap =op’ol = p2

(o1p)? = orporp = o’ prop = or?p~lop = 01?0~ = 72 We proceed

similarly to prove the remaining result.

5. Obvious by Lemma 2.1.

6 o, 7% = p—lT—QpTQ — ol = ol g = L2y = = 1
As [p, 7] = 7%, so [p, )] = 7*. By induction, we show that for all r € IN*,

[p, 7= o D

Let us now prove some entries of the Tables, using Lemmas 2.1 and 2.2.
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e For Hy 5 = (0, 7,G}, ,,,) = (0, T), we have Hj , = (1), since [0, 7] = 1. As
0" =12 =1, 50 Hyo/H| , ~ (27, 27H1).

e For Hy o = (0, p, G}, ) = (0, p, 2" 02 = (o, p, 7). Asp? =T n02m71,

so Hyo = (o, p). Therefore, by Lemma 2.2, we get Hj, = (0?), thus

Hyo/Hj o~ (2,4), since p* = 1.

2

e For Hyo = (o7, p, G}, ) = (07, p, 2" 02 = (o1, p, 0%) = (o1, p, T?),
since 72 = (07)%02. We get

- If n =1and m = 2, then p? = 7202 and 7* = 0% = 1. Lemma 2.2 yields
that Hj, = (72). Thus Hyo/H} o ~ (2,4) since p* = 1.

- If n > 2 and m = 2, then p?> = 72" 02 and o* = 1, thus p? = (07)" 0%
which implies that p?(o7)~2" = 2. Hence Hy o = (o7, p), and Lemma
2.2 yields that Hj , = (p*0?) = (r2"). Thus Hyo/Hj o~ (4,27).

-Ifn=1and m > 3, then p? = 262" = 72(07)?" " and 74 = 1,
hence Hyo = (07, p), and Lemma 2.2 yields that Hj , = ((07)?). Thus
H472/H!1’2 ~ (2,4)

- If n>2and m > 3, then Hyo = (07, p,0?), and Lemma 2.2 yields that
Hj, = (p?0?,0%) = (p?0?) since 0* = (p?0?)®. On the other hand,
Hyo = (o1, p,p°0?), thus Hyo/H} 5 = (o7, p)/H} 5. We have two cases
to distinguish. If n = m — 1, then p? = (o7)*"; hence Hyo/H}, ~
(2,27F1) = (2,2™). If n #m — 1, then Hyo/H} , ~ (4,2max(nlm)),

e For Hiy = (0, G}, ,,) = (0, 0%, 7°) = (0, 7°), we have Hj , = (1), since

[0,7] =1. As 0" =7 =1, 50 Hy4/Hy 4~ (2,2™).

e For Hyy = (1, G}, ,,) = (7, 72, 0°) = (1, 0*), we have Hy ; = (1), hence
Hayu/Hy, ~ (4,2m71),

The other entries of the Tables 1 and 2 are similarly checked.

Proposition 2.3. Let Gy, ., be the group family defined by Formula (1.1), then
1. The order of Gy m is 22 and that of G, ,,, is 2™.

2. The coclass of Gy, s 1+ 2 and its nilpotency class is m.
3. The center, Z(G), of G is of type (2,2™).

Proof: 1. Since 0" <
o # 7%, then (o, 7) ~ (2™,2"*1) . Moreover, as p* = 2"62" " so (o, T, p)
(2m, 271 2) . Thus |G| = 2™ 2. Similarly, we prove that |G, | = 2™,
since G, ,,, = (02, 72") ~ (2,2m71).

2. The lower central series of G,, ., is defined inductively by v (Gpn,m) = Gn,m
and v, 1 (Gn,m) = [Vi(Gn,m), Gnm], that is the subgroup of Gy, ,,, generated by the

=72 —Jandforall0 <i<m—1and0<j <1
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set {[a,b] = a7 b7 ab| a € v;,(Gnm), b € Gpm}, so the coclass of Gy, , is defined
to be cc(Gpn.m) = h— ¢, where |Gy, 1| = 2" and ¢ = ¢(Gy, ) is the nilpotency class
of G, m. We easily get

Vl(Gn,m) == Gn,m~ "

72(Gn,m) = G;z,m = <02,p2) = { 2,72 )-

Y3(Gnim) =[Gy 1y Grm] = (o) since [p, 7%] = 1.

Then Lemma 2.2(6) yields that for j > 2, 7,41 (Gnm) = [7,;(Gnm), Gnim] = (02).
Hence 7,, 11 (Gn,m) = <‘72m> = (1) and 7, (Gn,m) = <02m71> # (1), so c(Gp,m) =
m. Since | Gy |= 272 then

cc(Gpm)=m+n+2—m=n+2.

