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ABSTRACT: In this work, we prove an existence result of renormalized solutions in
Orlicz-Sobolev spaces for a class of nonlinear parabolic equations with two lower
order terms and L!-data.
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1. Introduction

We consider the following nonlinear parabolic problem:

% - div(a(m,t,u,Vu) + @(u)) + g(x,t,u,Vu) = f in Qx(0,7),
u=0 on 082 x (0,7,
u(xz,0) = up(z) in .

(1.1)

where € is a bounded open subset of RN, N > 1, T > 0 and Qr is the cylinder
Q x (0,T). The operator A(u) = —div(a(z,t,u,Vu)) is a Leray-Lions operator
defined in Wol’ZLM (Qr).

In the case where A is a Leary-Lions operator defined on LP(0,T; W1P(Q)),
Dall’aglio-Orsina [18] and Porretta [28] proved the existence of solutions for the
problem (1.1), where g is a nonlinearity with the following "natural” growth con-
dition (of order p)

lg(@,t,5,)] < d(|s]) (c1(@, t) + [¢]F),

and which satisfies the classical sign condition g(z,t, s,£)s > 0. The right hand side
f is assumed to belong to L!(Q). This result generalizes analogous one of Boccardo-
Gallouét [13], see also [12] and [14] for related topics. In all of these results, the
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function a is supposed to satisfy a polynomial growth condition with respect to u
and Vu. In the case where a and g satisfy a more general growth condition with
respect to u and Vu, it is shown in [19] that the appropriate space in which (1.1)
can be studied is the inhomogeneous Orlicz-Sobolev space W% L/ (Q), where the
N-function M is related to the actual growth of @ and g. The solvability of (1.1) in
this setting is only proved in the variational case i.e. where f belongs to the Orlicz
space W17 E57(Q), see Donaldson [19] for g = 0 and Robert [29] for g = g(z, ¢, u)
when A is monotone, t> < M (t) and M satisfies a As-condition and also Elmahi
[20] for g = g(z,t,u, Vu) when M satisfies a A’—condition and M(t) < T
and finally the recent work Elmahi-Meskine [23] for the general case. A large
number of papers was devoted to the study the existence of renormalized solution
of parabolic problems under various assumptions and in different contexts: for a
review on classical results see [6,7,9,10,15,16,17,28].

In the case where ® = 0, the existence of entropy solutions for parabolic prob-
lems of the form (1.1) in the setting of Orlicz spaces has been proved in A. Elmahi
and D. Meskine [23] in the case where f belongs to L'(Q) and g be a carathéodory
function satisfying

l9(@,t,5,6)] < b(|s) (c(@,t) + M(€]))

g(x,t,5,6§)s > 0.

It is our purpose, in this article, to prove the existence of renormalized solution
for the problem (1.1) in the setting of the Orlicz Sobolev space W% Ly, (Q), the
nonlinearity g satisfying the sign condition and the function @ is just assumed to
be continuous on R.

Let us briefly summarize the contents of this article. In section 2 we give some
preliminaries and gives the definition of N-function and the Orlicz-Sobolev space.
Section 3 is devoted to specifying the assumptions on a, ®, g, f and the definition
of a renormalized solution of (1.1). In Section 4 we establish (Theorem 4.1) the
existence of such a solution.

2. Preliminaries

Let ©Q be a bounded open subset of RV with the segment property. Let M :
R* — R* be an N-function, i.e., M is continuous, convex, with M (¢) > 0 for ¢ >

0,@ — Oast — Oand %(t) — oo ast — oo. Equivalently, M admits the

representation : M (t) = fot m(s)ds where m : RT — RT is non-decreasing, right
continuous, with m(0) = 0, m(¢t) > 0 V¢t > 0and m(t) — oo ast — oo. The
N-function M conjugate to M is defined by M(t) = fot m(s)ds, where m : RT —
RT is given by m(t) = sup{s : m(s) < t} ( see [1,5,26]). We will extend these
N-functions into even functions on all R. The N-function M is said to satisfy the
A5 condition if, for some k > 0:

M(2t) < kM(t) V> 0. (2.1)
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When this inequality holds only for ¢t > ¢y > 0, M is said to satisfy the Ay condition
near infinity.

Let P, @ be two N-functions, P < ) means that P grows essentially less rapidly
than @Q; i.e. for each e >0

P(t)/Q(et) = 0 ast— oc. (2.2)
This is the case if and only if

Jim Q7 (t)/PH(t) = 0. (2.3)
Let Q be an open subset of RY. The Orlicz class £3/(€2) (resp. the Orlicz space
Ly () is defined as the set of (equivalence classes of) real-valued measurable
functions u on 2 such that :
u(z)

/ M (u(z))dz < 400 (resp./ M(T)dx < 400 for some A > 0).  (2.4)
Q Q

Not that Ly () is a Banach space under the norm:

[[w|lar,e = inf{A > 0: M(@)dz <1} (2.5)
Q

and L£,/(Q) is a convex subset of Lj/(Q2). The closure in Lp(Q2) of the set of
bounded measurable functions with compact support in  is denoted by Ej(€2).
The equality Fa(2) = Ly () holds if and only if M satisfies the Ascondition, for
all ¢ or for ¢ large according to whether €2 has infinite measure or not. The dual of
En () can be identified with Ly7(2) by means of the pairing [, u(x)v(z)dz, and
the dual norm on L37(f2) is equivalent to [|.||57 o The space Las(£2) is reflexive if
and only if M and M satisfy the Ay —condition, for all ¢ or for ¢ large, according to
whether ) has infinite measure or not. We now turn to the Orlicz-Sobolev space.
WAL (Q) (resp. WLEy(Q)) is the space of all functions u such that u and its
distributional derivatives up to order 1 lie in Lp;(Q) (resp. Ep(€)). This is a
Banach space under the norm

lulliace =Y IVl (2.6)

laf<1

Thus WLy (Q) and WEE(Q) can be identified with subspaces of the product
of N 4+ 1 copies of Lys(€2). Denoting this product by IIL/(£2), we will use the
weak topologies o(IIL s, IIE47) and o(ILLys, I1L57). The space Wi Ep(£2) is de-
fined as the (norm) closure of the Schwartz space D(Q) in W' Ey;(£2) and the space
W3 L () as the o(IIL s, ITE;;) closure of D(Q) in WLy (Q). We say that u,
converges to u for the modular convergence in WLy, () if for some A > 0,

/ M(W)du@ 50 forallla|<1.
Q
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This implies convergence for o (I1Ly, IILy7). If M satisfies the Ay —condition on RT
(near infinity only when  has finite measure), then modular convergence coincides
with norm convergence. Let W'L7(Q) (resp. W~1E;;(2)) denote the space of
distributions on € which can be written as sums of derivatives of order < 1 of
functions in Ly7(Q2) (resp. E37(2)). It is a Banach space under the usual quotient
norm.

