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ABSTRACT: The aim of this paper is to introduce the notion of weakly b-open
functions in a bitopological spaces. Some properties of this function are established
and the relationships with some other types of spaces are also investigated.
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1. Introduction

The notion of bitopological spaces (X,71,72), where X is a non-empty set
and 71, 7o are different topologies on X was introduced by Kelly [9]. In 1996,
Andrijevic [2] introduced the concept of b-open sets in topological spaces. After
that Al-Hawary and Al-Omari [1] defined the notion of b-open sets in bitopological
spaces and established several fundamental properties. Noiri et al. [11] defined
the notion of weakly b-open functions in topological spaces and established several
properties of this notion.

The purpose of this paper is to present the concept of weakly b-open functions
in bitopological spaces and to obtain several characterizations and properties of
this concept.

2. Preliminaries

Throughout this paper, X and Y represents bitopological spaces (X, 71, 72)
and (Y,01,02) on which no separation axioms are assumed and (7,j) means the
topologies 7;, 7; where 7,5 € {1,2},i # j. For a subset A of (X, 71,72), i-int(A)
(respectively, i-cl(A)) denotes the interior(respectively, closure) of A with respect
to the topology 7;, where i € {1, 2}.

Now, we list some definitions and results those will be used throughout this
article.
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Definition 2.1. A subset A of a bitopological space (X,1,72) is said to be
(a) (i, 5)-b-open ( [1]) if A C i-int(j-cl(A)) U j-cl(i-int(A)).
(b) (i, 7)-regular open ( [3]) if A = i-int(j-cl(A)).
(c) (i, 7)-regular closed ( [4]) if A = i-cl(j-int(A)).
(d) (i,j)-preopen ([6]) if A C i-int(j-cl(A))
(€) (i, 5)-a-open ([7]) if A C i-int(j-cl(i-int(A)))

The complement of (i, 7)-b-open set is (i, j)-b-closed.
Definition 2.2. [2| Let A be a subset of a bitopological space (X,71,72). Then,

(a) the (i,7)-b-closure of A denoted by (i,j)-bel(A), is defined by the intersec-
tion of all (i,7)-b-closed sets containing A.

(b) the (i, j)-b-interior of A denoted by (i, j)-bint(A), is defined by the union of

all (i,7)-b-open sets contained in A.

Lemma 2.1. [1] Let (X,71,72) be a bitopological space and A be a subset of X.
Then,

(a) (i,7)-bint(A) is (i,7)-b-open.
(b) (i,7)-bel(A) is (i, j)-b-closed.
(c) A is (i,)-b-open if and only if A = (i,7)-bint(A).
(d) A is (i,7)-b-closed if and only if A = (i,5)-bcl(A).
Lemma 2.2. [14] Let A be a subset of a bitopological space (X,71,72). Then,
(a) X\ (i,7)-bcl(A) = (i,7)-bint(X \ A)

(b) X\ (i, 4)-bint(A) = (i, j)-bcl(X \ A)

Lemma 2.3. [1] Let (X,71,72) be a bitopological space and A be a subset of X.
Then x € (i,7)-bel(A) if and only if for every (i,j)-b-open set U containing x,
UNA#0.

Definition 2.3. [8] Let (X, 71,72) be a bitopological space and A be a subset of
X. A point x of X is said to be in (i,7)-0-closure of A, denoted by (i,j)-clg(A),
if ANg-cl(U) # O for every 7;-open set U containing x, wherei,j € {1,2} andi # j.
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A subset A of X is said to be (i,j)-0-closed if A= (i,j)-clg(A). A subset A of
X is said to be (i,7)-0-open if X \ A is (i,7)-0-closed. The (i,j)-0-interior of A,
denoted by (i, j)-inte(A) is defined as the union of all (i, j)-0-open sets contained in
A. Therefore x € (i, j)-intg(A) if and only if there exists a T;-open set U containing
x such that x € U C j-cl(U) C A.