3. To prove the last assertion, we use Lemma 12.12 of [13, pp. 204| which
states that if G is a p-group and A is a normal abelian subgroup of G such that G/A
is cyclic, then A/ANZ(G) ~ G'. Let A = Hi 2, so A is abelian and [G : A] = 2,
thus Z(G) € A and A/Z(G) ~ G'. Hence |G| = |A|[G : A] = 2|G'||Z(G)|, thus
|Z(G)| = £ |G/G'| = 2", On the other hand, by Lemma 2.2 we have [p, o2 =
0" = 1and [p,72] = 1, so (¢ ", 72) C Z(G). As ’<02m71,72>’ = 2"+l 50

(02" 12) = Z(G) ~ (2,2"). O
We continue with the following results.

Proposition 2.4 ([14]). Let H be a normal subgroup of a group G. For g € G,
put f =[(g).H : H] and let {x1,22,...,2:} be a set of representatives of G/{g)H .
The transfer map Ve g : G/G' — H/H' is given by the following formula

t
Veou(gG') = Hxi_lgfzi.H’. (2.1)
i=1

Easily, we prove the following corollaries.

Corollary 2.5. Let H be a subgroup of Gy m of index 2. If Gy m/H = {1,2zH},

1 ! 2 4 3
[ g lged = lg, A H ifgeH,
then Vau(9G), ) { g2 H' ifg & H.

Corollary 2.6. Let H be a normal subgroup of Gpm of index 4. If Gy pm/H =
{1,2H,2°H,z2>H}, then

gz tgz gz g23 H'  ifge H,
Voon(9G,,) =9 ¢--H if gH = zH,
g?z g%z H' if g H and gH # zH.

Corollary 2.7. Let H be a normal subgroup of Gp m of index 4. If Gy m/H =
{1,21H, 20H, 23 H} with z3 = 2122, then

nglgzlzglnglgzlzg.H’ if g € H,

/ —
VGHH(an,m) - { 9221'_19221'-H/ ’Lf gH = ZjH with 1 7& 7
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We can now establish our main result. Let ker Vg denote the kernel of the
transfer map Vg, . : Gnm/G, ., — H/H', where H is a subgroup of Gy, -

Theorem 2.8. Keep the previous notations. Then
L. kerVy, , = (0G}, ,,.)-

2. kerVp, , = (oG}, ., pG7,.

(TpGY, yopGh ) if m=2andn =1,
3. kerVp,, = (G}, ., 00G), ) ifm>3andn=1,
(apG ) otherwise .
(TG ms PG ) ifm=2andn=1,
4. kerVp, , = ¢ (pG),. m,JTG' m)  fm>3andn =1,
(PG}, ) otherwise .
(PG, 107G ) ifm =2 andn =1,
5 kerVg,, =< (0G0, TGl ) ifm>3andn=1,
(PG, ) otherwise .
(TpG,. m, oG ) ifn=1,
6. kerVpy,, = { UG’ ifn>2
(oG, 1 TG, ) ifm=2andn=1,
7. kerVy,, =< (0pG), ., 7pG), ) if m >3 andn =1,
(0pGY, ) otherwise .

8. Ifn=1, then for all1 <i <7, kerVy,, = Gl,m/G’Lm

Proof: We prove only some assertions, the others are similarly shown.
1. We know, from the Table 1, that Hy o = (o,7), then Gpn/Hio = {1, pHi 2}
and Hy 5 = (1). Hence, by Corollary 2.5 and Lemma 2.2, we get

* Va,, im0 (0G, ) =00, p|H| , = 0%0 *H] , = Hj ,.

* Va,, ,m, (TG, 27, plH} 2= TQP_QH{Q = 7'2/)2HL2 #Hi,
* Va,, -2 (PG, )*P2H12¢H12

(

¥ VG, o, (07G, ) = (0707, plH] 5 = (07)?0 ?p?H{ 5 = T2p?H] 5 #
Hi,.

* VGm,n%Hl,Q(UPG;n,n) = (UP)2H{,2 = P2H{,2 # H{,2~
* VGm,n—>H1,2 (TpG{m,n) = (Tp)QH{Q = TQHLQ 7& H{,Q

* VGm,n%Hl,Q(UTPG;n,n) = (UTP)QH{Q = T2H{,2 # H{,2~
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Therefore ker Vi, , = (G, ,,)-

if m=2,
3. Similarly, from the Table 1, we get Hgz» { r p, o2y ifm > 3. Then
(p?) = {(o7)?) ifm=2andn=1,
)y = (0272") if m=2andn > 2,

2y _

Gmon/ Hy 2 = {1, oHs 2} and Hy 5 = §22,04> =(o*,7%) ifm>3andn=1,
(p?,0%) = ((74,7271'} if m>3and n > 2.
Hence, by Corollary 2.5 and Lemma 2.2, we get

1st case: m=2.

