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Properties at potential blow-up times for the incompressible
Navier-Stokes equations

Jens Lorenz and Paulo R. Zingano

ABSTRACT: In this paper we consider the Cauchy problem for the 3D Navier—Stokes
equations for incompressible flows. The initial data are assumed to be smooth and
rapidly decaying at infinity. A famous open problem is whether classical solutions
can develop singularities in finite time. Assuming the maximal interval of exis-
tence to be finite, we give a unified discussion of various known solution properties
as time approaches the blow-up time.
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1. Introduction

In this paper we consider the Cauchy problem for the 3D Navier—Stokes equa-
tions,

us +u-Vu+Vp=~Au, V-u=0, u(z,0)=f(x) for zecR> (1.1)

2000 Mathematics Subject Classification: 35G20, 35Q30, 76D03, 76D05.

Typeset by Bsg&style.
127 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v35i2.27508

128 JENS LORENZ AND PAuLO R. ZINGANO

Despite recent progress (see, for example, [1,2]), the current mathematical theory
of the problem (1.1) remains fundamentally incomplete: it is known that a weak
solution exists for all time ¢ > 0 if f € L>(IR%), V-f = 0, but it is not known if
weak solutions are unique. This is recognized as a major open problem since the
fundamental paper of Leray [3] (for a brief account of Leray’s works, see [4]). On
the other hand, if f is more regular, then a unique classical solution exists in some
maximal interval 0 < ¢ < 7Y%, but it is not known if 7y can be finite or is always
infinite. In other words, it is not known if classical solutions can break down in
finite time.

The Navier—Stokes equations are of fundamental importance in continuum me-
chanics. When one derives the equations from the balance laws of mass and mo-
mentum and from principle assumptions relating the stresses to velocity gradients,
then smoothness of the solution is assumed. To make the model of the Navier—
Stokes equations self-consistent, one would like to prove that singularities in the
solution do not develop in finite time, from smooth initial data with finite energy.
Thus far, however, this aim has not been achieved. It remains one of the funda-
mental open problems in nonlinear analysis, being included in the Millenium Prize
Problems by the Clay Mathematics Institute [5]. In fact, it has invariably appeared
in all major recent lists of the most important problems of Modern Mathematics,
see e.g. [6,7,8,9,10].

In this paper we consider only classical solutions of the problem (1.1), and
under our assumptions on f these will be C*° functions. If one normalizes the
pressure so that p(z,t) — 0 as [z| — oo, then the solution (u(z,t),p(z,t)) is
unique. Its maximal interval of existence is denoted by 0 < ¢ < T%. Assuming
Ty to be finite, certain norms of u(-,¢) will tend to infinity as ¢t — Ty, while
other norms remain bounded. This issue is well studied in the literature, see e.g.
[3,11,12,13,14,15,16,17,18,19], but the results are somewhat scattered. We will
review some results that we consider to be very important and will also derive
lower bounds for some blow—up rates. The results considered in this review all fit
in our unified discussion that requires only a small selected set of relatively basic
ideas. Thus, in spite of their undisputable importance, many fundamental results
such as [20,21,22,23,24,25| and their recent developments will be left out.*

Another issue is to compare two functionals of u(-,¢) that blow up as t — T}.
Which one will blow up faster? We believe that a better understanding of this issue
is important for further progress on the blow—up question and recall some simple
results in Section 5.

The intent of this paper is to give rather complete proofs of some solution
properties for (1.1) that must hold, as ¢ approaches Ty, if Ty is finite. These
results and their proofs may be helpful if one wants to construct a solution that

1 For a nice discussion of the celebrated Caffarelli-Kohn-Nirenberg’s regularity result, see
[26].
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actually does blow up. They may also be helpful to show that blow—up is ultimately
impossible.

For a treatment of many recent developments regarding the Navier—Stokes
equations using methods of modern analysis, the reader is referred to [27,28,29].
For similar blow—up questions concerning the related Euler equations, see e.g.
[30,31,32,33,34].

For simplicity of presentation (and to avoid unessential complications near
t = 0), we put strong smoothness and spatial decay assumptions on the initial
state f and require (as in [5]) that f is a divergence—free C'*° function with all of
its derivatives in L?(R?), i.e., we assume that f € H"(IR®) for all n, with V-f = 0.

As to our notation, we will be using the following standard definitions:

lul> = wl+ud+ul for u= (uy,us uz) € R

o] = a1+ as+as foramulti-index « = (a1, a2, as),

Da = D?lDSZDgS, Dj = 8/8zj, a = (Oél,ag,ag),

3 1/q
||U(,t) ||Lfl = (Z/ |uz($at)|qd$) ) 1 SQ<00a U:(Ul,UQ,Ug),
i=1"1R3

[uC O = lu D),
[u(t) |l = sup{|ui($,t)|::Cele,lgz'gS},

3 3 3 1/q
D ult) [l = (Z Z"'Z/|Dj1"'Djnui(-Tat)|qd-T) , 1<g¢<oo,

i=1j,=1 j,=1"R3

[ D u(-,t) oo = sup{|Do‘ui(x,t)|: reR? 1<i<3, || :n},
3
we) = 3 [ @ )d
j=1"R3

(Note that || u(,8) o = |6, 8) loes 1D u,8) |0 — | D™, 1) oo a5 ¢ — oo, for
all n?) We may occasionally write || u ||, instead of |[u(-,t)|,,
Constants will be usually denoted by the letters C, ¢, K; we write C to indicate a

constant whose value may depend on a given parameter A, etc. As usual, we often

for simplicity.

keep the same symbol for constants in spite of possible changes in their numerical
values (so, for example, we write C? again as C, and so forth).

An outline of the paper is as follows. In Section 2, we show that a bound on
the maximum norm || u(+,?) || in some interval 0 < ¢ < T' implies bounds for all

2 Moreover, it is worth noticing that, under the definitions above, if an inequality of Gagliardo
type [[ull o < K|u ||2:16|| Vu ||ZT2, 0 <6 <1, holds for scalar functions u (and some appropriate

constant K), then it will also be valid for vector functions w with the same constant K as
in the scalar case. Similarly, one has [|D"u(:,?) ||, < || D"u(:?) ||1Lq_10|| D" u(-,t) IIZ‘IZ if 1/q =

(1-06)/9,+0/q,,0<6 <1, and so on.
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derivatives of u(-,t) in the same interval. This is a well known result that dates
back to Leray [3] (see also [35]), but since it is the basis for all our blow—up results
we will prove it here. An important implication is the following: if ||u(:, ) || is
bounded in 0 < ¢ < T for some finite T', then u(-,%) can be continued as a C*
solution beyond T'. This follows from well-known local constructions of solutions.
(See, for example, [35] for an elementary proof. See also [16,36] for the development
of a local theory under much weaker assumptions on the initial state f.) In other
words, we can state the following first blow—up result:

