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Continuous Wavelet Transform on Local Fields *

Ashish Pathak

ABSTRACT: The main objective of this paper is to define the mother wavelet on
local fields and study the continuous wavelet transform (CWT) and some of its basic
properties. Its inversion formula, the Parseval relation and associated convolution
are also studied.
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1. Introduction

A local field means an algebraic field and a topological space with the topologi-
cal properties of locally compact, non-discrete, complete and totally disconnected,
denoted by K [8]. The additive and multiplicative groups of K are denoted by K™
and K*, respectively. We may choose a Haar measure dz for KT. If o # 0 (a € K),
then d(ax) is also a Haar measure. Let d(ax) = |a|dz and call |«| the absolute
value or valuation of a. Let |0] = 0. The absolute value has the following proper-
ties:

(i) |#| > 0 and |z| = 0 if and only if z = 0;

(ii) [zy| = |2[lyl;

(i) |2+ y| < maz(|al, ly]).

The last one of these properties is called the ultrametric inequality. The set
® = {zr € K: |z] < 1} is called the ring of integers in K. It is the unique
maximal compact subring of K. Define B = {z € K : |z| < 1}. The set B is called
the prime ideal in K. The prime ideal in K is the unique maximal ideal in ®. It is
principal and prime.

If K is a local field, then there is a nontrivial, unitary, continuous character x on
KT and K* is self-dual.

x is fixed character on KT that is trivial on ® but is nontrivial on 8~ . It follows
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that y is constant on cosets of ® and that if y € B* , then Xy (Xy (7)) = x(2y) is
constant on cosets of Y,B_k

Definition 1.1. The Fourier transform of f € LY(K) is denoted by f(¢) and
defined by [9]

/f r)xe (T dm—/f (=&x)dz, € €K, (1.1)

and the inverse Fourier transform by

z) = /K FO)xa(O)de, x € K. (1.2)

Some important properties of the Fourier transform can be proved easily :
@) |[fllzee ) < ||f||L1(K2~
(ii) If f € L*(K), then f is uniformly continuous.
(iii) Parseval formula:If f € L'(K) N L2(K), then ||f||z2) = | f| 22 ()
(iv) If the convolution of f and g is defined as

/f g(t — x)d (1.3)

F((f*9)) = F(f)-F(g)- (1.4)

then

The article is divided in four sections. In section 2, we propose the definition of
mother wavelet and define the continuous wavelet transform (CWT). In section 3,
we discuss some basic properties of CWT. In section 4, we prove the Plancherel
formula , inversion formula and also define the convolution associated with CWT.

2. Continuous Wavelet transform on local fields

Similar to L*(R) [1,3,5], we define the wavelet on local fields and define the
continuous wavelet transform.

Definition 2.1. Admissible wavelet on local fields
The function (z) € L?(K) is said to be an admissible wavelet on local fields if
Y(x) satisfies the following admissibility condition:

R,
Cyp —/K |§| d€ < oo, (21)

where 12) is the Fourier transform of 1.
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Remark 2.2. If |¢(€)| is continuous near € = 0, then the existence of integral

(2.1) guarantees that , 12)(0) = 0. Since the Fourier transform of mother wavelet
Y € LYK) N L3(K) is bounded and uniformly continuous, we have

=1(0)

/K b(@)xo(2)da
/]K Y(x)dx

This means that the integral of mother wavelet is zero:

Theorem 2.3. If v is a mother wavelet and ¢ € L'(K), then the convolution
function i x ¢ is a mother wavelet.

Proof: Since

/ ()% ¢) () Pda
K

IN

IN

Therefore (1 * ¢)(z) € L*(K).

Cypx

/K! /chc o)y dr
/K(/Kwuy>||¢<y>|%||¢<y>|%dy|>2dz
i ( [ = wlietlay | |¢(y>|dy) ds
/K|¢(y)|dy/K/KW(z’y)|2|¢(y)|dydx

(f |¢<y>|dy>2 JACEIRE

7.y 1172

Moreover

Y % ¢(€)[?
= 2
] %

[ BOPRER
‘/ €] "

R 2
< Blfo | '1”'5' .

This completes the proof of the theorem O

Definition 2.4. Continuous wavelet transform (CWT) on local fields
For (x) € L*(K) and a,b € K,a # 0, we define the unitary linear operator:

Ul L*(K) — L*(K),
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U2() = bape) = o v (0 ) (2.2

aff "\

Y is called mother wavelet and 1, ,(x) are called daughter wavelets, where a is a
dilation parameter, b is a translation parameter.
The Fourier transform of v, ,(x) is given by

Vo (€) = lal? $(a€)x, (), (2:3)

where {p is the Fourier transform of 1.
The CWT on local fields

Ky : L*(K) — L*(K x K),
of a function f € L*(K) with respect to a mother wavelet 1 is defined by

[ Kyf(a,b) = Y, b)L2(K)

/f un@
JECE 2 ( ab)dx (2.4)

3. Basic Properties of CWT on local fields

Before giving the fundamental properties of CWT, we list their basic properties.