If the open set € has the segment property, then the space D(f2) is dense in
Wi L () for the modular convergence and for the topology o(IILs, ITL7) (cf.
[24,25]). Consequently, the action of a distribution T in W' L37(€2) on an element
u of Wi Ly () is well defined. It will be denoted by (T',u). For k > 0, we define
the truncation at height k, Ty : R — R by

Ti(s) = min(k, max(s, —k)). (2.7)
The following lemmas can be found in [4].

Lemma 2.1. Let F: R — R be uniformly Lipschitzian, with F(0) = 0. Let M be
an N-function, w € WLy (Q) (resp. WEEp (). Then F(u) € WLy (Q) (resp.
W1LE)\ (). Moreover, if the set D of discontinuity points of F” is finite, then

I(Fou) F’(u)g—; a.e. in{xeD:ulx) gD}
oz; )0 a.e. in{x € Q:u(zr) € D}.

Lemma 2.2. Let F': R — R be uniformly Lipschitzian, with F(0) = 0. I suppose
that the set of discontinuity points of F' is finite. Let M be an N -function, then
the mapping F : WLy (Q) — WLy (Q) is sequentially continuous with respect
to the weak * topology o (1L, TLE ;).

Let Q be a bounded open subset of RV, T' > 0 and set Q = Q2 x (0, 7). Let M be
an N-function. For each o € NV, denote by V9 the distributional derivative on @
of order o with respect to the variable z € RY. The inhomogeneous Orlicz-Sobolev
spaces of order 1 are defined as follows

W Ly(Q)={ue Ly(Q): ViuecLy(Q) V |af <1} and (2.8)
W Ey(Q)={uc Ex(Q): Viue€ Ey(Q) YV |af <1} (2.9)

The latter space is a subspace of the former. Both are Banach spaces under the
norm

lll = > IVullar- (2.10)

la<1

We can easily show that they form a complementary system when () satisfies
the segment property. These spaces are considered as subspaces of the prod-
uct space ITL);(Q) which has (N 4+ 1) copies. We shall also consider the weak
topologies o(IIL s, I1E57) and o (1L, ILg7). if w € WH* Ly (Q) then the func-
tion: ¢t — u(t) = u(.,t) is defined on (0,7") with values in W1Ly(Q). If, further,
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u € WHPEN(Q) then u(.,t) is a WIEy (Q)-valued and is strongly measurable.
Furthermore the following continuous imbedding holds:

WhENn(Q) € L0, T; W EpN ().

The space WH* L/ (Q) is not in general separable, if u € W% L (Q), we can not
conclude that the function u(t) is measurable from (0,7 into WL (Q). How-
ever, the scalar function ¢t — | Vou(t)||ar.q is in L1(0,7T) for all |a] < 1. The space
Wy " Exr(Q) is defined as the (norm) closure in W Ep (Q) of D(Q). We can eas-
ily show as in [25] (see the proof of theorem 3 below) that when  has the segment
property then each element u of the closure of D(Q) with respect to the weak =
topology o(ILL s, I1Eg7) is limit, in WLy (Q); of some sequence (u,) C D(Q)
for the modular convergence i.e. there exists A > 0 such that, for all |a| < 1,

Vou, — Vi
/M(M)dmdtﬁo as n — 0. (2.11)
Q

This implies that (u,) converges tou in W% L(Q) for the weak topology
o(I1L s, 11L57). Consequently,

oML, Ey;)  ——o(IIL s, 1T Lyp)

D(Q) =D(Q) : (2.12)
this space will be denoted by WO1 "L (Q). Furthermore,
Wy Ex(Q) = Wy " Lar(Q) NTIE)y.

Poincaré’s inequality also holds in VVO1 "L (Q) and then there is a constant C' > 0
such that for all u € W, Ly(Q) one has

D IViullawe <C D IViullae, (2.13)

lal<1 Jal=1

thus both sides of the last inequality are equivalent norms on VVO1 TLv(Q). We
have then the following complementary system

Wy Ly (Q) F
(2.14)
W, "En(Q) Fo

F being the dual space of Wol’ZEM(Q). It is also, up to an isomorphism, the
quotient of IIL7; by the polar set WO1 TEym(Q)L, and will be denoted by F =
W% [+(Q) and it is shown that

W L@ = (f= Y. Vifa: fo€ Ly(Q). (2.15)
lal<1

This space will be equipped with the usual quotient norm:

11l =inf Y [l fallizg (2.16)

laf<1
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where the inf is taken over all possible decompositions

F=> Vifa: fa€Ly@Q) (2.17)

jal<1

The space Fj is then given by

Fo={f=> Vifa: fo€ExQ)} (2.18)

lor|<1
and is denoted by Fy = W 1% F(Q).

Remark 2.3. We can easily check, using lemma 2.1, that each uniformly lips-
chitzian mapping F, with F(0) = 0, acts in inhomogeneous Orlics-Sobolev spaces
of order 1: WYLy (Q) and Wol’mLM(Q).

Corollary 2.4. Let M be an N-function. Let (u,) be a sequence of W1 Ly (Q)
such that
wy, — uw weakly in W Ly (Q) for (L, TIE;)
and
ouy,

- = ) !
5 ha + kn, in D'(Q)

with (hy) bounded in W=5% Ly (Q) and (ky,) bounded in the space M(Q) of mea-
sures on Q). Then
Up — u strongly in L, .(Q).

If further w, € Wol’ILM(Q) then u, — u strongly in L'(Q).

Proof: (See [22]) O

3. Basic assumptions, definition of a renormalized solution

Throughout the paper, we assume that the following assumptions hold true: Let
Q) is a bounded open set of RY (N > 2), T > 0 is given and we set Q1 = Qx (0, 7).
Let M and P be two N —functions such that P < Q.

Consider a second order operator A : D(A) C WH* Ly (Q) — W1 L14(Q) in
divergence form

A(u) = — div a(zx, t,u, Vu)

where a : Q x [0,7] x R x RY — R¥ is a Carathéodory function satisfying for
almost every (z,t) € 2 x [0,7] and all s € R, & #n € RV :

la(w, t, 5, )] < b(|s]) (cla, t) + M M(v£]) (3.1)

[a(m,t, $,&) — a(z,t, 5,77)] [E—n>0 (3.2)
a’(xvta S, )5 P QM(|§|) (33)
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where c(z,t) € Egp(Q),c¢ = 0,b : [0,400) — [0,400) a continuous and nonde-
creasing function;n,« > 0 Note that, (3.3) written for £ = e( (e > 0), and the
fact that a is a Carathéodory function, imply that a(z,t,s,0) = 0 for almost every
(r,t) € Q and every s € R. Let g : Q2 x [0,7] x R x RY — R be a Carathéodory
function satisfying for a.e. (x,t) € Q x [0,7] and forall s € R, ¢ € RV :

l9(z,t,s,8)] < d(|s|)(ca(z, ) + M(IE])) (3.4)
glx,t,8,€)s >0 (3.5)

where ca(z,t) € L'(Q) and d : Rt — RT is a continuous and nondecreasing
function. Furthermore let

®:R —RY isa continuous function (3.6)
f is an element of L' (Qr). (3.7)
up is an element of L'(Q). (3.8)

Remark 3.1. As already mentioned in the introduction, problem (1.1) does not
admit a weak solution under assumptions 3.1- 3.7 since the growths of a(x, t, u, Vu)
and ®(u) are not controlled with respect to u (so that these fields are not in general
defined as distributions, even when u belongs to W1 L (Qr).