Theorem 1.1. If Ty < oo, then 3
sup_[[u(+#) oo = o0. 12)
0<t<Ty
In Sections 3 and 4 below, we show that boundedness of | u(-,)||,, in some
interval 0 <t < T' for some ¢ > 3, or that of || Du(-,?) |, if 3/2 < g < oo, implies
boundedness of || u(-,t) ||oo in the same time interval. In particular, Theorem 1.1
yields the first part of the following result:

Theorem 1.2. (i) Let % < q < oo. If Ty < oo, then

sup || Du(-,t) = o00. (1.3)

o o

(ii) For each % < q < 3, there exists an absolute constant c;> 0, independent of t
and f, with the following property: if Tf < oo, then

_a—3/2

| Du(,t) ||, 4 > cq- (T —t) * VO<t<Ty. (1.4)

Il o
Regarding (1.3), it will be shown in Section 4 that one actually has, for each
% < q < 00, the stronger property

tl/l‘HTlf | Du(-, )|, = o0 (if Ty < 00). (1.5)

For 3 < ¢ < 3, the limit relation (1.5) is an obvious consequence of (1.4). For
g = 2, Theorem 1.2 was originally proved in [3]. The estimate (1.4) is only one
of many similar lower bound results for blow-up rates of solution—size quantities
Q(u(-,t)) that have been obtained since Leray [3]. In general, these bounds result
from some form of local control on Q(u(-,t)) that is typically obtained in one of
the following basic ways:

(I) lower bounds for the maximum existence time 7 of solution u(-,t) given in terms
of Q;

3 Actually, if Ty < oo then one has 1/1’11% [Ju(-,t) || = o0, cf. Theorem 1.3 below.
¢y
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(1II) differential or integral inequalities satisfied by Q(u(+,t)) while the solution ex-
ists;

(I11) relationships with other functionals Q(u), like Sobolev or interpolation in-
equalities.

As to method (I), we observe that lower bound estimates for 1" are a standard
by—product of construction schemes in existence theory, so that blow—up estimates
like (1.4) are actually very natural and widespread in the literature. Thus, for
example, for the solutions u(-, ) of (1.1), it can be shown (see e.g. [3,13,37]) that

T>clof|™ (1.6)

for some absolute constant C' > 0 independent of f. It follows that, given 0 < to<T}
arbitrary, we have Ty — to > C | Du(-,to) |, which is (1.4) in case ¢ = 2. As
noted in [18], this is a two—way route: had we had the estimate (1.4) for ¢ = 2
in the first place, then we could have gotten (1.6) from it just as easily by merely
taking ¢ = 0 in (1.4).

In this review, as we will be bypassing existence theory,* our approach to ob-
taining the blow—up estimates considered here will be based on the methods (II)
and (IIT) alone.® In particular, our derivation of (1.4) for ¢ = 2 in Section 3 uses a
well known differential inequality satisfied by the function || Du(-,t)||% which will
give us that ¢2 >2my/2 [43]. One should note that the blow—up rate of || Du(-,1) |,
as expressed by the estimate (1.4), is clearly consistent with the fundamental upper
bound

Ty 1
| imutopa < Jise (a7)

that follows from the energy equality satisfied by (-, ¢), which we recall in Theorem
2.1. It then follows from (1.4) and (1.7) that, if Ty < oo,

2n1/2 2 T —1/2 T 2 1 2
2¢; 17" = ¢ ; (Ty —t)~/7dt < ; [Dul- ) [[Fdt < S £

so that we must have

1
16 ¢}

e IDfI~* < Ty < LA Gf Ty < o0), (1.8)

where, again, the first inequality follows from (1.4) by taking ¢ = 0. Therefore,
recalling that 022 > 274/2, finite-time blow—up at T} is only possible if we have

[u(,t) || || Du(-t)|| > 47v2 Y O0<t<Tf (if Ty < o0). (1.9)

4 Some standard references for existence results are [3,13,16,19,29,35,37,38,39,40,41,42].
5 The way to obtain lower bound estimates for blow—up rates out of nonlinear differential or
integral inequalities is very simple and is shown in Lemmas 3.6 and 4.3 below, respectively.
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This is only one of many necessary conditions for finite—time blow—up that have
been found since the fundamental paper of Leray [3] (see (1.16) and (4.17) for
other similar examples), the most celebrated of them being the Beale-Kato-Majda
condition [30]

Ty
/ IV xu(-t) ||L°° dt = oo (it Ty < 00), (1.10)
0

originally obtained for the Euler equations, but which also holds for the Navier—
Stokes equations. Actually, the derivation of (1.10) for Navier-Stokes is much easier

than for Euler, as we will show in Section 6.
The proof of Theorem 1.2 is completed by method (III) after we consider, in

Section 4, the important solution norms

||’U,(,t) ||an 3<(J§OO

If any of these norms stays bounded in some interval 0 < ¢t < T', we show that
[| Du(-,t) || will also be bounded in that interval. As this implies boundedness for
[[u(:, %) |loo as well, it follows that

sup [Ju(,t) ][, =00, 3<g< o0 (1.11)
0<t<Ty
if Ty < oo. In fact, one can again derive an algebraic lower bound for the blow—up
rate:

Theorem 1.3. For each 3 < g < oo, there is a constant c; > 0, independent of t
and f, such that the following holds: if Ty < oo, then

Ju(,t) | > cg (Tr =)™ YO<t<Ty, (1.12a)
with _3 1
“:qg—q if 3<g<oo, k=g if g=oc (L12))

In particular, from (1.12), we have 1/1‘12 lu(,t)|l,,=00 if Ty < oo, for each
to Ty

L9
3 <qg<oo0.

REMARK: The property (1.11) is also valid for the limit case ¢ = 3, as shown in
[44]. The proof, however, is very involved and will not be covered here. More
recently, it has been shown by G. Seregin [1] the stronger result

tl}nﬂ [| (-, 1) HLS = 00 (if T < 00). (1.13)

It then follows from (1.13) and the 3D Sobolev inequality [[u || , < K[| Vu HL

that the properties (1.3) and (1.5) above are both valid for ¢ = 3/2 as well.

3/2
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The estimates (1.12) were originally given in [3] and reobtained in a more gen-
eral setting using semigroup ideas in [14]. They immediately imply lower bounds
for the existence time of u(-,t) of the form

2q
i T>Glfl, " 3<q<, (1.14)
q

where C; = c(f . The estimates (1.14) are obtained directly from existence anal-
ysis in [3] (for ¢ = o0) and in [17] (for 3 < ¢ < o0), thus providing another proof
for (1.12). Again, our derivation of (1.12), which is carried out in Section 4, follows
the method (II), first along the lines of [14] using some well established integral
inequalities satisfied by the quantities || u(:,?) ||, to obtain the result, and then by
deriving some less known differential inequalities that can be used for this purpose
just as easily. We also obtain from the latter analysis another proof of the follow-
ing result (see e.g. [3,13,14,17]) on the global existence of smooth solutions for the

Navier—Stokes problem (1.1).

