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A Non-Smooth Three Critical Points Theorem for General
Hemivariational Inequality on Bounded Domains
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ABSTRACT: In this paper we are concerned with the study of a hemivariational
inequality with nonhomogeneous Neumann boundary condition. We establish the
existence of at least three solutions of the problem by using the nonsmooth three
critical points theorem and the principle of symmetric criticality for Motreanu-
Panagiotopoulos type functionals.
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1. Introduction

In this paper, we study the following nonlinear elliptic differential inclusion with
p(z)—Laplacian

—A,put a(z)|uP® 2y = —pug(z,u) inQ

(0) 200 (1.1)
—|VuPt®) =25t € —XOF (x,u) on 052,

where Q C RV (N > 2) is a bounded smooth domain, % is the outward unit normal

derivative on 09, p: Q — R is a continuous function satisfying

1 <p~ = inf p(z) < p(x) < p* = supp(z) < +oo,
e zeQ

and A\, p € [0,00). F : 02 x R — R is a function in which F(-,u) is measurable
for every u € R and F(z,-) is locally Lipschitz for a.e. x € 9Q. dF(x,u) denotes
the generalized Clarke gradient of F(z,u) at u € R. Moreover, g : @ x R = R is a
Carathéodory function and G(z,u) = [, g(x,t)dt.

In this paper, a class of problem for hemivariational inequality is studied which is
defined on domains of the type B which are nonempty, closed, convex cone subsets
of W™ ().
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Our purpose is to study the following hemivariational inequality problem:
Find u € B (it is called a weak solution of problem (1.1)) if for all v € B,

/ \VulP @ =2VuV (v — u)dz + / a(z)|u|P® " 2u(v — u)da
Q Q

+)\/ FO>2,u;u — v)do + u/ g(x,u)(v —u)dz > 0. (1.2)
o0 Q

To indicate the existence for solutions of (1.2), we consider the functional J(u) :
Wol’p(')(Q) — R by I(u) = ¢(u) — AF(u) + pG(u) + x(u) associated to (1.2), such
that

1 x
d(u) = / ——[|Vul[P® + a(z)|u|P®]dz, Vu € WiP(Q),
Q p(x)
Flu) = / F(z,u)do, Yu € Wol’p(z)(Q),
o0
S(u) = | G(z,u)dx, Vu € W™ (),
Q

where x(u) is the indicator function of the set B.

The p(z)—Laplace operator A, u = div(|Vu[P(®)=2Vu) is a natural gener-
alization of the p—Laplacian operator Ayu = div(|Vu|P~2Vu), where p > 1 is a
real constant. The main difference between them is that p—Laplacian operator is
(p — 1)—homogenous, but the p(z)—Laplacian operator, when p(z) is not constant
is not homogeneous. For p(z)—Laplacian operator, we refer the readers to (cf. [13],
[14],[15],[18],[23]) and references therein.

In recent years, differential equations and variational problems have been studied
in many papers, we refer to some interesting works (cf. [27], [28]). For a thorough
treatment of the hemivariational inequality problems we refer to the monographs
Naniewicz and Panagiotopoulos (cf. [26]) (based on pseudomonotonicity), Motre-
anu and Panagiotopoulos (cf. [24]), Motreanu and Radulescu (cf. [25]) (based
on compactness arguments). In these works (and in references therein) there are
studied the elliptic problems on bounded domains.

It is well known that many problems in mathematics and physics that comes from
the real world by some authors have investigated (see cf. [1],[2],[29],[30], [31]).
The applications to nonsmooth variational problems have been seen in (cf. [3]),
Bonanno and Candito studied a class of variational-hemivariational inequalities; in
(cf. [32]), Zhang and Liu studied an elliptic equation with discontinuous nonlin-
earities in RV,

In recent years, the study of the three-critical-points theorem nonsmooth varia-
tional problems was investigated. The goal of this article is to apply a version for
locally Lipschitz functionals (was established by Kristaly, Marzantowicz and Varga
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in (cf. [21])).