Throughout this paper (,) means for either the pairing between Wy " L (Q7)N
L>(Qr) and W1 L=(Qr) + L'(Qr) or between WLy (Qr) and
W12 L=(Qr) and Q, = 2 x (0,7) for 7 € [0, T].

The definition of a renormalized solution for problem (1.1) can be stated as
follows.

Definition 3.2. A measurable function u defined on Qr is a renormalized solution
of problem (1.1) if:

we L®0,T; LYQ)) and Ty(u) € Wy" Lar(Qr) for every k> 0, (3.9)

/ a(x,t,u, Vu)Vu — 0 as n — +0o, (3.10)
{(z,t)€ Qr :n <Ju(z,t)[<n+1}

and if, for every function S € W2 (R), which is piecewise C* and such that S’
has a compact support, we have

05 (u)
ot
— div (S'(w)®(u)) + 5" (u)®(u)Vu + g(z,t,u, Vu)S'(u) = f5'(u) € D'(Qr)

— div (" (w)a(z,t,u, Vu)) + 5" (w)a(z, t,u, Vu)Vu (3.11)

Remark 3.3. Fquation (3.11) is formally obtained through pointwise multiplica-
tion of (1.1) by S’(u). However, while a(z,t,u, Vu), ®(u) and g(x,t,u, Vu) does
not in general make sense in 1.1, all the terms in (3.11) have a meaning in D’(Q)
and W= L=(Q1) + L (Q7).

Indeed, if K is such that suppS’ C [—K, K], the following identifications are made
in (3.11):
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o S'(u)a(x,t,u, Vu) identifies with S’(u)a(z,t, TK(u ,VTk(u)) a.e in Qr.
Since indeed Tk (u) < K a.e in Qr. Since S’( ) € L=(Qr) and with (3.1),
(3.9) we obtain that

S'(w)a(z,t, Ti (u), VTx (u)) € (Lyp(Qr))™

o S"(u)a(z,t,u, Vu)Vu identifies with S"(u)a(x,t, Tr(u), VIk(u)) VT (u)
and by the same arguments as above we get

S"(w)a(w,t, Tx (u), VTk (1)) VTk (u) € LY(Qr).

o S'(u)®(u) and S" (u)®(u)Vu respectively identify with S’ (u)®(Tx (u)) and
S"(w)®(Tk (u))VTk (u). Due to the properties of S and ® is a continuous
function, the functions S’,S” and ® o Tk are bounded on R so that (3.9)
implies that S"(u)®(Tx(u)) € (L>®(Q7))N, and S"(u)®(Tk (u))VTk(u) €
(La(Qr))N.

o S'(u)g(z,t,u,Vu) € LY(Qr) by (3.4).
S'(u)f € LNQr) by (3.7).
4. Statements of results
This section is devoted to establish the following existence theorem:

Theorem 4.1. Assume that (3.1)-(3.7) hold true. Then the problem (1.1) admits
at least a renormalized solution.

Proof: The proof of Theorem 4.1 is done in 6 steps.
Step 1: Approximate problem.

For n € N*| let us define the following approximation of a, g, ® and f:

g(x7 t"S) )
1+ *|g(x,t,s,€)|

gn(x,t,8,&) = (4.1)

an(xvtasa ) :an(x,t,Tn(S),é) a.e in QT}VS Gvaé. GRN’ (42)
®,, is a Lipschitz continuous bounded function from R into R, (4.3)

such that ®,, uniformly converges to ® on any compact subest of R as n — +o0.

o € C3°(Q) : Juonll i) < lluollz1(q) and uon, — up in L'(€2) as n tends to +oc.
(4.4)

fn € CgO(QT)/fn%f in Ll(QT) as n tends to + oo and ||anL1(QT) < ||f||L1(QT)'
(4:5)
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Let us now consider the approximate problem:

uy,
% — div(an(:c,t,un,Vun) + @n(un)) + gn (2, t,Uun, Vuy,) = fr, in Q x (0,7T),
Uup, =0 on 092 x (0,7),
Un(x,0) = ugp(x) in Q.
(4.6)
Note that g, (z, ¢, u,, Vu,) satisfies the following conditions
| gn(‘ra ta S, §)| S g(:z:, ta S, 6) and | gn(ma ta S, §)| S n. (47)

Since g, is bounded for any fixed n, as a consequence, proving of a weak solution
Un € Wy " Lpr(Qr) of (4.6) is an easy task (see e.g. [21,27] ).

Step 2: A priori estimates.

The estimates derived in this step rely on usual techniques for problems of the
type (4.6).

Proposition 4.2. Assume that (3.1)-(3.7) are satisfied, and let u, be a solution
of the approzimate problem (4.6). Then for all £, n > 0, we have

) 1Tt s @ry < A1 2@ + Oy + luollaey) = CF,

i) , lim (meas{(z,t) € Qr : |uy| > €}) = 0 uniformly with respect to n
— o0

iii) gn(@, t,up, Vuy) < Cy
Qr

where Cy is a positive constant not depending on n.

Proof: We take Ti(un)x(o,-) as test function in (4.6), we get for every 7 € (0,7)

Oup
<%,Tg(un)){(o7.’_)>+/<? an (2, t, To(uy), VTo(un))VTe(uy)da dt

-

+ / q)n(un)VTZ (un)d‘r dt + / gn(xa L, Un, vun)Té(un)d‘r dt (48)

= j fnTl(un)d:C dta

-

which implies that

/fg(un(T))dq}—i—/ an (2, t, To(un), VTy(un))VTe(uy)da dt
Q

-

—|—/ D, () VT (uy)da dt (4.9)

:f fnTg(un)d:Edt—/ gn(x,t,un,Vun)Tg(un)d:Edt—|—/fg(uon)dx

Qr - Q
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where

~ s R if |s| < ¢
Tos)= | Tuwydt=1 2 HIs= 5
Z(S) /O é( ) { €|S| 2 if |S| >0,

The Lipshitz character of ®,,, Stokes formula together with the boundary con-
dition u, = 0 on (0,7) x 2, make it possible to obtain

/ D, (un) VT (uy)dedt = 0. (4.10)

-

Due to the definition of Ty and (4.4) we have
0< / To(uon)dz ge/ tonldz < €lluoll o). (4.11)
Q Q