Lemma 2.4. [8] For a subset A of a bitopological space (X,71,72), the following
properties hold :

(a) X\ (i,5)-clo(A) = (i, j)-int(X \ A)

(b) X\ (i,5)-inte(A) = (i, 7)-clo(X \ A)
Lemma 2.5. [8] Let (X, 71,72) be a bitopological space. If U is a T;-open set of
X, then (i,7)-clg(U) = i-cl(U).
3. (i,j)-Weakly b-Open Functions

Definition 3.1. A function f : (X,71,72) — (Y, 01, 02) is said to be (i, j)-weakly
b-open if f(U) C (4,7)-bint(f(j-cl(U))), for every T;-open set U of X.

Theorem 3.1. The following statements are equivalent for a function f: (X, 71,
TQ) — (Y,O‘l,a’g).

(a) f is (i, j)-weakly b-open.

(b) £((ij)-inte(A)) C (i, §)-bint(f(A)), for every subset A of X.

(c) (i j)-inte(f~1(B)) C f~1((i, 5)-bint(B)), for every subset B of Y.
(d) £=1((i, 5)-bel(B)) C (i, j)-clo(f~1(B)), for every subset B of Y.

(e) For every x € X and every T;-open set U of X containing x, there exists
n (i,7)-b-open set V containing f(x) such that V- C f(j-cl(U)).

Proof: (a)=(b) Let A C X and x € (i,7)-intg(A). Then there exists a 7;-

open set U of X such that x € U C j-cl(U) ¢ A. Thus f(z) € f(U) C f(j-
c(U)) C f(A). Since f is (4,j)-weakly b-open function, therefore f(U) C (i,5)-
bint(f(j-cl(U))) C (i,7)-bint(f(A )) Thus f(z) € (i, )bznt(f(A)). This implies

that @ € f=1((4,7)-bint(f(A))). So, (i,7)-inte(A) C f~1((i,5)-bint(f(A))). Hence
f((@, g)-intg(A)) C (i, 5)-bint(f (A ))

(b)=>(c) Let B C Y. Then f YB)is a subset of X. Next by (b), f((i,7)
intg(f~1(B))) C (i, 7)-bint(f ( Y(B))) C (i,j)-bint(B). This implies
(i, 3)-inte(f~H(B)) C f~((i,5)-bint(B)).
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(c) ()LetBCYandx%(i,j)-clg(f L(B)). ThenxeX\(zj -clo(f~Y(B))

= (i, j)-intg(X \ [72(B)) = (i, 7)-inte(f " (Y'\ B)) C [ ((i,)-bint(Y \ B))
TN 0el(3)) 2 XN (00 EY). S ¢ T By), Tonee
FH(5)-bel(B)) € (i, 4)-clo(f~1(B))-
(d)=-(e) Let z € X and U be a 7;-open set of X containing z. Let B =Y\ f(j-
cl(U)). By (d), then we have
(i, 4)-bel

Y\ f(G-cl(U)))) € (i, 4)-clo(f7H Y\ £(4- -l(U))))
= (1,5)-clo(X \ (£ (j-cl

@)))

C (i, 4)-clo(X \ j-cl(U))
=i-cl(X \ j-cl(U)), by Lemma 2.4.
= X\ i-int(j-cl(U))

C X \i-int(U) =X \U.

Thus f ((Z 7)-bel(Y'\ f(4-cl(U)))) € X\ U.
\ (i, 4)-bint (f (j-cl(U)))) € X\ U.
éX\f H((i, 4)-bint(f (j-cl(U)))) € X\ U.
Hence U C f=1((i,j)-bint(f(j-c (U)))) This implies that f(z) € f(U) C (i,5)-

bint(f(j-cl(U))) C f(j-cl(U)). Let V' = (i, j)-bint(f(j-cl(U))). Then V' is (i, j)-b-
open and f(z) € V' C f(j-cl(U)).