Theorem 1.4. For each 3 < q < oo, there exists a number n,> 0, depending only
on q, such that 20—6 q
3g—6 3q—6
A IFl,  <mng = Tp= oo (1.15)

In particular, finite-time blow—up of a smooth solution w(-,¢) can only occur if we

have
29—6 q
3q—6 3q—6 s
FuC ) a0 = Y O<t<Ty (i Ty<oo)  (1.16)

for every 3 < ¢ < oo, where n, > 0 is the value given in (1.15) above. If blow—up
happens, using the 3D Sobolev inequality
3q 3
Tull, . < Kl Vulle, (g = 34 2<% (1.17)
we obtain, from (1.12), the blow—up estimate (1.4) in Theorem 1.2 above. This
illustrates the use of method (III) to derive these results. Other examples are found
in Sections 4, 5 and 6 below, including the following general blow—up property for
arbitrary high order derivatives of smooth solutions of (1.1).

Theorem 1.5. Let n > 2 be an integer. If Ty < oo, we have

1. Dn N — 1.1
t}mf I u(,t)H[q 00 (1.18)
or every 1 < q < oo.

[ Y q

It is also worth noticing here that, from (1.12), we clearly have
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[t i = oo 7y <o)
0

for any r > 2q/(q — 3), or, equivalently, for any r > 2 satisfying 2/r + 3/¢ < 1. Tt
is therefore natural to expect that the so-called Prodi-Serrin condition,
+

<1, (1.19)

RN

T
T
| e, < .

Q| w

for some 2 < r < 00, 3 < ¢ < oo (arbitrary), imposed on less regular weak solu-
tions, may be sufficient to guarantee strong regularity and uniqueness properties.
This is indeed the case, as shown in [23,24,25,40] (see also [13,14,16,29,45,46]),
but it requires a more advanced analysis and will not be discussed here. Similar
observations apply to the other blow-up quantities considered in (1.5), (1.10) or
(1.13), see e.g. [1,3,13,17,44].

If there is blow—up, one can ask: do certain norms blow up faster than others?
The answer is yes. For example, if 3 < ¢ < r < 0o, we show in Section 5 that the
L" norm blows up faster than the L? norm, with

[uC 0,
a0l e

> o) UG -0 =I5 (1) am

for all 0 < ¢ < T, where ¢(g,7) > 0 depends only on ¢,r, and A = 2(r/qg—1)/(r—2).
These relations are typically obtained by the approach (IIT). A further result of
this kind, which is related to (1.13) above, is also included in Section 5, and given
a direct proof that is independent of (1.13).

In Section 6, we briefly examine some related properties for the vorticity w(-, t) =
V x u(-,t). Our main goal in Section 6 is to provide a short and simple proof of
the Beale-Kato-Majda blow—up condition (1.10) for smooth solutions of the Navier—
Stokes equations. This particular proof is not valid for the inviscid Euler equations.

Besides the famous major problems, there are still many other open questions
related to our discussion and some are indicated in the text. For additional lower
bound estimates and results concerning other blow—up quantities, the reader is
referred to [11,18,38,47,48|.
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2. A bound for ||u(-,t) ||~ implies bounds for all derivatives

Under our assumptions on f stated in the introduction, the Cauchy problem
(1.1) has a unique C* solution (u(z,t),p(x,t)), defined in some interval 0 < t < Tj
with D u(-,t) € L*(R?) for all multi-indices a and all 0 < ¢ < Ty. (Also, recall
that we always require p(x,t) — 0 as |z | — oo to make p(-,¢) unique.)

As in [3], we set

Jot) = Y D%t % n=012,...

la|=n

The most basic estimate for the solution of the Navier—Stokes equations is the
following well known energy estimate. The proof follows from multiplying the
equation for u;(-,t) by u;(-,t) and integrating by parts (see e.g. [13,19,29,35,39,41]).

Theorem 2.1. We have

d
5 7 JE(t) = — JE(t), VO0<t<Ty, (2.1a)

so that, in particular,
t
1
Jot) < |1l Jor 0<t<T; and /Jf(s)ds < S I 21
0

Note that the integral bound in (2.10) proves (1.7). To prove the next result,
we will use the 3D Sobolev inequality

[V o < Cllv L

v v e H(RY), (2.2)
which implies

[ D7u(-,t) oo < Cj- (Jm(t) + Jo(t)) for m > j+2. (2.3)

(The bound J2(t) < Cy- (J2,(t) 4+ JE(t)) for m > n follows by Fourier transform.)

Theorem 2.2. Assume that
sup [ u(+,t) ||eo =: M < 0. (2.4)
0<t<T
Then each function Jp(t), n =1,2,..., is bounded in 0 <t < T by some quantity
K, > 0 depending only on n, M, T and || f ”H"" that is, K, = K(n, M, T, || f ”H")
Proof: Using (2.4), we will first prove that Jy(t), J2(t) are bounded in 0 < ¢ <
T, and then make an induction argument in n. We have, for any multi-index «,

D%y + D%(u-Vu) + VD = AD%
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and, because V-u =0,

1 d 2 _ @ @
5 7 ) = ;sDuDut
< (D%u, D*(u- Vu)) = Jp (1)
lal=n
=t Sa(t) — Jpa(t)

It is convenient to use the short notation
(D', DVu D)
for any integral
/ D%, DPu, Du, dx
1 2 3
]R,3
with vq,ve,v3 € {1,2,3} and |a| =14, |B] =4, |v] =k.

Let n = 2 and consider the terms appearing in Ss,
(D%u, D%(u - Vu)), la| =2.
Thus S5 is a sum of terms of the form
(D*u, uD3u) and (D?*u, DuD?u).
Using integration by parts, a term (D?u, Du D?u) can also be written as a sum of
terms (D?u, uD3u). Since, by (2.4),
| (D*u, uD?u) | < MJs(t)J5(t),

we obtain that
d

dt

IN

CMJy(t)J3(t) — 2J2(t)
CEM?J3 (1)

J3(t)

IN

for some constant C' > 0. Boundedness of J(t) in 0 < ¢t < T follows. Similarly, we
get

— JiHt) < COMJy(t)Jo(t) — 2J2(t)
C*M?J3(t),

IN

so that the result is true for Jy(t) as well.
Now, let n > 2 and assume J,(t) to be bounded in 0 < ¢t < T. We have, from

(L.1),

1 d
5 7 Fn(t) < Sugalt) = J7pa(1),
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where Sy,+1(t) is a sum of terms

T;(t) = (D" "?u, Diu D" =9y, 0<j<n.

There are three cases to consider:
(i) Let 0 < j < n — 2. We have, by (2.3),

3
| T5(t) | Co | D7 u(-,t) oo T2 (t) (Juta () + Jo(t))

<
< Codnya(t) (Jnta(t) + Jo(t)).