Consider now for 6, e > 0 a function g € C*'(R) such that

e |0 if |s| <6,
25(s) = { sign(s) if [s|>0+¢€ (4.12)

and
(09)'(s) >0 VseR,

then, by using 0§ (u,) as a test function in (4.6) and following [28], we can see that

/ |gn (@, T, U, Vuy,)|de dt §/ | fr|dx dtJr/ |won |da dt (4.13)
{lun|>6} {lun|>0} {lun|>0}

and so by letting # — 0 and using Fatou’s lemma, we deduce that g, (x,t, u,, Vu,)
is a bounded sequence in L'(Qr), then we obtain iii). By using (4.5), (4.10), (4.11)
and iii), permit to deduce from (4.9) that

/Q Ty (un (7)) + / (£, Ty (1), VT (1) )V T ) it

-

:/ fnTg(un)d:Edt—/ gn(x,t,un,Vun)Tg(un)dxdt—i—/fg(uon)dx
Q; Q. Q

< |/ o To(up)dx dt] + |/ In (@, t, U, Vg ) T (un ) da dt| + £|uol| L1 (q)
Q- Q-
< £||fn||L1(Q,-) + Ecg + EHUOHLI(Q)

< (Ifllzr@r) + Cg + lluollz1(a))€
Col,

IA

(4.14)
where here and below C; denote positive constants not depending on n and /. By
using (4.14) and the fact that Ty(u,) > 0, permit to deduce that

/ an (2, t, To(un), VIT(un))VT(uy)da dt < Col, (4.15)
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which implies by virtue of (3.3) that

M(VTy(uy))dzdt < CyL. (4.16)
Qr

We deduce from that above inequality (4.14) that

/ To(un(7))dz < Col,  for almost any 7 in (0, 7). (4.17)
Q

On the other hand, thanks to Lemma 5.7 of [25], there exists two positive
constants d, A such that

M@)dedt <6 [ M\Vo|)dzdt forallv e W) La(Qr).  (4.18)

Qr Qr

To(un,

Taking v = — (A“ ) in (4.18) and using (4.16), one has
To(un
/ M ( é(; ))dxdt < Cit, (4.19)
T
which implies that
Col

meas{(z,t) € Qr : |un| > £} <

7 (4.20)
M(5)
so that
ZEIJPOO (meas{(x,t) € Qr : |un| > €}) =0  uniformly with respect to n, (4.21)
|
Which completes the proof. We prove the following proposition:

Proposition 4.3. Let u,, be a solution of the approximate problem (4.6), then we
have the following properties:

Up — U a. e in Qr, (4.22)
an (2, t, To(un), VTi(uy)) — @, weakly in (Ly7(Qr))YN for o(IL57, TIEN) (4.23)
for some ¢, € (Ly7(Q1))".
Proof: We have from (4.19) that Ty(u,) is bounded in Wy*La(Qr) for every
¢ > 0. Consider now a nondecreasing function (,(s) = s for |s| < B and (,(s) =
¢ sign (s). Multiplying the approximating equation by (,(u,), we obtain

W = diV(an(l', t, Unp, Vun)CZ(Un» - an(l', t, Un, Vun>CZ(un)Vun (

, . 4.24)
+d1v(<2(un)¢n(un)) - gn(z, L, Unp, vun)(e(“n) + fnce(un)v
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in the sense of distributions. This implies, thanks to (4.19) and the fact that C/e has
compact support, that ¢,(uy) is bounded in WO1 "L (Qr) while its time derivative

w is bounded in Wy " L (Qr) + L*(Q7), hence Corolloray 2.4 allows us to
conclude that (,(u,) is compact in L'(Qr). Due to the choice of ¢,, we conclude
that for each ¢, the sequence Ty(uy) converges almost everywhere in Qr, which
implies that wu, converges almost everywhere to some measurable function u in
Q1 . Therfore, following [7,8,10,11,28], we can see that there exists a measurable
function u € L>(0,7T; L*(Q)) such that for every £ > 0 and a subsequence, not
relabeled,

Uy, — u  a. e. in Qr,

and
To(upn) = Te(u) weakly in WOI’ZLM(QT) for o(I1L s, N ER;), (4.25)

strongly in L'(Q7) and a. e. in Q7.

We prove that an(z,t, Ty (un), VIr(uy,)) is bounded sequence in Ly;(Q1). Let ¢ €
(Exm(Qr))N with |||l a0 = 1. In view of the monotonicity of a one easily has,

/ [an (2, t, Typ(un), VIe(un))—an (@, t, Te(un), ©)| [V (un)—@]dz dt >0, (4.26)
which gives

/ an(:n,t,Tg(un),VTg(un))godxdtS/ an (2, t, To(tn), VT(un))VTe(uy)de dt

+/ an (2, t, To(un), @) [VTg(un) - <p] dx dt,

(4.27)
and

—/ an(x,t,Tg(un),VTg(un))god:Edt§/ an (2, t, To(tn), VTo(un))VTe(uy)dz dt

T T

—/ an (2, t, To(un), —p) [VTg(un) + <p] dx dt.

T

(4.28)
On the other hand, using (3.1), we see that
T mn 5t7T njs T
M<'“ (@ Qb&()“ ) 9””) < M(cle, £)) + M(vlgl). (4.29)

Then, by (4.15) and (4.29) we get that a,(z,t, T;(un), ¢) is bounded in (L37(Q7))",
implying that, since Ty(uy,) is bounded in Wy " Ly (Qr)

‘ / (s, Ty (), ) [V e () — @l dt| < Ci. (4.30)
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And so, by using the dual norm of (L37(Q7))" we conclude that
an(z,t, Ty(uy), VTo(uy)) is a bounded sequence in (L37(Qr))Y, and we obtain
(4.23). 0

Lemma 4.4. Let u, be a solution of the approximate problem (4.6). Then

lim lim an (2, t, Up, Vun)Vu, dedt = 0. (4.31)

Proof: Considering the following function ¢ = T (un — T (uy)) as test function
in (4.6) we obtain,

(73~ Tt + | (ot V) Vot i

{m<|un|<m+1}

+ / div| /O " BT (r — Ty (r)dr] durdt = /Q FuT1 (tn — Ty () )z dt

—/ In (X, t, Up, Vg )Ty (U — Ty (uy))de dt.
Qr
(4.32)

Using the fact that / O(r)T, (r — Ty (r))dr € W " L (Qr) and Stokes formula,
0

we get

/U,T(un(T))dan/ an (T, t, Up,, Vun)Vu, do dt

g/ Tt (t — T (1))t +/ (g (2 £, Vi) T (i — T (1)) |z

Qr

+ / U™ (2, won )d < / (1l + 190 (st i, V) )T (1 — Ton (1)) |z
Q T

+ / UM (o )da,
Q

(4.33)
where U] (r) %Tl (s — Tin(s))ds. In order to pass to the limit as n tends

0
to o0 in (4.33), we us U (u,(T')) > 0, 4ii) and (4.5) we obtain that,

lim an (2, t, Up, V) Vugde dt
n——+oo {m<|up|<m+1} (434)

< (|f|+C’g)d:cdt+/ |ug|dex.
{lu|>m} {luo|>m}

Finally by (3.7), (3.8) and (4.34) we obtain (4.31). O

Step 3: Almost everywhere convergence of the gradients.