(e)=-(a) Let U be a 7;-open set of X containing x. By (e), there exists an (4, j)-b-
open set V of Y containing f(x) such that V' C f(j-cl(U)). Thus f(z) € V C (4, j)-
bint(f(j-cl(U))). Hence f(U) C (i,7)-bint(f(j-cl(U))) and so f is (i,7)-weakly
b-open. O

Theorem 3.2. The following statements are equivalent for a function f: (X, 71,
T2) — (Y,01,02).

(a) f is (i, j)-weakly b-open.
(b) (i, 7)-bel (£ (j-int(i-cl(U)))) C F(i-cl(U)), for every subset U of X.

(c) (i, 5)-bel(f(j-int(F))) C f(F), for every (i, j)-regular closed set F' of X.
(d) (3, 5)-bel(F(U)) C f(i-cl(U)), for every Tj-open set U of X.

Proof: (a)=(b) Let z € X and U C X such that x € U. Let f(z) € Y'\ f(i-cl(U)).
Then x € X \ i-cl(U). This implies that, there exists a 7;-open set V' containing
x such that V. NU = (. Thus j-cl(V) N j-int(i-cl(U)) = @. Since f is (4, j)-weakly
b-open, therefore by theorem 3.1, there exists an (i, j)-b-open set W containing
f(z) such that W C f(j-cl(V)). So, W N f(j-int(i-cl(U)) = @ and therefore
f(x) € X\ (4,4)-bel(f(j-int(i-cl(U)))). Hence (i, j)-bel(f(j-int(i-cl(U)))) C f(i-
c(U)).
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(b)=-(c) Let F be (i, j)-regular closed set in X. Therefore F' = i-cl(j-int(F)).
Now (i, j)-bel (f (j-int(F))) = (i, j)-bel(f (j-int(i-cl(j-int(F))))) C f (i-cl(j-int(F)))
= f(F). Hence (i,7)-bel(f(j-int(F))) C f(F).

(c)=(d) Let U be a 7;-open subset of X. Then i-cl(U) is (i, j)-regular closed
in X. Now (4, 7)-bel(f(U)) C (i,7)-bel(f(j-int(i-cl(U)))) C f(i-cl(U)).

(d)=-(a) Let U be a 7;-open subset of X. Then j-cl(U) is 7;-closed. Now
YA (i, 4)-bint(f (j-cl(U))) = (i, §)-bel (Y \ f(j-cl(U))) = (i, j)-bel(f (X \ j-cl(U))) C
fla-cl(X\j-cl(U))) = f(X\i-int(j-cl(U))) C f(X\i-int(U)) = f(X\U) = Y\ f(U).
Thus f(U) C (i,7)-bint(f(j-cl(U))) and hence f is (i, j)-weakly b-open. O

Theorem 3.3. The following statements are equivalent for a function f: (X, 71,
TQ) — (Y,O‘l,a’g).

(a) f is (i,7)-weakly b-open.
(b) f(i-int(F)) C (4, 7)-bint(f(F)), for every T;-closed set F of X.
(¢) f(U) C (4,7)-bint(f(j-cl(U))), for every (i,j)-preopen set U of X.

(d) f(U) C (i,7)-bint(f(j-cl(U))), for every (i,7)-c-open set U of X.

Proof: (a)=(b) Let F' be a 7;-closed subset of X. Then we have i-int(F) is
T;~open. Since f is (i,j)-weakly b-open, therefore f(i-int(F)) C (4,7)-bint(f(j-
dl(i-int(F)))) C (i j)-bint(f(F)).

(b)=-(c) Let U be a (i, j)-preopen set in X. Then by (b), we have f(U) C f(i-
int(j-cl(U))) C (i, j)-bint(f (j-cl(U)))-

(¢)=-(d) Since every (i, j)-a-open set is (i, j)-preopen, so the result follows im-
mediately.