In the latter estimate we have used (2.3) and the induction hypothesis.
(i) Let j = n — 1. We have, by (2.3),

| Th—1(2) | Co [ D™ (-, 1) [loo Tnra(t)
Co [ D™ (-, 1) [loo Tnra(t)

Ch (Jn-i-l(t) + JO(t)) Jn+2(t)-

Jo(t)

ININ A

In the second estimate we have used that a bound for Js(t) is already shown.

(#i) Let j = n. We have, by (2.3),

[ Ta@)| < Cpdnlt) Jnta(t) [ Dul-t) o
< Cndpga(t) (J5(t) + Jo(t))
< Cndpga(t) (Jnsa () + Jo(1)).

In the last estimate we have used that n > 2.

These bounds prove that

d
E J721+1(t) < Cp Jn+2(t) (JnJrl(t) =+ JO@)) - 2J3+2(t),
and boundedness of J,41(t) in 0 < ¢ < T follows. o

If ||u(-,t)| o is bounded in some interval 0 < ¢ < T, then all functions J,,(t)
are also bounded in 0 < ¢ < T and, using (2.3), all space derivatives of u(-,t) are
therefore bounded in maximum norm. Estimates for the pressure and its deriva-
tives follow from the Poisson equation satisfied by p(-, t),

3
i,7=1

Time derivatives and mixed derivatives of u can be expressed by space derivatives,
using the differential equation (1.1). Hence, if ||u(,t)|loc is bounded in some
interval 0 <t < T, then all derivatives of u are bounded in the same interval, and
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therefore the solution (u,p) can be continued as a C'*° solution beyond T'. This
proves Theorem 1.1.

3. Blow—up of || Du(-?)|,, for S<q<2

A physically important quantity is the vorticity, w(-,t) = V xu(-,t), and the
total enstrophy of the flow, given by

/ |w(z, t)|? d.
]RS

a(k) = (2@*3/2/ e R Ty (z) da

IRB

If

denotes the Fourier transform of a 3D incompressible field u(z), then we have
w(k,t) = ik x a(k,t), k-a(k,t) = 0,
and, therefore,

[@(k,t)| = [k |a(k,t)].

Using Parseval’s relation, one finds that

/]R’3|w(x,t)|2dx - /|dz(k,t)|2dk

RS

3
S [ Bl P
i,j=1"1R3

I Du:, t) [I*.

In this section, we establish the blow—up of [ Du(-,?)|l,,, for 3 < ¢ <2, with
emphasis on ¢ = 2. The remaining case ¢ > 2 is covered in Section 4.

3.1. Boundedness of || Du(-,t)| implies boundedness of || u(-,?) | oo

The basic result here is the following.

Theorem 3.1. If

sup || Du(-,t)|| =: C, < o0, (3.1a)
0<t<T
then
sup [[u(-, 1) oo < K (3.10)
0<t<T

for some bound K that depends only on C,,T and || fHLl , where f denotes



INCOMPRESSIBLE NAVIER—STOKES 139

the Fourier transform of the initial state f. In particular, if Ty < oo, then

sup || Du(- 1) || = oo,
0<t<Ty

Proof: Taking the Fourier transform of the Navier-Stokes equations, we get®

Gy + (u-Vu) + (Vp) = —|k|* 4,

or, setting Q(z,t) = —u-Vu — Vp,
W = —|k[*a + Q(k.t),
with @(-,0) = f. Since .
(u-Vu) == Q(k,t) — (Vp)
is the orthogonal decomposition of the vector (u-Vu)" into a vector orthogonal to

k and a vector parallel to k, it follows that | Q(k,t)| < |(u-Vu)"|. One obtains,
for each k,

2 A t 2 ~
alkt) = e P R(k) + / P9 Ok, 5) ds,

0
and so,

(k. )| < eI FP| (k)| +/t6k'Z(”)I(wVU)A(k,S)Id&
0

Integrating in k& € R® one finds that

@02 [u() oo < / (k. 1) dk
R3

t
< Il +/O / e R (u-Vu) (k, s) | dk ds.
]R,S

We then apply the Cauchy-Schwarz inequality to bound the inner integral on the

right-hand side by 111/2 121/2’

where
L = / e 2EPE=s) g = ¢ (t —5)73/2
1R,3

I, = /]RJ(UVU)(JC,SH dx

C - ul, ) I3 | Dul 5) ||
C- G Jlul,9) |12,

and

IA A

using Parseval’s relation and (3.1a). Thus we have shown the estimate

6 For more applications of Fourier transforms to (1.1) along these lines, see Section 3.2 and
[43,49].
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t
@m)*2 [Jul,t) oo < ||f|\L1+C'Cz/O (t=5)"*"[lu(-,8) ods for 0<t<T

for some constant C' > 0. By the singular Gronwall’s lemma given in Lemma 3.2
below, boundedness of || u(+,t) || in the interval 0 < ¢ < T follows, as claimed. ¢

REMARK. By the previous argument and Lemma 3.3 below, we can see that con-
dition (3.1a) also implies

sup ¢¥4 [ u( 1) [loo < Ky(T) [ £, (3.2)
o<t<T

for some bound K,(T') > 0 that depends on the values of C,, T" only.

The following result is an important version of Gronwall’s lemma frequently
used for partial differential equations, as in the proof of Theorem 3.1 above.

Lemma 3.2. Let A>0,B>0,0<r<1. Let ¢ € C°([0,T]) satisfy
t
0 < 6(t) <A+ B/ (t— )" ¢(s)ds for 0<t<T (3.3)
0
Then ¢(t) < K(T)A for all 0 <t < T, where K(T) > 0 depends on B, k,T only.

Proof: For convenience, we provide a proof for Lemma 3.2 that can be easily ex-
tended to other useful similar statements like Lemma 3.3 below. To this end, we
choose € > 0 with

€ Gl—n 1
,,id _ < =
/05 $=1=% <38

and, given ¢t € [0, T[ arbitrary, we take to € [0,#] such that ¢(tg) = Jmax tgb(s).

CAsSE I: ty > e. Then we have

d(to)

IN

A —+ B/Oo(tgs)“¢(s)d8 —+ B/to(to—s)f"égb(s)dS

0— €

to
< A+ Be | ¢(s)ds + Bi o(to),
o 2B

so that t
o) < olto) < 24 + 28 [ o(s)ds.
0

CaAsE II: 0 < tg < e. We have
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to
o(tg) < A+ B/ (to — ) " p(s)ds
0
<4 +B¢(t0>/0 £ de
< At 56,

and o, ot) < blto) < 24.

We have thus shown that
t
o(t) < 24 + 236_”/ o(s)ds for 0<t<T.
0
This gives, by standard Gronwall, ¢(t) < 2A exp { 2B e_”T} foral0 <t <T. ¢

In a similar way, the following generalization of Lemma 3.2 can be easily ob-
tained.