Fix £ > 0 and let ¢(r) = Texp‘w,c? > 0. It is well known that when § > (M)2

2a
one has

for all » € R. (4.35)

, 1
<P(7“)—7|90(7“)|Z§
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Proposition 4.5. Let u, be a solution of the approximate problem (4.6). Then,
forany £ >0
VTy(un) — VTi(u) a. e. in Qr, (4.36)

an (2, t, To(un), VTe(upn)) = alx,t,To(u), VITy(u))  weakly in (LM(QT))N, (4.37)
M(IVTi(un)l) = M(VTy(w)])  strongly in LM(Qr), (4.38)
as n tends to +00.
Let use give the following lemma which will be needed later:

Lemma 4.6. Assume that (3.1)-(3.7) are satisfied, and let z, be a sequence in
Wy " Lar(Qr) such that,

=z in W La(Qr) for o(TLa(Qr), PiBgr(Qr)), (4.39)
(an(x,t, 20, Vzn))n is bounded in (Lzp(Q7)))Y, (4.40)

/ [an(z,t, 20, V2n) — an(@,t, 20, Vax,)| [Vzn — Vax,|dzdt — 0, (4.41)

T

as n and s tend to +00, and where x4 is the characteristic function of

Qs = {(z,1) € Qr; |Vz] < s},

Then
Vz, — Vz a. e. in Qr, (4.42)
lim an(x,t,zn,Vzn)Vzndxdt:/ a(x,t,z,Vz)Vzde dt, (4.43)
n—-+o0o Qr Qr
M(|Vz,|) — M(|Vz]) in LY (Qr). (4.44)
Proof: See [23]. O

Proof: (Proposition 4.5).The proof is almost identical of the one given in, e.g.
[23]. where the result is established for the growth of a(x,t,u, Du) is controlled
with respect to uw. This proof is devoted to introduce for ¢ > 0 fixed, a time
regularization of the function Ty(u), this notion, introduced by R. Landes (see
Lemma 6 and Proposition 3, p. 230 and Proposition 4, p. 231 in [27]). More
recently, it has been exploited in [13] and [18] to solve a few nonlinear evolution
problems with L! or measure data.

Let v, € D(Qr) be a sequence such that v, — u in Wy Ly(Qr) for the
modular convergence and let ¢, be a sequence which converges strongly to ug in
LY(Q).

Let w? = Ty(v,)p+exp™ Pt Ty(1p,) where Ty(v,) 5 is the mollification with respect
to time of Ty (v,), note that wf , is a smooth function having the following properties:

8wf’ P
ot

= B(Te(v;) =), w),(0) = Te(w,),  |wi,| <4, (4.45)
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W) = Ty(u)s + exp~ P Ty(,) in Wy " Las(Qr), (4.46)
for the modular convergence as 7 — oo,
To(u)g + exp P Ty(1,) — To(u) in Wy " Lar(Qr), (4.47)

for the modular convergence as 1 — oco. Let now the function p,,, defined on R with
m > { by:

1 if |r| <m,
P (1) =< m+1—r| ifm<|rl<m+1,
0 if [r] >m+1.
Let 07" = Ty(un) — w?, and @fm = o(077)p,, (un).
Using the adm1551ble test function (? ', as test function in (4.6) leads to
au" B,m B 1(nB,n
<W? (pz,’g,n> + an (:Ea ta Un, V’U/n)(VTg(Un) - vwz,g)(p (GZ,J )pm(u")d‘r dt
T
+ an(x,t un,Vun)Vun@(Oﬁf)p;n(un)dx dt
Qr
+f D (1) Vit (1) 0 (07 v

m<|up|<m+1}
+/ Dy (Un) Py () (VT () — wa,])ga’(@f”]")dz dt

+/Q gn(x un,Vun)cp”ndzdt

= j fn%yf}ldx dt.
Qr
(4.48)

Which implies, since gy, (2, t, tn, Vi )o(Te(tn) — wF )y, (un) = 0 on {Ju,| > £} :

ouy, m n
<Wa ‘Pf’gn> +/Q an (T, Un, Vun ) (VT (un) — wag)so'wf} )P () d i
+ n (2, b, Uny Viin) V(00 ol (wn ) dz dt

Qr
+f D (1) Vit (1) 0 07 v

m<|up|<m+1}
+/ Dy (Un) o (un) (VT () — V' ) (007 )da dt
+/Q gn (2, t, Up, Vg )o(Te(un) —wﬁ )P (un)dzx dt

un | <0}

|
i
T
(4.49)
Denoting by €(z, 3, 8, n) any quantity such that,
lim lim lim lim €(z,,58,n) =0.

2—00 J—00 B—00 M—00



72 A. BENKIRANE, Y. EL HADFI, M. EL. MOUMNI

The very definition of the sequence wﬁ , makes it possible to establish the fol-
lowing lemma.

Lemma 4.7. Let @Eﬁl = p(Te(un) — ng)pm(un), we have for any ¢ >0 :

Ou, m
<W7@zﬁ,b,n> > 6(25‘7757”)5 (450)

where (,) denotes the duality pairing between L' (Qr)+W =% Ly7(Qr) and L>=(Qr)
ﬂng’ILM(QT))-
Proof: See ([22]). O

Now, we turn to complete the proof of Proposition 4.5. First, it is easy to see
that

Fuplyh = €(3,8,m) (4.51)

Indeed, by the almost everywhere convergence of u,, we have that ¢(Tp(u,) —
ng)pm(un) converges to o(Ty(u) — ng)pm(u) weakly * in L>(Qr) and then

lim frp(Te(uy) — wfj)pm (up)dx dt = fo(Ty(u) — wfj)pm(u)dx dt,

= JQr Qr
so that
Q(To(u)—w) ) pou) = @(Te(u)=Tp(u) g—exp™ " Ty(1),))p,, (u) weakly * in L>(Qr)
as ) — oo, also

o(To(u) — Ty(u)g — exp P Tp(1,)) pyn(u) — 0 weakly * in L>®(Qr) as f — oo.
(4.52)
Then we deduce that

/Q Frp(To(tun) — 0 ) po () dt = (3, B, ). (4.53)

Similarly, Lebesgue’s convergence theorem shows that
B, (1n) pp (un) — ®(u)p,, (u) strongly in (Fr(Qr)Y) as n — +oo
and
@1 (Un)X < fun | <mr 1y (Te(un) = wi)) = PUX (mejuj<my? (Le(u) — wl))

strongly in (E37(Qr)") as n — +oc. Then by virtue of VTy(u,) — VT (u) weakly

in (Lar(Qr)™ and VunX m<iu,<m+1y = Vn41(Un) X m<u, |<m+1y 8- € 0 Qr,
one has

| 0o ) (V) = Vel )¢ (Teln) )