(d)=-(a) Let U be a 7;-open set in X. Then U is (¢, j)-a-open in X. Therefore
by (d), we have f(U) C (4, j)-bint(f(j-cl(U))). Hence f is (i, j)-weakly b-open. O

Theorem 3.4. The following statements are equivalent for a function f : (X, 71,
TQ) — (Y,O‘l,a’g).

(a) f is (i,7)-weakly b-open.
(b) £f7X((i,7)-bel(B)) C (i,7)-clo(f~1(B)), for every subset B of Y.
(¢) (4,7)-bel(f(A)) C f((i,7)-clo(A)), for every subset A of X.

(d) (i,7)-bel(f(i-int((i,)-clo(A)))) C f((i,7)-clo(A)), for every subset A of X.
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Proof: (a)=(b) Assume that f is (i,j)-weakly b-open. Let B be any subset of
Y and x € f~((i,5)-bel(B)). Then f(x) € (i,7)-bcl(B). Let V be a 7;-open
set of X containing . Since f is (4,j)-weakly b-open, therefore by theorem 3.1,
there exists an (¢, j)-b-open set U containing f(z) such that U C f(j-cl(V)). Also,
f(x) € (i, j)-bel(B), therefore we get UNA # () and hence () # f~Y(U)Nf~1(B) C j-
(V)N f~Y(B). Therefore we get x € (i, j)-clg(f~1(B)). Thus f~1((4,5)-bcl(B)) C
(i,5)-clo(f~H(B))-

(b) (c) Let A be any subset of X. Then we have f~1((4,j)-bcl(f(A))) C (i,5)-
clo(f7(f(A))) € (i, 5)-clo(A). Hence (i, )-bel(f(A)) € (i, )-clo(A)).

(¢)=-(d) Let A be any subset of X. Since (, j)-clg(A) is 7;-closed in X, therefore
by (b) and Lemma 2.4, we have (2, j)-bel(f(j-int((i,7)-clg(A)))) C f((3,5)-clo(j-
,)J) clo(4)))) = Fli-cl(j-int((i,3)-cla(A)))) C F(i-cl((ird)-clo(A)) = F((i.5)-

(d)=(a) Let V be any 7;-open sub-set of X. Then by Lemma 2.4, V' C j-int(i-
(V) = j-int((i, j)-cle(V)). Now, by (d) and Lemma 2.4, (i, j)-bcl(f(V)) C (¢, 5)-
(f(G-int((i,7)-cle(V)))) C f((i,7)-cle(V)) = f(i-cl(V)). Thus we obtain (i, j)-
bel(f(V)) C f(z ¢l(V)) and hence by Theorem 3.2, we have f is (i, j)-weakly b-open.
a

Definition 3.2. [9] A bitopological space (X,71,72) is said to be (i,j)-regular if
for each x € X and each T;-open set U containing x, there exists a T;-open set V.
such that x € V C j-cl(V) C U.

Theorem 3.5. If X is (i, j)-reqular, then for a bijective function f : (X,71,72) —
(Y,01,02), the following statements are equivalent :

(a) f is (i,7)-weakly b-open.

(b) f(A) is (i,)-b-closed in'Y for every (i,j)-0-closed set A of X.

(¢) f(B) is (i,7)-b-open in'Y for every (i,j)-0-open set B of X.

(d) For every subset C' of Y and for every (i,j)-0-closed sub-set A of X such
that f=1(C) C A, there exists an (i,j)-b-closed sub-set F' in'Y containing C' such
that f~1(F) C A.

Proof: (a)=(b) Let A be any (i, j)-0-closed set of X. Since f is (¢, j)-weakly b-
open, therefore by theorem 3.4, we have (i, 7)-bcl(f(A)) C f((i,5)-clo(A)) = f(A).
Hence f(A) is (i, j)-b-closed subset in Y.

(b)=-(c) Let B be any (4, j)-0-open sub-set of X. Then X \ B is (i, j)-0-closed
sub-set in X. By (b), f(X\ B) =Y\ f(B) is (i,7)-b-closed in Y. Hence f(B) is
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(i,7)-b-open in Y.