Lemma 3.3. Let A>0, B,,...,B, >0. Let ¢ € C°([0,T]) satisfy

n t
0 <o) <A+ ZBj/ s (t—s)"Pig(s)ds for 0<t<T, (3.4)
j=1 70
with a; >0, B; > 0 satisfying o+ B; <1 for all 1 < j <n. Then ¢(t) < K(T)A
for all 0 <t < T, with the quantity K(T') > 0 depending only on T, n and Bj,a;,[;,
1<j<n.

3.2. Blow—up of || Du(-,t) for 3 <g<2

e

We now extend the proof of Theorem 3.1 by using Holder’s inequality instead of
the Cauchy—Schwarz inequality and the Hausdorff~Young inequality (see e.g. [50],
p. 104) instead of Parseval’s relation.

Theorem 3.4. Let % <q<2If

sup || Du(-t)[l,, = C; < o0, (3.5a)
0<t<T
then sup [ u(,t) [l < K (3.5b)
0o<t<T

for some bound K that depends only on q, C,, T and || f||L1, where f denotes the
Fourier transform of the initial state f. In particular, if Ty < oo, then

sup || Du(-,t) |||Lq = oo. (3.6)
0<t<Ty
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Proof: We use the same notation as in the proof of Theorem 3.1. Applying
Hoélder’s inequality to the integral

I= [ e FFE) | (4. Vu)(k,s)| dk,
3
we obtain the bound " o 1 1
r<nn’ -4+ = =1,
with q ﬂ_q s/2
I =/ e a1k (=9) g — (—) (t—s)"%?
R> q
and 14 A
LY = - V)9,
< Bllu-Vu(,s) |
< Clul ) lloo [ Duls s) 1l s

where in the first estimate we have used the Hausdorff-Young inequality, since
q < 2. We obtain that

R t
@m* 2 uC ) oo < I1F1l,, + C/O (=)~ " [ul;8) loo | Dul- 8) [ q ds;

where k = 2% < 1, in view that ¢ > % By Lemma 3.2, the result now readily

follows. ©

REMARKS. (i) By the argument above and Lemma 3.3, we see that (3.5a) also
gives
sup %/ [ u(,t) loo < Ky (T) [ f 1], (3.7)
0<t<T

for some coefficient K (T') > 0 that depends on the values of ¢, C,, T' only.

(ii) The Navier-Stokes equations on the whole IR® enjoy the following scaling in-
variance: If (u(z,t),p(x,t)) solves the Navier—Stokes equations, then, for every
scaling parameter A > 0, (/\u()\:c, A1), A2 p(Az, A2 t)) solves the same equations.

which appear in the limiting values ¢ = 3 in

The norms || u ||L3 and || Du HLS/Q’

Theorem 1.3 and ¢ = 3/2 in Theorem 3.4, are also invariant under such A scalings.
s and [| Du ) .0
as t — Ty, is likely to be important for further progress on the blow—up question.

Better understanding of the scale invariant norms, || u(-,t)

(idi) Theorem 3.4 can also be deduced from the results of Section 4 on [[u(-,?) |,

g > 3, using the Sobolev inequality (1.17).

3.3. A differential inequality for | Du(-,t) ||

Here we derive the estimate (1.4) for || Du(-,t)|| from a nonlinear differential in-
equality satisfied by || Du(-,t) || whether T} is finite or not. This method dates back
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to Leray [3].

Theorem 3.5. There is an absolute constant 0 < K < 3% such that

d
5 1 Dul, 1) I> < K||Du(-,t)]|° VY O<t<Ty (3.8)

Proof: We have, using V-u = 0,
1d
S a0 2 = 7 (Dju, Dju)

-

<
Il
-

(Dju, Dj(u-Vu)) — || D?u(- ) |*

Il
.Mw

j=1
= S(t) - | D*ul(- 1) |
Since (Dju,u-VDju) = 0, because V-u = 0, the nonlinear term S(¢) can be esti-
mated by C'|| Du(-,t) ||? ., for some constant C'. Using the 3D Gagliardo—Nirenberg
inequality

2,
loll,e <THo 2 Do) v ve HI(R)

for v = Dju, where I' < 0.59, and then the Young’s inequality ab < 1/4 at
+3/4 b*/3, one obtains (3.8), with K < 1/32, as claimed. o

REMARK: A more involved derivation of (3.8) in [43], p.11-14, gives that 0 < K <
1

1672°

The next lemma shows how nonlinear differential inequalities such as (3.8) above
can be used to derive lower bound estimates in case of finite-time blow—up.

Lemma 3.6. Let w € C'([0,Ty[) be a positive function satisfying a differential

inequality
wW(t) < Kw(t)'  VO0<t<Ty (3.9a)
for some given constants K > 0, a > 1. If Ty < co and sup w(t) = oo, then
0<t<Ty
we have
1
1 ot u ﬁ
> . — < . (9.
w(t)_(K.(al)) (Ty —t) vV 0<t<Ty (3.9b)

Proof: Given to € [0,T} [ arbitrary, and determining v = v(t) by v/(t) = Kv(t)",
v(tg) = wo, where wg := w(tg), we have v(t) defined for all to <t < t.:= 1
+1/(K(a —1)w§ ™). Moreover, one has w(t) < v(t) for all to <t < t,, with v(t)
given by
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a—T1

v(t) = WO.(1_K-(a—1)w§*1(t—to)) Lt <t<t.,
so that, in particular, v(t) "oco as t ~t.. This gives ¢, < Ty, which implies (3.9b)
above. ¢

From (3.8), we see that w'(f) < K w(t)? for all 0 < ¢ < Ty, where w(t) :=
| Du(-,#) % 0 < K <1/(167%). Assuming Ty < oo, we have supg <, . 7, W(t) = 00
by Theorem 3.1. Therefore, by Lemma 3.6, we get the following result (which dates
back to Leray [3]).

Theorem 3.7. Assuming that Ty < oo, we have

[ Dul )| =

C

1/2
for some constant ¢ > {27r\/§} > 2.98 (independent of f, w,T}).

As with the other bounds for u(+,t) discussed in the text, the optimal (= largest,
here) value of the absolute constant ¢ in (3.10) above is not known.

4. Blow—up of | u(:,t) for 3<g< o0

e
Using the Helmholtz projector P (see e.g. [32,51,52]), one can write the
incompressible Navier—Stokes equations as

ug = Au — Py(u-Vu), Py(u-Vu) = u-Vu + Vp, (4.1a)

and, if e®* denotes the heat semigroup, then one obtains, by Duhamel’s principle,

u(-t) = eAtf() f/ AP, (u-Vu)(-, s) ds. (4.1b)
0

It is not difficult to show that the linear operators P, and e commute, and these
operators also commute with differentiation, D; = 9/0z;. Using the Calderon—
Zygmund theory of singular integrals (see e.g. [53], Ch. 2), one shows the funda-
mental property that the Helmholtz projector is bounded in L? if 1 < ¢ < oo. That
is, for each 1 < ¢ < oo there exists some constant C; > 0 such that

q
IPavlle < Collvll, YV o=(v,v,v,) € L(RY)  (1<g<o0). (42)

We will also need here the following well known estimate for solutions of the heat
equation: given any 1 <r < ¢ < oo, and any multi-index «, we have, for all £ > 0:

a —A—lal/2 3/1 1
| DA, < C o, t , A—(——) (4.3)

for all v € LT(]R?’)7 with C' > 0 a constant depending only on the values of ¢, r and
.
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4.1. Boundedness of ||u(-,t)],, implies boundedness of || Du(-,?) ||

Lq
The basic result here is the following.

