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Moment Asymptotic Expansions of the Wavelet Transforms *

Ashish Pathak and R S Pathak
ABSTRACT: Using distribution theory we present the moment asymptotic expan-
sion of continuous wavelet transform in different distribution spaces for large and

small values of dilation parameter a. We also obtain asymptotic expansions for
certain wavelet, transform.
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1. Introduction

In past few decades there were many mathematicians who have done great work
in the field of asymptotic expansion like Wong [6] .Using Mellin transform technique
of Wong and asymptotic expansions of the Fourier transform of the function and
the wavelet Pathak [3] and Pathak & Pathak [3,4] have obtained the asymptotic
expansions of the continuous wavelet transform for large and small values of dilation
and translation parameters. Estrada & Kanwal [5] have obtained the asymptotic
expansions of generalized functions on different spaces of test functions. In present
paper we exploit the distributional theory of asymptotic expansions due to Estrada
& Kanwal and obtain asymptotic expansions of wavelet transform when asymptotic
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behaviour of the function and the wavelet are known.
The continuous wavelet transform of f with respect to wavelet v is defined by

T —0b

(Wwf)(a,b)%/(:f(x)w< >dx, beR,a>0, (1.1)

provided the integral exists [3]. We can also write

Wp@y) = va[ sy (:c—ﬁ)dx

- \/E<f(ax),w (x - g) > (1.2)

This paper is arranged in following manner. In section second, third , fourth
and fifth we drive the asymptotic expansion in the distributional spaces &”(R),
Z'(R),0.(R),0,(R) and 0%, (R) respectively, studied in [5].

2. The moment asymptotic expansion of (W, f) (a,b) as a — oo in the
space &’(R) for given b

The space &(R) is the space of all smooth functions on R and it’s dual space
&'(R) , is the space of distributions with compact support. If ¢» € &(R), then
clearly 1 (x — g) € &(R). We consider the seminorms in the following two cases.

Case 1 For b>10:
b b b

o (z=2 =Maz{|D (z——=)|:=—M<z<b+M}), (2.1)
a a

a

a, M

Case 2 For b< 0:

b
#(-3)
a
for « € N and M > 0. These seminorm generate the topology of &(R). If ¢ =
0,1,2,3, ..., we set
Xo={Ye&MR): D (0) =0 for o < q}, (2.3)

Lemma 2.1. Let ¢ € X, then for every a € N and M > 0,

(=)

Proof: Assume that b > 0. For ¢ € X, we can find a constant K such that

pe=)l= s
a a

b b
:Mam{|Da1/1 (w——)|:b—M<x<—+M}, (2.2)
M a a

=0 (iq) as a — oo (2.4)

a,M a

b
,——1<z<b+1. (2.5)
a
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Therefore, if a > M we obtain

H1/)<x_b) = Maz{‘w<x;b>‘:9M<z<b+M}

a

M
o(4). o
If o« < q and ¢ € X4 then DY € Xy—o and thus
)., = e ()
a
o)
a® ad—«
_ O(i)_
ad

Similarly by using (2.2) we can prove that

(22 =0(2) sors<o
a, M a

0,M

IN

o, M 0,M

Now, by using Lemma 2.1 we obtain the following theorem.

Theorem 2.1. Let wavelet i € &R), f € &'(R) and p, = {(f,z*) be its moment
sequence . Then for a fixed b the moment asymptotic expansion of the wavelet
transform is

\/E<f(ax),1/1 (ac - —) > Z “ajaa‘iﬂg/“) +0 (ﬁ) as a— oo. (2.7)

Proof: Let Py(z,b/a) = Zg 0 Mw be the polynomial of order N of the

function v (m — —) Then we have

(1o o)) = (s (--) )

Z HaDa1/1 b/a‘) +RN((1),

algetl
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where the remainder Ry (a) is given by Ry (a) = <f(ax), Y (z— L) = Py(x, b/a)>.

Since ¢ (x — ) — Py(z,b/a) is in X1 we obtain

|Bn(a)

I
PN
K’j
—

IS
8
~
=
N
8
|
|
N—
I
g

2
—
&
(=
~
S

L& x—b
= 22w () e

1
del

where the existence of L,q and M is guaranteed by the continuity of f. Hence we
get the required asymptotic expansion (2.7). O

Example 2.1. In this example we choose i to be Mexican-Hat wavelet and derive
the asymptotic expansion of Mezican-Hat wavelet transform by using Theorem2.1.
The Mezican-Hat wavelet is given by [3]

22

Y(z) = (1 —zHe T € &R). (2.8)

Then

b2

e 2a2 b(3a? — b? 6ab® — 3a* — b*
Py(z,b/a) = e ((a2 - ) + ( " )er ( 5,2 )x2> .