5 / B(w)py (1) (VT2 (0) — Vol ) (Te(u) — P, )
QT
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as n — +o0o, and

/ o, (un)Vunga(Tg(un)—w ,)dx dt
{m<|uy|<m+1}

— / D (u)Vup(Te(u) —wf,])dx dt
m<|u|<m+1}

as n — —+00. On the other hand, by using the modular convergence of wﬂ as
7 — 400 and letting 8 tend to infinity, we get

/ 1 () Py (1) (VTe(un) — V) )@ (To(un) — W) dwdt = (3, 8.n)  (4.54)
T
and
/ D, (un) Vuro(Ty(uy) — wfj)dx dt = €(3,8,n). (4.55)
{m<|uy | <m+1}
Concerning the third term of the right hand side of (4.48) we obtain that

‘/ an (2, b, Uy V) o(To(uy) — WP )V py,, (w)da dt‘
. (4.56)
< ©(2¢) an (z,t, Up, V) Vuyde dt.

{m<|up|<m+1}

Then by (4.31) we deduce that,
‘/ an (2, t, Up, V) o(Te(up) — w; )Vunpm(un)d:cdt‘ <e(n,B,m). (4.57)
T
We now turn to the fourth term of the left hand side of (4.49). We can write

‘ / gn(xv t, Un, vun)@(Tl(un) - ng)pm(un)dz dt‘
{lun|<t}

< d(t) / () (Te(un) — P )| d dt

Qr

+M/ an(l',t,Tg(’un),VT@(Un))VTg(’U,n)(Tg(Un)—UJZBJ)

(03

QT
X Py () [ (Te () — wf )| d dt.

(4.58)

Since co(x,t) € LY (Qr) it is easy to see that

d@/‘@@wmn@@—QMMﬁ:qm@ﬁ
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On the other hand, the second term of the right hand side of (4.58) reads as

) /Q an (2,1, Ty(un ), VT (1)) VTt (T () = w7y ()
=20 | [an(x,t, To(un), VTo(un)) — an(@,t, T(un), VIe(0,)X5)]

< VT () — VT (0,)xE] [o(To(un) — wf )| da dt

FI [, Tala). Vo))V Tetn) — VT,

X[ (To () — wf )| dar dt

Jr@/ an(x,t,Te(un),VTg(un))VTg(vj)xﬂcp(Tg(un)fwf’])|dzdt,
Qr

(4.59)

where X denotes the characteristic function of the subset
QL ={(z,t) € Qr : |VTy(v,)| < s} for s > 0.

And, as above, by letting first n then j, 8 and finally s go to infinity, we can easily
see that each one of last two integrals is of the form e(n, 3, 7). This implies that

| gn (st V) @(Te(un) = W)y (un)da dt|
{lunlgé}

< 40 / (@, Te(tn), VTo(tn)) — an (2,8, Te(un), VTu(o)xs)] (460

~ " Jor

X [VTo(un) = VTi(v) X5 (Te(un) — w?))da dt + e(n, B, ).
Splitting the first integral on the left hand side of (4.57) where |u,| < £ and |u,| > ¢,
we can write,

/ an (2, t, Up, V) (VTe(un) — waj)gp/(Tg(un) - wfj)pm(un)d:c dt

T

= / an (2, t, Up, Vup)(VTe(uy) — VCUEJ)SQ/(TE(Un) — wfj)pm(un)dz dt
{lun| <t}

— o) an (T, t, U, Vun)VwEJgo'(Tg(un) — wfj)pm(un)dx dt.
' (4.61)
where we have used the fact that, since m > ¢,p, (u,) = 1 on |u,| < £. Since

P () = 0 if |u,| > m 4+ 1, one has

/ an (T, t, Up, V) (VTe(uy) — ngj)cp’(Tg(un) - wfj)pm(un)dz dt
T

= / an(,t, To(un), VIT(un)) (VT (uy) — waj)w’(Tg(un) — ng)dx dt
T
— an(,t, Tyt (un), VTerl(un))VwEJga'(Tg(un) - wfj)pm(un)dx dt.
{lun|>0}
=0+ I
(4.62)
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By letting n — +o0
b= [ o Vel (i) - oo w)dede + e(n)
{lul>2}
which implies that, by letting y — +o0

L=— /{ oy Pt [T e )
ul>
% (Ty(u) — To(uw)g — exp VIu(16,))pyn (w)d: dt + €(n, )

so that, by letting 5 — 400

L= / st VI (W)X (puiey + (1 7, 5) (4.63)

T

Using now the term I; of (4.62), we conclude that, it is easy to show that,

/ an(x,t, To(up), VTe(un)) (VT (uy) — wa,])cp’(Tg(un) — wzﬁ,])dx dt

= /Q [an (2, t, Te(un), VI (un)) — an(z,t, To(un), VIg(v))x3)]

X [VTy(un) — VTi(0,)x5)] @' (Te(un) — wzﬁ,])dx dt

+/Q an(z,t, Ty(un), VIe(v,)X5) [VTy(un) — VT@(’U])Xjﬂ O (Ty(up) — wf,])dx dt
+/Q an(z,t, Ty(un), VI (un))VTo(v))x; 0 (To(un) — wlﬂd)dm dt

— / an(2,t, To(un), VI (un))Vw? ¢ (Ty(un) — w?))dz dt

Qr
=J1+Jo+ J3+ Jy,
(4.64)
As before, in the following we pass to the limit in (4.64): first we let n tends to
~+00, then 7 then S then m tends tends to +oo. Starting with .J5, observe first that

Jo = / an(x,t, To(un), VTi(0)x5)V Te(tn) ' (Te(tn) — wfj)dx dt
T

- / an(x,t, Te(un), VT@(UJ)X;)VTZ(UJ)XjSDI(Té(Un) - WzB,J)dx dt.
Qr

Since an (x,t, Te(un), VIe(0,)x5) = alz, t, Ty(u),VTy(vy)x}) strongly in (Ey(Qr))™
and VTy(uy,)

— VT (u) weakly in (Lp(Qr))" for o(ILLas, ILES7). Moreover, it is easy to show
that

[ ant ). VI VTG (Taln) — )
— a(z, t, Tp(w), VTo(v)X3)VTe(v)X 3¢ (Te(u) — w?))da dt
Qr
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as n tends to +00. We get

ng/ a(m,t,Tg(u),VT@(UJ)Xj)[VTg(u)—VTg(UJ)X]S)]@’(Tg(u)—ng)dxdt—l—e(n),

T

denoting by x° the characteristic function of the subset
Qs = {(z,t) € Qr : [VTy(u)| < s} for s > 0.