(¢)=(d) Let C be any subset of Y and A be an (i, j)-0-closed set in X such
that f~1(C) C A. Since X \ A is (i,7)-0-open in X, therefore by (c), f(X \ A4) is
(i,4)-b-openin Y. Let F =Y\ f(X\A). Then F is (i, j)-b-closed and C' C F. Now,
F7UF) =YY\ f(X\A)) = f1(f(A)) C A. Thus there exists an (i, j)-b-closed
set F' containing C such that f~1(F) C A.

(d)=-(a) Let C be any subset of Y. Let A = (i,j)—clg( L(©)). Since X is
(i,)-regular, then A is (i,7)-6-closed set in X and f~1(C) C A. By (d), there
exists an (i,7)-b-closed set F in Y containing C such that f~1(F) C A. Since F
is (i, j)-b-closed, we have f=1((i,5)-bcl(C)) C f~YF) C A = (i,j)-clo(f~(C)).
Hence by theorem 3.4, f is (i, j)-weakly b-open. O

Definition 3.3. [10] A function f: (X,7) — (Y, 0) is said to be strongly contin-
wous if f(cl(A)) C f(A), for every subset A of X.

Theorem 3.6. If a function f: (X1,71,72) — (Y, 01,02) is (i, j)-weakly b-open
and strongly j-continuous, then f(A) is (i,j)-b-open in'Y, for every T;-open sub-set
Ain X.

Proof: Let A be a 7;-open set in X. Since f is (4, j)-weakly b-open and strongly
j-continuous, therefore f(A) C (i,7)-bint(f(j-cl(A))) C (i,7)-bint(f(A)). Thus
f(A) = (i,7)-bint(f(A)) and so f(A) is (¢,7)-b-open in Y. O

Theorem 3.7. Let f : (X, 711,72) — (Y, 01, 02) be a bijective function. If f((i,7)-
clp(A)) is (i,7)-b-closed in'Y for every subset A of X, then f is (i, j)-weakly b-open.

Proof: Let A be any subset of X. Since f(( j)-clg(A)) is ( j)-b-closed, therefore
(4,7)-bel(f(A)) C (i,7)-bel(f((7,7)-clo(A))) = f((i,7)-clo(A)). Hence by theorem
3.4, fis (i,7)-weakly b-open. O

Definition 3.4. A function f: (X, 71,72) — (Y,01,02) is said to be (i, j)-contra
b-open (respectively, (i,7)-contra b-closed) if f(U) is (i,j)-b-closed (respectively,
(i,7)-b-open) in'Y for every Tj-open (respectively,T ;-closed) subset U of X.

Theorem 3.8. If a function f: (X,71,72) — (Y, 01, 02) is (i, j)-contra b-closed,
then f is (i, j)-weakly b-open.

Proof: Let A be any 7;-open subset of X. Then j-cl(A) is 7;-closed in X. There-
fore f(A) C f(j-cl(A)) = (i,7)-bint(f(j-cl(A))). Hence f is (i, j)-weakly b-open.O

Theorem 3.9. If a bijective function f: (X, 71,72) — (Y, 01,02) is (i, j)-contra
b-open, then f is (i, j)-weakly b-open.
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Proof: Let A be any 7,-open subset of X. Then i-cl(A) is 7;-closed in X. Since
f is (4,j)-contra b-open, therefore f(A) is (i,j)-b-closed. Now (i,7)-bel(f(A)) =
f(A) C f(i-cl(A)). By Theorem 3. 2, f is (4, j)-weakly b-open. O

Definition 3.5. [13] A bitopological space (X, 7T1,72) is said to be pairwise con-
nected if it cannot be expressed as the union of two non-empty disjoint sub-sets A
and B such that A is T;-open and B is Tj-open.

Definition 3.6. A bitopological space (X, 71,72) is said to be pairwise b-connected
if it cannot be expressed as the union of two non-empty disjoint sets A and B such
that A is (i,7)-b-open and B is (j,4)-b-open.