Theorem 4.1. Let 3 < q<oo. If

swp _[[u(t) [, = C, < o0, (4.40)
0<t<T
then
sup || Du(-,t)[| < Ky(T) | DS, (4.4b)
0<t<T

where K4(T) > 0 depends on the values of q, C,, T only. In particular, if T < oo,
then

sup [l u(-t) |, = o. (4.5)
0<t<Ty

Proof: (Note that the result for ¢ = oo was already shown in Section 2, and we
provide another proof here.) Given 3 < ¢ < oo, let % < r < 2 be defined by

111
qg 2 r

From (4.1b), we have, for each 1 < j < 3:

Therefore, with

the following estimates hold:

I Dju( )|l < e Dif || + C/O (t = )" | Pu(u-Vu)(:,8) || - ds

IN

t
I D71l + 0/0 (t— )" u-Vu(.s)||,. ds

IN

t
I Dif I + C/O (t = )" [ uls8) [l o | Dul- ) || ds

In the first estimate, we have applied (4.3); the second estimate follows from (4.2),
and the third estimate uses Holder’s inequality. We thus have

3 t
IDu( )| < D_IDif + C/O (t =) N ul8) [l Lo | Dul-, ) || ds.

j=1

Let us note that 3

1
=24 <1,
F= 5t
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since ¢ > 3. Therefore, recalling Lemma 3.2, we see that (4.4a) implies (4.4b),
as claimed. By Theorem 3.1, this gives (4.5) if T is finite, and the proof is now
complete. o

4.2. An Integral Inequality for | u(-,t)|| 3<qg<

L1

We now show a simple nonlinear integral inequality for the scalar function
[ u(-,t) [, that gives some local control on the growth of [[u(-,?)||,,. This local

control together with Theorem 4.1 imply a lower bound for [ u(-,¢) ||, if Ty < oo,
cf. Lemma 4.3 below.
Theorem 4.2. Let 3 < g < 0o and set
3 1
= — 4+ = 1. 4.
K o t35 < (4.6a)

Then, there is a constant Cy > 0 (depending only on q) such that, for any
0 <to < T}, we have

t
[u ) [l e < [lulto) . + Cq/ (t—s)"llu(,s) 2, ds, ¥ to<t<Ty
to

(4.6b)

Proof: In the case 3 < ¢ < 0o, we use the following argument (adapted from [14]).
q
L = =
et r 5 and note that 3,1 1 1
TE

2

L since 27 = ¢. Using (4.1a) and Duhamel’s

We also have || w;ju;ll,, < | ul
principle, we get
t
u(-t) = Aty 1) — Z eAt=s)p, [Dj(uju)(-,s)] ds, to<t<Ty,

=1ty

<.

which gives, by (4.2) and (4.3) above,
3 t
fuC 0. < Nutto) . + CqZ/(t—S)_”HPH(U]‘U)(',S)HU ds

j=1"%o

IN

3.t
[u(sto) | o + CqZ/(t*S)_”Huw(wS) - ds

j=1"%o

IN

t
lutsto) o+ Co [ 6= 9 ul,9)[2, ds
to

for all t9 <t < T¢. This shows the result if 3 < ¢ < oo, as claimed. The proof in
the case ¢ = oo is due to Leray and is developed in Chapters 2 and 3 of [3]. o
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The following lemma shows how (4.6) is used to yield the fundamental lower

bound (1.12) for || u(-,t) 3 < g < 00, in case of finite-time blow—up.

Il s

Lemma 4.3. Let w € C°([0,Ty[) be some positive function such that we have, for
certain B >0, a > 1, Kk < 1 constant,

t
w(t) < wito) + B/ (t—s) " w(s)*ds Vio<t<Ts (4.7a)
to
for each 0 < to < Ty. If, in addition, Ty < oo and sup w(t) = oo, then it
0<t<Ty
follows that

1

a—1 11—k

w(t) > (a1)~<2a§> : (Tfftf o VO<t<Ty. (4.70)

Proof: Let A > 1. Given ¢y € [0,Ty [ arbitrary, by (4.7a) we must have
w(t) < Aw(to) if ¢ > to is close to to. In fact, setting 7. > 0, by

— (1-m(-D7]""
Ty = {Tf, tO + |:Aan(tO)al :| }a

we have w(t) < Aw(tg) for alltg < ¢ < 7.. Because, if this were false, we could then
find ¢; € ]to, 7«[ such that w(t) < Aw(to) for all to <t < t1, while w(t1) = Aw(to).
This would give, by (4.7a) and the choice of 7, above,

t1
Au(tg) = w(ty) < w(ty) + B/ (t1 —s) " w(s)*ds
to

t1
< wlto) + B/ (b — )" X w(to)” ds
to

[e% (T* - 150)1_"'i

< wu(to) + B X" w(to) .

IN

AW(to),

which could not be. Hence, we have w(t) < Aw(ty) for all ty <t < 7., as claimed,
and in particular w is bounded on [tg, 7.[. Since, by assumption, w is unbounded
in [to, T¢[, we must have Ty > 7,, that is,

_ 11—k

w(te) > V) (Tr—to) © ) e(n) = (%)QTI(A;)

_1 _1
a—1

for to € [0,Tf[ arbitrary. The largest value of ¢(\) is obtained by choosing
A = a/(a — 1), which yields the estimate (4.7b). o

From (4.6) and Lemma 4.3, we get for 3 < ¢ < oo the lower bound estimate

q—3
a8
lu,t) |0 > co- (Tr—t) Y O0<t<T;  (4.8a)
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if Tt < 0o, where

-3 1
g 1f3<q<OO7 Coozg—cvoo lfq:OO,

(4.8b)

with C; > 0 given in (4.6b) above. This proves Theorem 1.3 of Section 1 for
3 < g < 00. (Another proof for 3 < ¢ < oo is given in Subsection 4.3.) Using the
Gagliardo inequality

0 3q

1-06
lulee < K@) Nul) IVl 0= s B<q<o),  (@9)

which holds for arbitrary u € L2(R*) N W14(IR?), we obtain, from (2.1) and (4.8),
_ 2q—6 _ b5g—6
IDuC )l > &gl e * (T—t) 57 Yo<t<Tr (if T<oo)
(4.10)

for each 3 < ¢ < 0o, and some constant ¢, > 0 that depends only on ¢. For ¢ = 3,
we can similarly obtain

1

I DuC0)ll,, > eI 7110 F7 Vo<i<T; (i T<oo) (411)

for each 0 < e < 1/2, and some constant ¢(e¢) > 0 depending only on €, using (2.1),
(4.8) and the 3D inequalities

2/r 1-2/r
Full e < K@) ull ) IVull, (3 <r <o0). (4.12)

This completes the proof of (1.5). (For Theorem 1.2, see also (1.13), (1.17) and
(4.16).)