Since VTi(v,)x; — VTy(u)x® strongly in (Erp(Qr))YN as 3 — 400 and
a(z,t, Ty(u), VIy(v))x;) — a(x,t,Te(uw), VTe(u)x®) strongly in (L37(Q7))N as g
goes to +00, we have

Jo =€(n, ). (4.65)

By letting n — 400 and since a(z, t, Ty(un), VI¢(uy)) — ¢, weakly in (L77(Qr))™
we have

Js = / (,OZVTz(’UJ)chpl(TZ(U) — wfj)dz dt + €(n),
T

which gives by letting 7 — 400 and since v, — Ty(u) in Wy'*Lar(Qr) for the
modular convergence, we have

Js = / eV To(u)x*¢ (Ty(u) — To(u)s + exp™ PP Ty(1,))dw dt + €(n, 7), (4.66)

T

implying that, by letting 8 — 400, J3 = fQT 0, VT (u)x*dx dt+€(n, 3, 5), and thus

J3 = / 0, VT (u)dx dt + e(n, 3, 5, 8). (4.67)
T
Concerning J; we can write

Jy = —/ an(x,t,Tg(un),VTg(un))Vijap’(Tg(un) — wfj)dx dt
{lunlgé}

—— @Zwa,]ga’(Tg(u) — Ty(u)pdx dt + €(n),
{lul<e}

which implies that, by letting 7 — +o0,
Jy = / 0e[VTi(u)p — exp™? VT (4,)]
T

x @' (To(u) = Te(u)s — exp™ Ty(1,))X u <oy da dt + e(n, ).

By letting 8 — 400 we obtain

T
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In view of (4.62), (4.63), (4.64), (4.65), (4.67) and (4.68), we conclude then that

/ an (@, t, U, V) [VT(un) — Vol 1@ (To(un) — w? ) py, (un)da dt

T

= /Q lan (@, t, Ty(un), VTe(un)) — an (@, t, Ty(un), VT@(UJ)Xj)] (4.69)
X [V%@(un) — VTZ(’UJ)X]S)] O (Ty(uy) — wlﬂd)dz dt + €(n, 3, 8, s).

Combining (4.49), (4.50), (4.51),(4.57), (4.60) and (4.69) we obtain

/ [an(z, t,Ti(un), VTi(up)) — an(z, t, Tp(uy,), VTZ(’UJ)X]S)]

X [VTo(un) = VTo(0)x3] [¢ (Telun) — wf) = 2 o(To(un) — wf )] da dt
S E(TL, Ba]a 1,8, m)

and so, thanks to (4.35)
/ [an(xa t, Tﬂ(un)a VTZ(un)) - an(:E, L, Tf(un)a VTZ(’U])X;”
Qr

X [VTg(un) — VTg(vj)xﬂ dx dt < €(n,B,7,1,8,m)

Now observe that

/ [an(:zz, t, To(un), VT (un)) — an (2, t, To(uy), VTg(u)XS)]

X%TVTg (un) = VTp(w)X*] ppy (tin)da di

= /QT [an(x,t,Tg(un),VTg(un)) — an(:n,t,Tg(un),VTg(UJ)Xj)]

X [VTo(un) = VTp(0,)X5] Py () da dt

b [ ot Do), VTG [V Td) = VT(0)6)] oy )

Qr
- ; an(z,t, Ty(un), VT (w)X®) [V T (un) — VTo(w)X®] pry (un ) da dt
+/Q an (2, t, To(un), VIg(un)) [VTe(0,)X5 = VTe(w)X®] pyn (1n)dez dt.

Passing to the limit in n and 7 in the last three terms on the right-hand side of the
last equality, we get

/ an (@, t, Ty(un), VIp(0,)X3) [VTe(un) = VTe(0;)X5 ] oy () da dt

T

—/Q an (@, t, Typ(un), VTi(w)X®) [V (un) — VT (w)X®] pry (un)dz dt = €(n, 3)

and
/ an (@, t, Ty(un), VI(un)) [VTe(v))X; — VTe(w)X*] pry (un)da dt = €(n, ).
! (4.70)
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This implies that

/ lan (@, t, Ty(un), VT (un)) — an(z, t, Ty(un), VIp(u)x®)]
xﬁTVTg(un) — VTy(w)X*] pyy (tin)d di

= /QT lan (@, t, Ty(un), VT (un)) — an(ZE,t,Tg(un),VT@(’UJ)X;)}
X [VTe(un) = VTe(0;)X5)] o (tn)d dt + €(n, ).

On the other hand, we have

[ Lot Tetwn), 9T0) = an 8, Tofun), VT
’ X [V Ty () — VTy(w)x*] da it
— [l Talua). V) = an a8, o), VI
’ X [VTy(un) — VTo(w)X*] oy (un)de dt
+/ an (@, 6, Ty(un), VTi(un)) [VTyp(un) — VTo(u)X*] (1 = pp, (un))da dt

—/ an (@, t, Ty(un), VIe(u)X®) [VTe(un) — VT(u)x*] (1 = p,, (un))da dt.

Qr
(4.71)
Since p,, (un) = 1 in {Juy| < m} and {|u,| < €} C {|un| < m} for m large enough,
we deduce from (4.71) that

[ Lot Tetun), 9T0) = an it Tofun), VT
’ X [V Ty () — VTy(w)x*] da it
_ / [an (2,8, To(ttn), Ve (tin)) — an (2, t, Te(tun), VTe(u)x")]
’ X [VTy(un) — VTo(w)X*] oy (un)da dt
+/ an(,t, Te(uy), VTe(u)X*)VTe(w)x*(1 — p,, (uy))dx dt.
{lun|>}

It is easy to see that the last terms of the last equality tend to zero as n — +o0,
which implies that

/ [an(:c, t,To(up), VT(up)) — an(z,t, Tp(uy,), VT@(U)XS)}
’ x [VTy(un) — VTy(u)x®]da dt
= / la(z,t, Ty(u), VTy(u) — a(w,t, Te(uw), VT (u)x®)]

QTX [VTy(u) — VTo(u)x*®] py (un)da dt + €(n, 3)
Se(TL?],/B,m,S)'

(4.72)
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To pass to the limit in (4.72) as n, 3, m, s tend to infinity, we obtain

li li T T — T T s
5—}&100 n—l>r—|{loo Or [an(x,t, é(un)av Z(un)) an((E,t, Z(un);v @(U)X )}
X [VTy(un) — VTy(u)x*]da dt = 0.

(4.73)
This implies by the lemma 4.6, the desired statement and hence the proof of Propo-
sition 4.5 is achieved. O

Remark 4.8. Observe that for every o > 0,

meas{(z,t) € Qr : |Vu, — Vu| > o} < meas{(z,t) € Qr : |Vuy| > (}
+meas{(z,t) € Qr : |Vu| > £} + meas{(z,t) € Qr : |VIi(uyn) — VI (u)| > o},

then as a consequence of (4.36), it follows that Vu, converges to Vu in measure
and therefore, always reasoning for a subsequence,

Vu,, — Vu a. e. in Qr. (4.74)

Step 4: Equi-integrability of the nonlinearitie g, (x,t, u,, Vu,).