Now, using Theorem?2.1 we get the asymptotic expansion of Mexican-Hat wavelet
transform

b2

va(saw (o-2) ) = (o, 0,

(6a%b* — 3a* — b*) 0 1
+ 5052 Mo | + 2972 as a — o0,

where p; = (f,x%),i =0,1,2.

3. The moment asymptotic expansion of (W, f) (a,b) for large and small
values of a in the space Z”’(R) for a given b

Case 1. Let ¢ € Z(R).
We now consider the moment asymptotic expansion in the space Z2’'(R) of distribu-
tions of "less than exponential growth". The space & (R) consists of those smooth
functions ¢(x) that satisfy

limmﬁooe*'Y'IlDﬁgb(z) =0 for v>0and each €N,
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with seminorms

l6@) s = sup {| e DAg(a) |: 2 € R}.

e 1El DBy <:c — é) ‘ rx € R}
a

e~ Ve=¢I DBy <x _ é) ekl

a) e—lz=2l
H7/)< b)
a

A(z,bja) = sup {

e"|§| < 0,

Let wavelet ¢(z) € Z(R). Then

6@ 5 = sup

:xGR}

A(z,b/a),
v, B

where

ezl

:xER}

b
e*’Y|I*;

IN

for a given v > 0 and b € R.
So [[¢(z) ], 5, » is also seminorm on Z(R) for v > 0, # € N and for a given

b € R. Therefore these seminorms generate the topology of the space #(R). If
X, = { € 2(R): D*%(0) =0, for a < q},
then for any v > 0 we can find a constant C' such that

bq

'1/} <z9> <Clz—- e E el
a a
If @ > 1, then
q
6_7‘1‘ w :L'_b <C x_b 6_%6’”% <ﬁ
a - a - aq’
and thus
T 1
Hi/) (—) O<—) as a — 00, P € Xg. (3.1)
a 7,0, L al
Hence using above equation we get
T 1
Hw (—) =0 (—) as a — o0o. (3.2)
a v, B, & ad

Using (3.2) we obtain the following theorem
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Theorem 3.1. Let v € Z(R),f € Z'(R) and p, = {(f,x*) be its moment se-
quence. Then for a fixed b the asymptotic expansion of wavelet transform is

\/a<f(az),1/) (:c - —> > Z ““f.a;iﬂ/g Y 45 a - co. (3.3)

The Proof is similar to that of Theorem 2.1.

22
Example 3.1. Let ¢(z) = (1 — 2*)e™ 2 € P(R) is Mexican-Hat wavelet and
f(x) € Z'(R). Therefore by Theorem 3.3 moment asymptotic expansion of contin-
uous Mexican-Hat wavelet transform for large a in ' (R) is given by

2

X g D1 —a2®)e™ T ] s

\/E<f(az),¢<zg> >NZ o ti/? "9 g5 a4 — 0.

a=0

Case 2. In this case we consider wavelet i (z) € 2'(R) and f(z) € Z(R). Then

the wavelet transform (1.1) can we rewrite as

W@ = 2=(v (%) s+n).

Similarly as Theorem 3.1 we can also obtain the following theorem

Theorem 3.2. Let ¢ € Z’(R), f € Z(R) and p, = (3, z*) be its moment se-
quence. Then for a fixed b the asymptotic expansion of wavelet transform is

o a® /
%<1/1 (Z) :c+b> ZMQD f o as a— 0. (3.4)

Example 3.2. In this example again we consider the Mexican-Hat wavelet which
is less then exponential growth , so by applying Theorem 3.2 and using formula
[30,pp.520, 1], we get the asymptotic expansion of wavelet transform for small
values of a

Lo (Bt tea-np (201 D2 f(p)aeti
e () seen) ~ Z e (2 ) PO -0

4. The moment asymptotic expansion of (W, f) (a,b) as a — oo in the
space O/ (R) for given b

A function 1 belongs to test O, (R), if it is smooth and D*i(x) = O(|z|7) as
x — oo for every @ € N and v € R. The family of seminorms

[¥(@)lary = sup{p,(|z))|D*¢(2)| : = € R},

I, 0<la<1
pv<|x|>={|z|w, ) > 1 } (4.1)

where
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generates a topology for O, (R). The space O.(R) is the inductive limit im0, (R) as
v — 00. The elements of O.(R) are generalized functions that decay fast at infinity
in the distributional senses. We have $[0.] = 0, and $[0},] = O, [7,p.402].