4.3. A Differential Inequality for || u(-,t)| ,, 3<g< o0

L1’

We recall the fundamental estimate for the pressure p(-,t) obtained by the
Calderon—Zygmund theory applied to the Poisson equation (2.5),

2
Hp('at) HLT < CT Hu(at) HL” v 0Sﬁ<Tf (1<T<OO), (4'13)

see e.g. [32,52]. The basic result in this subsection is the following differential
inequality.

Theorem 4.4. Let Ty < oo and 3 < g < co. Then there exists an absolute
constant K, (depending only on q) such that

d q q %
Nt 1y, < Ko (lut017,) VO<t<Ty, (4.14)
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Proof: Given 0 > 0, let L(-) be a regularized sign function (see e.g. [35], p. 136),
and let ®5(u) := Ls(u)”. Multiplying the equation for u;(-,t) by ®(us(-,t)), inte-
grating on R® and letting § — 0, we get

d
011, + ¢ q—1/|wt| Vi * de <

q—2
<00 [ o] [ule )] Va | ds
3
forall 1 <i<3,0<t<Ty. Using (4.13) and Holder’s inequality, we have
q—2
[ 19 ) st | Vustat) | do <

’ 1
2 7
< 0@ IO I a1 2 / i) Vs o

for each i, and some constant C(q) > 0 that depends on the value of ¢ only. In
terms of v(z,t) = (v, (z,t), v,(2,t), v,(z,t)) given by

(IS}

vi(a,t) = |ui(x,t)|, 1<i<3, (4.15a)

we therefore have

d

2 2
ol + 4 (1= 2) IV, <

-2
1 4 q

< 20(1- ) €@ oGO, w01 T 19601,

for each i, where 8 = 2+ 4/q. Using the inequality

q—1
q+2

< K@) v, ||V||‘”2 vV ve H\(R?),

IV,

where the constant K(8) > 0 depends only on g, and summing on i = 1,2, 3, we

obtain
d 2 2 q—1 q+3
O, + 4 (1= D) IDoC O, < G ol Do,
(4.15b)

for all 0 <t < Ty, and some constant C, > 0 that depends on ¢ only. This gives

d 2

g—1
2 \q—3
G IvCo . < K (oo l,) Vo<t<T

for some constant K, > 0 depending on ¢ only, which is equivalent to (4.14). <
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It follows from the previous proof that the estimate (4.15b) is valid more gen-
erally for any 2 < ¢ < oo. Taking ¢ = 3, it gives that d/dt | v(-,t)[3: <0
if Jou(,t) HL2 is appropriately small; since || v(-,t) ||i2 = [Ju(-,1) HiS in this case,
cf. (4.15a), we conclude that | u(-,t) ||L3 is monotonically decreasing in ¢ when
[[u(-,0) | 4 is sufficiently small, i.e.,

luC )|, <0, = Ty=o0 (4.16)

for some absolute value 1n,>0. This shows (1.12), (1.15) for ¢ = 3, and also, using
(1.17), the bound (1.4) for ¢ = 3/2, thus completing the proof of Theorems 1.2
and 1.3 above. It also implies, by (1.13) and Gronwall’s lemma, that || Duv(-,t) |72
cannot be integrable on [0, Ty] if Ty < oo, or, in terms of u(-,t), that we have

3 Ty
Z/O /|ui(x,t)| Vg, ) 2 dedt = oo (ETy<oc).  (4.17)

i=1 R3

On the other hand, taking ¢ > 3 in (4.15), we reobtain the fundamental estimate
(1.12), in view of Lemma 3.6. Another important consequence is the following.
Using that

1-6 ) 3g—6
vl = K@lvl ,, IVl &= 3,0 (2<g<o0), (418)
we have, for ¢ > 3:
g9-1 qt3
q q
lot o T Dol =
2 34-2 (1 3) q+3
o . 3q—6 . 3qg—6 q . q
= oGt 1 ot ) I Do 1)
T 3q_36 TG 2
7 3q— q—
< C@) G0l L, IeGoll . I1Dutoll,
2q—6 5
- ) 39g—6 ) 3q—6 .
= C@) w0l 5 a0l 1DoCO] .

by (4.15a) and (4.18) above. As | u(-,t) HL2 never increases, this gives, because of
(4.15b), that || v(-, t) ||L2 (= lu(,t) ||Lq) is monotonically decreasing in time when-
ever we have

[

qg—=6

q
3q—6

3q—6
2 ||u(,0) ||Lq < 77q

L

[[u(:,0) |l

for some value n,>0 appropriately small (depending only on ¢). Together with
(4.16), this shows (1.15), Theorem 1.4, for 3 < g < oco. The proof for ¢ = oo is
given in [3].
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We finish this Section with a few last remarks. Using (4.8) and the 3D inequal-
ity
39

3
2 —
lolly < Kl Dl 1@ = 725 (1=a<3) @)

where K; > 0 depends only on ¢, we obtain the lower bound estimate
3 g—1

2
1Dl ), > ¢, (Tr—t) ' VO<t<T; (if T<oo) (4.20)

for each 1 < ¢ < 3/2, and some constant ¢, > 0 that depends only on ¢g. The
estimate (4.20) has been recently shown in [18] to hold for ¢ = 2 as well, but its
validity for arbitrary ¢ > 3/2 seems to be still open. The general fact that the
norms || D"u(-,t)[|,,, 1 < ¢ < oo, n > 2, do all blow up as t Ty in case Ty < 0o
is a direct consequence of (1.13), (4.8) and the family of 3D Gagliardo inequalities
given by

-6 . .0 1/2 - 1/q 3q
lull <K@nllull D", 6= , rzmax {1, —1_1

L L 1/2 +n/3 - 1/r nq -+ 3
for n>2,3<¢g < oo arbitrary, provided that (n,q,r)# (2,00,3/2), (n,q,r) #
(3,00,1).

5. Comparison of blow—up functions

Let 3 < ¢ <7 < oo and assume that Ty < oco. Theorem 1.3 yields the lower
bounds

Fulot) Nl pa = eq(Tr = )70, JluC0) || = e (T — )"

with positive constants ¢4, ¢, and

q—3 r—3
OSH((]):W<I€(T): o

Thus, the lower bound for the L™ norm blows up faster than the lower bound for
the L? norm. This suggests that

[uC )l
lu( ) ||

A precise result can be obtained by using boundedness of the L? norm and inter-
polation: defining 0 < A < 1 by

as t =Ty if 3<g<r<oo. (5.1)

1-X

and recalling the interpolation estimate [|u(-,?)|,, < [ u(-,t) M w(-,t) | Fe

one
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gets

[uC8) |l e _ g1

luC,t) . RS (5.2)

luC )17, < I
Using the lower bound on the blow—up of | u(-,t)]|,, provided by Theorem 1.3,
one then obtains (5.1) with an algebraic lower bound, as described next.