Theorem 3.1. Let ¢ and ¢ be two wavelets and f, g be two functions belonging to
L?(K), then
(1) Linearity

Ky(nf +99)(a,b) = nKy(f)(a,b) + 9Ky (g)(a, b), (3.1)

where 1 and ¥ are any two scalers.
(i) Shift property

(Ky f(z —<))(a,b) = (Ky[f)(a,b =), (3.2)

where ¢ is any Scaler.
(iii) Scaling property If o # 0 is any scaler, then the CWT of the scaled function

folw) = LF(2) is
(Ko fo)ab) = Kp(N(E2) (33)

(iv) Symmetry

(Ko )(ab) = (Kp (), ) (3.9

a
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(iv) Parity
(KpyP[)(a,b) = (Kyf)(a,=b), (3.5)
where P is a parity operator define by Pf(x) = f(—x).
Proof: The proof is the straight forward application of CWT O
Theorem 3.2. Show that the continuous wavelet transform can also expressed as
1 —/x
(w0t = (12520 (2)) o), (36)
where the x is defined as
(f + g)( / F@)glt — ) (3.7)
Proof: From definition of CWT we have
1 r—>b
(Kyf)(a,b) = /f — ¥ ( )CLT
a2
x
= — (- b). 3.8
(757 (%)) @ (35
O
Theorem 3.3. If f is homogeneous function of degree n, then
(K f)(Na, Ab) = X"|\[% (K f) (a,b), (3.9)
where the X\ is scaler
Proof: From definition of CWT we have
1 x— b
K Aa, \b) = / x < ( )dm
(Ko f)( ) Kf( )IAaliw v
1 b
= [ o0 o (S e
2l
a, b). (3.10)
O

AL (B f)(
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4. Main Properties of the CWT

This section describes important properties of the CW'T, such as the Plancherel
, inversion formula and associated convolution fist, we establish the Plancherel
theorem.

Theorem 4.1. (CWT Plancherel) Let f,g € L*(K). Then we have

( (Kyf)(a,b), (Kyg)(a,b) )LZ(KXK) = Cw(fag)LZ(]K)a (4.1)

where ¢y is given in (2.1).

Proof: By using parseval formula for Fourier we can write the wavelet transform

K@) = [ f Ww( >
= (f,%ap)
= (F, %)
= [ fea D@ @2
Similarly
R@an = [ Tl daole (43)

Now, by using above (4.2) and (4.3) we get

[ fmopvmmmantt - [ [ [

< [ G @)

Jo T T

x / G0 (av) o, (v)dv
- [ [ #Feitae (qu,(w))(b)@

M et

[ 7@ (/ faeyitas) ) i
fer@ [ [ 12O 4, e

A </K a )
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- ()

eo(f,9) 2w
= Cy (f, )LQ(K)- (44)
O
Theorem 4.2. (Inversion Formula) Let f € L?(K). Then we have
1 dadb
g L I (1.5
Cy Jx JK |al

where ¢y is given in (2.1).

Proof: Let h(z) € L*(K) be any function, then by using above theorem, we have

dadb
o (Fr9) 120 t//fwfabKM)w®|P

= [ [tenian [ it
///KﬁabMU(ﬂﬁT
([ et

Hence the result follows. O

If f = h,

1o = [ [ 10200000 T (1.6)

Moreover the wavelet transform is isometry from L?(K) to L?(K x K).

4.1. Associated convolution for CWT on local fields

Using Pathak and Pathak techniques [5], we define the basic function D(x,y, z)
, translation 7, and associated convolution # operator for CWT.
The basic function D(z,y, z) for (2.4) is defined as

mw@%M@w::ADw%a%ww

Ya(2) Xap(¥), (4.7)
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where 1, ¢ and x are three wavelets satisfying certain conditions (2.1).
Now, by using(4.5) we get,

D(z,y,2) = C;! /K /K Dea®) Xan®) dos(@) lal~2dadb. (438)
The translation 7, is defined as [5]
(rah)(y) = h*(z,y) = /K D(a,y, 2)h(=)d=

¢ /K/K /Km Xas(y) Gap(@) h(2)|a| " dadbdz.

The associated convolution is defined as
(hitg)(x) = / W (2, 9)g(y)dy
K
/ / D(z,y, 2) h(z) g(y)dydz
K JK
o /K /K /K /K Do (D) Xaa (@) bus(@)h(2)g(y) |a| 2 dadbdzdy,

(4.9)
by using the inversion formula we can write the above equation as
(ta)a) = 5" [ [ (o) @b) (K o) a1 (o) el dadh
= K (K@ b) (K g)(a,b)] (@)
so that
Kofhttgl(a,b) = (Kuh)(a,b)(Koyg)(a,b) (). (4.10)
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