We shall now prove that g, (z,t,u,, Vu,) — g(z,t,u, Vu) strongly in L*(Qr)
by using Vitali’s theorem. Since g, (z,t, u,, Vu,) — g(x,t,u, Vu) ae. in Qr,
thanks to (4.22) and (4.74), it suffices to prove that g, (x,t, u,, Vu,) are uniformly
equi-integrable in Q7. Let E C Q1 be a measurable subset of Q7. We have for any
m>0:

/ |gn (2, t, U, Vuy,)|de dt = / lgn (2, T, 1, Vuy, )| dx dt
E En{un<m}

En{un>m}
< dm) an (@, t, Tin(un), VI (un)) VI (un)de dt + d(m) / co(, t)dw dt

- JE E
Jr/ |fn|dzdt+/ |won |dx dt,
E {uon>m}

where we have used (3.4) and (4.13). Therefore, it is easy to see that there exists
0 > 0 such that

|E|<5é/|gn(z,t,un,Vun)|d:cdt§e, Vn € N
E

which shows that g, (x,t, u,, Vu,) are uniformly equi-integrable in @ as required.

Step 5:

In this step we prove that u satisfies (3.9).
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Lemma 4.9. The limit u of the approzimate solution u, of (4.6) satisfies

lim a(z, t,u, Vu)dz dt = 0. (4.75)

M Ee S m<|u|<m+1}

Proof: Observe that for any fixed m > 0 one has

/ an(z,t, up, Vg, )V, de dt
{m<|un|<m+1}

= / an (2, t, Uy, Vun)(VTmH(un) — VTm(un)) dx dt

Qr (4.76)
= / an (2, t, Trnp1 (n)y Vi1 (un)) Vg1 (uy) da dt

Qr

Qr

According to (4.43) (with z,, = Ty, (un) or 2, = Tit1(uy), one is at liberty to pass
to the limit as n tends to +oo for fixed m > 0 and to obtain

lim an (2, t, Up, Vuy)Vugde dt
o0 S {m<un | <m+1}
:/ a(x,t, Tmt1(w), Vi1 (w) VTt (uw) do dt
Qr (4.77)
— / a(x,t, T (u), VI (u) VT, (u) de dt

T
= j a(z, t,u, Vu)Vu dz dt.
{m<Jul<m+1}
Taking the limit as m tends to +o0 in (4.77) and using the estimate (4.31) it possible
to conclude that (4.76) holds true and the proof of Lemma 4.9 is complete. ]
Step 6:

In this step, u is shown to satisfies (3.11) . Let S be a function in W?2>°(R)
such that S’ has a compact support. Let K be a positive real number such that
suppS’ C [-K, K|. Pointwise multiplication of the approximate equation (4.6) by
S’ (uy) leads to

M - diV(Sl(un)an (:L', T, Un, Vun)) + S//(un)an(xv t, Un, vun)vun
—div (S (tn) P (un)) + 5" () P (tn) Vi + gn (@, t, Un, Vun ) S (un) = f5 (un).
(4.78)
It what follows we pass to the limit as n tends to +o00 in each term of (4.78).

» Since S’ is bounded, and S(u,) converges to S(u) a.e. in Qr and in L>®(Qr)

weak *. Then % converges to %(tu) in D'(Qr) as n tends to oo
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» Since suppS C [- K, K], we have

S (un)an (z,t, un, Vuy) = S (un)an (2, t, Tk (un), VIk (uy)) a. e. in Qr.

The pointwise convergence of u,, to u as n tends to +oo, the bounded char-
acter of S, (4.22) and (4.37) of Proposition 4.5 imply that

S (un)an (@, t, T (un), VI (ur)) = S'(w)a(z, t, Tk (u), VTk (1)) weakly in
(Ls7(Q7))N, for o(I1L57, IIEy) as n tends to +oo, because S(u) = 0 for [u| >

K a. e. in Qr. And the term S’ (u)a(z, t, Tk (u), VT'k (u))=S"(v)a(x, t,u, Vu)
a. e. in Qr.

» Since suppS’ C [—K, K], we have
S (wn)an (T, t,un), Vg ) Vg, = 8" (un)an (@, t, Tk (un), VI (un)) VT (un)

a. e. in Q7. The pointwise convergence of S”(u,) to S”(u) as n tends to
+00, the bounded character of S”, (4.22), (4.37) and (4.37) imply that

S (un)an (2, t, Up, Vg )V, — S (w)a(x, t, Tk (u), VI (u))VTk (u) weakly in
LY(Qr), as n tends to +o00. And
S"(w)a(z,t, Tk (u), VI (u))VTk(u) = 8" (u)a(z,t,u,V)Vu a. e. in Qr.
» Since suppS’ C [-K, K], we have
S (1) B (1) = S (1) O (Tic (1n)) . €. in Q.
As a consequence of (3.6), (4.3) and (4.22), it follows that:
5 (1) (10) > S (1)®(Tic () strongly in (Ens(@r))",
as n tends to +00. The term S’(u)®(Tk (u)) is denoted by S'(u)®(u).
» Since S € WH>(R) with suppS’ C [~ K, K|, we have
S (1) B (1) Vi, = B (T (1)) V'S (1) 2. . in Qr,

we have, V.S”(u,,) converges to V.S”(u) weakly in (L (Q7))N as n tends to
+00, while ®,,(Tk (uy,)) is uniformly bounded with respect to n and converges
a. e. in Qp to ®(Tk(u)) as n tends to +oo. Therefore

S" ()P () Vi, — ®(Tk (u))VS" (u) weakly in Ly (Qr)-

» Due to (4.5) and (4.22), we have f,S'(u,) converges to fS’(u) strongly in
LY(Qr), as n tends to +oo.
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» Due to (4.22) and the fact that g,(z,t, un, Vu,) — g(x,t,u, Vu) strongly in
LY(Qr), we have g,5(u,) converges to gS’(u) strongly in L(Qr), as n
tends to +oo.

As a consequence of the above convergence result, we are in a position to pass to
the limit as n tends to +o00 in equation (4.78) and to conclude that u satisfies (3.11).
Remark that, S” has a compact support, we have S(u,,) is bounded in L*(Qr). by
(4.78) and the above considerations on the behavior of the terms of this equation
show that % is bounded in L' (Q7)+W 1" L/(Q7). a consequence, an Aubin’s
type Lemma (see e.g., [30], Corollary 4) (see also [23]) implies that S(uy)(t = 0)
lies in a compact set of C°([0,T]; L*(Q)). It follows that, S(u,)(t = 0) converges
to S(u)(t = 0) strongly in L'(2). Due to (4.4), we conclude that S(u,)(t = 0) =
S(un(x,0)) converges to S(u)(t = 0) strongly in L*(€2). Then we conclude that
S(u)(t =0) = S(up) in .

As a conclusion of step 1 to step 6, the proof of theorem 4.1 is complete. O
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