Theorem 5.1. Let 3 < g <r < oo, and assume that Ty < oco. Then there is a
constant c¢(f) = c(f;q,r) > 0, depending on q, r and the initial state f, such that

u(-,t - —
Dl > o(f)- (Ty - t) VOo<t<Ts (5.3a)
w1l
where 5
r— r—q
= — — > 0. 5.3b
7 r—2 qr - ( )
In a similar way, using the 3D inequality
1-6 0 3 qg—2
[ullpe < K@) [ ull™" | Du ", 0=5 (2<q<6) (54)
and assuming T < 0o, one obtains
| Du(-, 1) | . -7 . 6-gq
A2V s apy (-1, a=2L>o0 (5.5)
Tt 1, =) >

for all0 < ¢ < T}, and every2 < ¢ < 6, where the constanté( f)depends ongand|| f||.

In the remaining part of this section we compare the growth of || u(-,t) qu
[u(-,t) ]2, for 3 < ¢ < oo, with the growth of || u(-,?) ||L3 | u(-t) |2, as t *T}.
Setting r = oo and A = 2/q in (5.2) above, we have

R P e
) L9

Together with (1.13) and (5.3), one obtains the following theorem.

VO<t<Ty (5.6)

Theorem 5.2. Let 3 < g < oo, and assume that Ty < co. Then we have
LuC,n )% a0,

- . 65:)
t Ty ||’U,(,t) qu HU(,t) Hio

REMARK: Since the proof of (1.13) in [1] is very involved, we give here a direct
elementary argument for the weaker statement
uC )]s Tut ol

(5.8)
o<t<r, luC T, [lul,t) )12
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Denoting by (u,v) =3, u;v; the Euclidean inner product in R3, we have

H u( 7, = /IU(z,t)lq*QW(x,t),Ut(:c,t)>dfc

q dt R

= —/ |w|?™2 (u, Vp) da —/ | |2 (u, u - V) da
R? R?
+/ | |92 (u, Au) dx
]RS
= T, +T.+T,

Using integration by parts, one obtains that T, = 0. Also,

T, = Z/|u|q >u; D3 u; da

73—1 R?
3
= — Z / |u]97? | Dul?de — (q—2) Z/ || (u, Dju)? da
Lj=1"R? Jj=1"R?
< 0.

The pressure term is
3
L = - Z/ |u|*™*u; Djp da
j=1"R?

3

= (q—Q)Z/|u|q_4<u,Dju)ujpd:E

j=1"R3
Co lul ) 12 1 Dul, ) [ 2 t) |-

IN

For ||p(-,t) ||, we use the bound (from Fourier transform, plus Parseval’s relation)

IpC )1 < D uig ()

ij=1
< C H u("t) Hi“
< Clul) 0 I Dult) [l

Thus, we have shown the estimate

d q—2 2
g NG, < ColluC Ol Tuls )l o [ Dul, O 11 (5.9)

Setting fuC )L TuC Ol
h(t) == qa 2
FuC N7 ul )1l
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we have that if h(¢) were bounded by some quantity Amax in the interval 0 < ¢ < T},
then the estimate (5.9) would give

q
L’

d q
2 1t e < Cghmax || Dul, 1) 121 u(-, ) |

Since fOTf || Du(-,t)||?>ds is finite by Theorem 2.1, this would give (by Gronwall’s
lemma) boundedness of || u(:,?) ||, in 0 <t < T%. This contradiction proves (5.8).
o

6. The Beale-Kato—Majda blow—up condition

In this section, we recall a few basic facts for the vorticity w(-,t) := Vxu(-, ),
which satisfies the related equation

wi + u(t) - Vw(,t) = Aw(,t) + w(-t)  Vu(-t). (6.1)

From our definition of the L2-norm ||-|, it is readily seen that || w(-,t) [|=| Du(-,t) ||,
and, more generally,

ID* a6 || = | Dw(- )| VY E£20, (6.2)

so that we have, in case Ty < oo, that || D‘w(-t)| — oo as t Ty for all £ > 0.
Similar considerations are obtained from

D ()l < K(6q) [ D'w(8)]l,, V>0, 1<g<oo,  (6.3)

Il o

which follows from the Calderon-Zygmund theory of singular operators, see e.g.
[32,52]. Another important property of w(-,t) is that it stays bounded in L%, as
observed in [54].

Theorem 6.1. (i) Let w = (w,, w,, w,) be the vorticity. If w(-,0) € LY(IR?) for

some i, then w,(-,t) remains in LY(R?) for t >0, with

1
lo, (00,0 < NGOy + 5 luC0) 7 Vo<t <Ty. (6.4)

(i) If w(-,0) € LY(R?), then

V3
loC Ol < w0, + S lut0) 2 Yo<t<Ty.  (6.5)

Proof: Again, we use regularized sign functions Lj(-) as defined in [35], p. 136,
where § > 0 is arbitrary. Multiplying the i-th component of equation (6.1) above
by Lg(w,(-,t)) and integrating on R3x [0, t], we get, letting 6 \,0,

3 t
Ol < 0, + 3 [ [ 1w, 0] 100 deds
]RS

j=1"0
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for all 0 <t < T, which gives (6.4) by the Cauchy—Schwarz inequality and (1.7),
(6.2). Moreover, summing on 1 <4 < 3 and applying again the Cauchy—Schwarz
inequality to estimate the integral term, one obtains (6.5), using (1.7) and (6.2)
once more. o

We now turn to the L? norm of w(-, t), which will quickly lead us to the following
blow—up result, originally obtained for the Euler’s equations in [30].

T
Theorem 6.2. (Beale-Kato-Majda). If Tj < oo, then / "ol t) || dt = oo
0

Proof: Multiplying the i-th component of equation (6.1) by w,(-,t) and integrat-
ing on IR*x [0, t], we get, summing on 1 <i < 3,

3

& eGP+ Dl P = 3 /]R o (2,1) @, (2.1) Dy (o, 1) d
’ 3
< el 32 [ 1wt D (t) da
i,j=1"R3
< V3wt @l | D0 |

= V3 [lw8) I w812

for all 0 <t < T}, using the Cauchy-Schwarz inequality and that | Du(-,t)|| =
lw(-,t)||, see (6.2) above. By the standard Gronwall lemma, this gives

t
w0l < 0l e { V5 [utnlar}  vosi<T,
0

T,
Therefore, if we had / ! lw(-,t) | o dt < o0, we would have || w(-, )| bounded in

0
[0, T¢ [. That is, || Du(-,t) || would be bounded in [0, T [, contradicting Leray’s
estimate (3.10). o
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