* VG, s, (0G )*02H327£H32~

* VG, o Hs o (TG, )*72[7 U]H32*TH32*H32
* VG, o Hs 2 (PG, ) P*lp aU]H§2 =p U2H§,2 #Hé,?
* VG, o Hy 2 (0pGhy, )—PQH32—H32

H, ifn=1,
* VG, 0oty (07GY, ) = (07) H 5 = { (072 Hyy # Hiy ifn>2

| (mpGy s 00Gh, ) ifm=2and n =1,
Therefore ker Vi, , = { (0pGly ) ifm=2andn> 2.
2nd case: m > 3.

* VGm,n%Hsg(UG;n,n) = 02H§,2 - H§,2~

H! ifn=1
/ 2 ! 2y 3,2 )
¥ VGt s (TG ) = 777, 0lHy 5 = 7°Hz 5 = { T2Hy o # Hy o ifn > 2.

* Va,, st o (PG ) = p2lp,01Hb 5 = p?0°Hy 5 # Hj .
* VGm n—H3 2 (JPG ) 2H§,2 - Hé,Q'
) =

* VGm,n%Hsg( (07)2H§,2 # Héz

(0pGhy s TG ) ifm >3 and n =1,
(apG,) if m >3 and n > 2.
8. We know, from the Table 2, that H; 4 = (o, 7%), then
Gunom/H14a={1, TH1 4, pH1 4, TpH; 4} and H{A = (1). Hence Corollary 2.7 and
Lemma 2.2 yield that

Therefore, ker Vy, , = {

/ 1 11 I 1,52
*VGn,m—>Hl,4(UGn,m)—UT oTp 0T UTPH1,4—UP PH14—H14

/ _ 2, —-1_2 /4 -2 —1.2 ! /A /
* VGn,m%Hl,z;(TGn,m) =T7°p T pH; A=T T “p °T pH; A=T H1 4= H1,4-
—2

* Va, o (PG ) = pPrt 727'H14 =ptp=2rlp” TH14 =Hj,.

Therefore, ker Vi, , = (0G), s TG, s PGhm) = G /Gl - O



82 A. Azizi, A. ZEKHNINI AND M. Taous

3. Applications

Let k be a number field and Cg be its 2-class group, that is the 2-Sylow

subgroup of the ideal class group Cyk of k, in the wide sens. Let kgl) be the Hilbert
2-class field of k in the wide sens. Then the Hilbert 2-class field tower of k is defined
inductively by: kgo) =k and kg“l) = (ky))(l), where £ is a positive integer. Let
M be an unramified extension of k and Cy be the subgroup of Cy associated to
M by Class Field Theory. Denote by jx—m : Cx — Cy the homomorphism that
associates to the class of an ideal A of k the class of the ideal generated by A in
M, and by Nyg/k the norm of the extension M/k.

Throughout all this section, assume that Gal (ng)/ k) ~ G,, . Hence, accord-

ing to Class Field Theory, Cx 2 ~ Gnm/G, ,, =~ (2,2,2"), thus Cx 2 = (a,b,¢) ~
(O s TGl s PGl ), where (0,k5) k) = oGl .y (0,k57/k) = 7GY, L, and

(c, kg)/k) = pG), ,, With (. ,kéz)/k) denotes the Artin symbol in kg)/k.

It is well known that each subgroup H; ;, where 1 <7 < 7 and j = 2 or 4, of
Ck,2 is associated, by class field theory, to a unique unramified extension K; ; of
kgl) such that H; ;/H] ; ~ Ck, ; 2.

Our goal is to study the capitulation problem of the 2-ideal classes of k in its
unramified quadratic extensions K, o and in its unramified biquadratic extensions
K, 4 if n = 1. By Class Field Theory, the kernel of jx_.m, ker jx—m, is determined
by the kernel of the transfer map Va_p : G/G' — H/H', where G = Gal(k? /k)

and H = Gal(M{? /M).
Theorem 3.1. Keep the previous notations.
L. kerjx sk, , = (a).
2. ker jxx,, = (a,¢

)
be,ac)  ifm=2andn=1,
b, ac) ifm>3andn=1,

3. kerjk‘)Kg)’z = a
ac) otherwise.

b, ¢) ifm=2andn=1,
c

4. ker juK,, = ) ifm>3andn=1,

{
{
{
{

) otherwise.

c,ab) ifm=2andn=1,
¢,b) if ifm>3andn=1,
¢) otherwise.

(bc,a)  ifn =1,
(a) if ifn>2.