Now with the help of the translation version of ¢(x), we can define the seminorms

on O, (R) as
sup {pv(|$|) Doy (x - g) ’ e R}

{os (e~ ) o= )|« x) st
- |o(-3)

where V(z,b/a) = sup{M tx € R}.

o, (lz—2])
Notice that if v > 0, then

H"/’(-T)Ha,'y,b/a

I
g
iS]
B
2

V(z,b/a),

a,y

1, for0<|z| <1 and 0<|x—b/a] <1
gl
b/al _
V(z,b/a) < (1 + 1b/a|> , for|z| >1 and |z —b/a] > 1
(L+]2)), for0<|z| <1 and |x —b/a] > 1
1, for|z| >1 and |z —b/a] <1
Also, if v < 0, we have
1, for0<|z| <1 and 0<|x—b/a] <1
b/a) < -
Viwb/a) < (1 + |b/a|> , otherwise

oo, (lz—21)
Therefore [|[¢(z)|a, ~, b/a are also seminorms on O, (R).These seminorm generate
the topology of the space ¥ (z) € 0,(R).
Now, set

el
Thus sup{M:zGR} < <1+|b/a|) =K <oo, Vv ek

X, ={¥ € 04(R) : D*Y(0) =0, for a<gq}.

Then for any v € R we can find a constant C' such that

V(z,b/a).

T — —
a

R R | R

If @ > 1, then

p<|x|>\w(x—§)] <M
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Hence using above equation we get

1
=0 <—> as a — oo. (4.2)
o, v ,b/a at

Similarly as Theorem 3.1 we can obtain the following theorem.

Theorem 4.1. Let ¢ € 04(R), f € OL(R), N = [[4]] = 1 and p, = (f,x*) be
its moment sequence. Then for a fized b € R the asymptotic expansion of wavelet
transform is

\/E<f(ax),1/1 (m - —) > Z “aff;fwz/a) + o(ﬁ) as a— oo, (4.3)

Since OL(R) = (N O/ (R), we obtain the asymptotic expansion of wavelet trans-
form in the space O (R).

Theorem 4.2. Let ¢ € O.(R), f € OL(R) and p, = (f,z%) be its moment se-
quence. Then for a fited b € R the asymptotic expansion of wavelet transform
18

\/a<f(az),1/) <:c - —> > Z “aZZfH/Z/“) + O<W11/2> as a — co. (4.4)

5. The moment asymptotic expansion of (W, f) (a,b) as a — oo in the
space 0’,(R) for given b

|G

The space Op;(R) consist of all ¢>-function whose derivatives are bounded by
polynomials ( of probably different degrees). Let ¥ € Oy (R) then its translation
version is also in Op(R). Then by using Theorem 9 [5] we can also derive the
asymptotic expansion of wavelet transform in O, (R).

Theorem 5.1. Let v € Op(R), f € O4,(R) and p, = (f,z) be its moment
sequence. Then for a fired b € R the asymptotic expansion of wavelet transform is

FYDp(—t
(f(2) ZWM as a — 00. (5.1)

Proof: By using (1.7.3) given in [3] we can be write the wavelet transform

b R
va( faa).u (2= 7)) = PEE @) blaw)), (5.2
where ¢(z) € O3 (R) and f(z) € O, (R) then its Fourier transforms (w) € O,(R)
and f(w) € O.(R) respectively.

Now by using Theorem 4.2 we get

2ral qatl/2

(f(x), 14 (7)) ~ Z Hale” = 9(w)) D(£(0) as a — oo. (5.3)
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But by the properties of Fourier transform we have
—ibaw ] —itw ) @
pale™ (W) = (eT T P(w),w?)
e Y b aff A\«
= 2nipmp( = 2), DDac = ()l

a
and hence
Lo (F)Dp(=2)
<f($)v"/)a,b(z)> ~ ZO T ol goti2 as a — oo. (5.4)
O
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