Theorem 3.10. If f : (X,71,72) — (Y, 01,02) is a bijective (i, j)-weakly b-open
function of a space (X,7T1,T2) onto a pairwise b-connected space (Y,01,02), then
(X, 71,72) is pairwise connected.

Proof: Suppose that (X, 71,72) is not pairwise connected. Then there exists a
non-empty 7;-open set A and a non-empty 7;-open set B such that AN B = () and
AUB = X. This implies that f(A)Nf(B) = 0 and f(A)Uf(B) =Y. Also, f(A) # 0
and f(B) # 0. Since f is (i,j)-weakly b-open, therefore f(A) C (i,7)-bint(f(j-
cl(A))) and f(B) C (j,4)-bint(f(i-cl(B))). Again since A and B are 7;-closed and
7;-closed respectively, therefore we have f(A) C (i, 7)-bint(f(A)) and f(B) C (j,19)-
bint(f(B)). Hence f(A) = (i,7)-bint(f(A)) and f(B) = (j,)-bint(f(B)). Conse-
quently, f(A) and f(B) are (i,j)-b-open and (j,4)-b-open respectively.Which is a
contradiction to the hypothesis that Y is pairwise b-connected. Hence (X, 71, 72)
is pairwise connected. O

Definition 3.7. [12] A bitopological space (X, 7T1,72) is said to be (i, j)- hypercon-
nected if j-cl(A) = X, for every T;-open sub-set A of X.

Theorem 3.11. Let (X, 71,72) be an (i, j)-hyperconnected space. Then a function
[ (X,71,72) — (Y,01,02) is (i,])-weakly b-open if and only if f(X) is (i,7)-b-
open in Y.

Proof: Suppose that f is (i,j)-weakly b-open. Since X is 7;-open, therefore we
have [(X) C (i,§)-bint(f(-(X))) = (i, )-bint(f(X)). Hence f(X) is (i,7)b
open in Y.

Conversely, let f(X) be (i,7)-b-open in Y and A be a 7;-open set in X. Then

f(A) C f(X) = (i,7)-bint(f(X)) = (i,)-bint(f(j-cl(A))). Hence f is (¢, j)-weakly
b-open. O

Definition 3.8. [3] A subset A of a bitopological space (X,T1,72) is said to be
(i,7)-quasi H-closed relative to X if for each cover {B, : a € A} of A by T;-open
sets of X, there exists a finite subset Ao of A such that A C | J{j-cl(By) : a € No}.
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Definition 3.9. A subset A of a bitopological space (X, T1,72) is said to be (i,7)-b-
compact relative to X if every cover of A by (i,j)-b-open sub-sets of X has a finite
subcover.

Theorem 3.12. If a bijective function f : (X,71,72) — (Y, 01, 02) is (i, j)-weakly
b-open and A is (i, j)-b-compact relative to Y, then f=(A) is (i,7)-quasi H-closed
relative to X .

Proof: Let A be (i, j)-b-compact relative to Y and {B,, : @ € A} be an open cover
of f71(A) by 7;-open sets of X. Therefore f~1(A) C U{Ba : @ € A} and so
A C U{f(Ba) : @ € A}. Since f is (4, )-weakly b-open, therefore f(By) C (4,7)-
bint(f(j-cl(Ba))). Then A C J{(4,7)-bint(f(j-cl(Ba))) : o € A}. Also, A is
(i, 7)-b-compact relative to Y and (i, j)-bint(f(j-cl(By))) is (i, )-b-open for each
a € A, therefore there exists a finite subset Ay of A such that A C J{(¢,7)-
bint(f(j-cl(Ba))) : @ € Ao}. This implies that f~1(A) < U{f~((i,4)-bint(f(j-
c(Ba)))) : @ € Ao} € U{fHf(G-cl(Ba))) + @ € Ao} € U{j-cl(Ba) : @ € Ao}
Hence f~1(A) is (i, j)-quasi H-closed relative to X. O
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