6. kel"ijKG’2 =

(ac,b) ifm=2andn=1,
(ac,bc)  if ifm >3 andn=1,
(ac) otherwise.

7. kerjk—>K772 =
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8. Ifn=1, then for all 1 <i <7, ker jx -k, , = Ck,2.
9. The 2-class group of kél) is of type (2, 2m71).
10. The Hilbert 2-class field tower of k stops at k).
Proof: According to the Theorem 2.8, we have
L. Since ker Vy, , = (oG, ,,), 50 ker jkk, , = ().

2. Asker Vg, , = (0G), 1, pG7, ), ker jx ks, = (4, ¢).
(TpGY, 1y opG, ) ifm=2andn =1,

3. Similarly, as ker Vy, , = (7G}, ,,,00G), ) ifm>3andn =1,
(0pG3, ) otherwise .
(beyac) ifm=2andn=1,
Then ker jxk,, = ¢ (b,ac) ifm >3 andn=1,
(ac) otherwise .

The other assertions are similarly proved.

8. It is well known, by class field theory, that C ~ G

n,m:

where C is the

ki 2 ki 2
2-class group of kél). As G, ,, = (0%, 7%") ~ (2, 2m71), since 0" =74 =1. So
the result.

9. For every n > 1, we have Hy 4 = (0,G), ) = (0,72") ~ (2,2"), Hy 4 = (1,0%) ~
(2ntl 2m=1) and Hy4 = (o7, Ghm) = (oT,0%) ~ (Qmm(m*l*”),Qma"(m*”*l)) are
the three subgroups of index 2 of the group H; 2, then Kj 4, Ko 4 and Ky 4 are
the three unramified quadratic extensions of Kj 2. On the other hand, the 2-class
groups of these fields are of rank 2, since, by Class Field Theory, Ck, ; 2 ~ Hi,j/HZ(J-
with @ = 1, 2 or 4 and j = 2 or 4. Thus Ck,,» ~ (2™, 4) and Ck, ,2 ~
(2’", 2"+1). Hence h2(Ko4) = w, where hy(K) denotes the 2-class number
of the field K. Therefore, we can apply Proposition 7 of [8], which says that
K 2 has an abelian 2-class field tower if and only if it has a quadratic unramified

extension Ks 4 /K 2 such that ho(Ksz4) = W Thus K 2 has abelian 2-class
field tower which terminates at the first stage; this implies that the 2-class field
tower of k terminates at ng), since k C K 2. Moreover, we know, from Proposition

2.3, that |G| = 27772 and |, ,,| = 2™, hence ki) # ki, C

4. Example

Let k = Q(v/d) be an imaginary quadratic number field with discriminant
d = —4pqq’, where p=5 mod 8, g =3 mod 8 and ¢’ =7 mod 8 are primes such

/
that (2) = (q_) = —1. Let kél) be the Hilbert 2-class field of k, kg) its second
p D

Hilbert 2-class field and G be the Galois group of ng) /k. According to [10], k has
an elementary abelian 2-class group Cy 2 of rank 3, that is of type (2,2, 2). Denote
by ha(—qq’) the 2-class number of Q(v/—q¢’), then by [15,10] ha(—qq’) = 2™ and
the 2-class group of Q(v/—q¢’) is of type (2,2™~1) with m > 2. By [10, Theorem
1], we have G ~ Gy . As Cg 2 ~ (2,2,2), then k has seven unramified quadratic
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extensions and seven unramified biquadratic extensions within his first Hilbert 2-
class field kél). For more details about the results given in this section and about the
following theorem the reader can see [10]. This theorem is given here to illustrate
the results shown in the above sections.

Theorem 4.1. Let k = Q(v/d) be an imaginary quadratic number field with dis-
criminant d = —4pqq’, where p =5 mod 8, ¢ =3 mod 8 and ¢ =7 mod 8 are

/

primes such that (ﬂ = q_) = —1. k has fourteen unramified extensions within

p p
his first Hilbert 2-class field, kél). Denote by Cy o the 2-class group of k. Then the
following assertions hold.

1. Ck2 is of type (2,2,2).

2. Ezactly four elements of Cx 2 capitulate in each unramified quadratic exten-
sion of k except one where only 2 classes capitulate.

3. All the 2-classes of k capitulate in each unramified biquadratic extension of
k.

4. The Hilbert 2-class field tower of k stops at kéz).
5. Ck;1>,z ~ (2, 2m~ 1),
6. The coclass of G is 3 and its nilpotency class is m.

7. The 2-class groups of the unramified quadratic extensions of k are of types
(2, 4), (2, 2, 2) or (4, 2™).

8. The 2-class groups of the unramified biquadratic extensions of k are of types
(2. 4), (2, 2) or (4, 2771,
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