In the present article, we use a class of perturbed Motreanu-Panagiotopoulos func-
tionals. We prove the existence of at least three solutions for a hemivariational
inequality depending on two parameters.

The paper is organized as follows. We prepare the basic definitions and proper-
ties in the framework of the generalized Lebesgue and Sobolev spaces. For this
introductory part we refer to (cf. [6],[8],[9],[11],[12]). Moreover, some important
properties of the p(z)—biharmonic operator, some basic notions about generalized
directional derivative and hypotheses on F, the basic definitions and facts about
the non-smooth three-critical-points theorem are given. Finally, we will give the
proofs of our main results.

2. Preliminaries
We recall some basic facts about the variable exponent Lebesgue-Sobolev.
The variable exponent Lebesgue space LP()(Q) is defined by
{u: Q@ —R: / Ju(z)|P®dz < oo}
Q

It is endowed with the Luxemburg norm

lullycy = inf {A>0: /| ) p)gy) < 1.

For p = const., the Luxemburg norm || - ||, coincides with the standard norm
|| - ||, of the Lebesgue space LP(€2). Then (LP®) (), || - ||,(,)) is a Banach space (cf.
[22]).

Let P’ be the function obtained by conjugatlng the exponent p pointwise, that
p(m) +5 (m) =1 for all # € Q, then p’ belongs to C ().

Proposition 2.1. (c¢f. [22]) LPC)(Q) is a separable, reflexive Banach space and
LPO)(Q) is its dual space.

Proposition 2.2. (¢f. [11]) (i) For any v € LP®)(Q) and v € LV’ ®)(Q), the
following Hélder type inequality valid

1 1
U Ndz < (— + =) lullp) |Vl @
/| Dlds < (= + =l ol

(i) If p,qg € C(Q) and 1 < p < q in Q, then the embedding L) — LPC) s
continuous.

Proposition 2.3. (c¢f. [11]) Let p be a function in C.(Q). Set Pp( () =
Jo lu(z VPE dx, If u, (up)n are in LPO(Q), with 1 < p~ < pt < oo, then the

following relations hold:

(@) llullpey 2 1= llullyey < @y < IIUIIP

(@) [lullpey <1 = ||U||,,() < p0) < Nullpy-
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The generalized Lebesgue-Sobolev space WEP(®)(Q) for L = 1,2, ... is defined

as
WEPO(Q) = {u e LPO(Q) : D € LPY(Q),|a| < L},
where D%u = Wz‘“wn’ a = (a1, az, -, ay) is amulti-index and |a| = XY, ;.

The space WEP#) (Q) with the norm

lullwewo () = D 11Dy,

la|<L

is a separable and reflexive Banach space.

The space WEP"™)(Q) denotes the closure in WEPO)(Q) of the set of
all WP()(Q)—functions with compact support.

Proposition 2.4. (¢f. [7]) WOL’p(')(Q) is a separable, uniformly convex and re-
flexive Banach space.

For every u € WOL P (')(Q) the Poincaré inequality holds, i.e., there exists a
positive constant ), such that

[ullLroray < CpllVull oo (q)-
(see (cf. [13])).

Hence, an equivalent norm for the space WOL P (')(Q) is given by

lullyzo0@ = D ID%ully)-

lal=L

Let p% denote the critical variable exponent related to p, defined for all z €
by the pointwise relation

Np(x
. N—}z(p()m) Lp(:L') <N,
pp(z) = (2.1)
+00 Lp(z) = N,

is the critical exponent related to p.

Proposition 2.5. (c¢f. [11],[22]) For p,q € C1(Q) such that q(x) < pj () for all
x € §, there is a continuous embedding

WEP@(Q) — LI@)(Q).
If we replace < with <, the embedding is compact.

Remark 2.6. (i) By the Proposition 2.5 there is a continuous and compact em-
bedding of Wy (Q) into LI@) where q(x) < p*(z) for all z € Q.

(i) Define |lul| = inf{A > 0 : [ [|%4PP@ + a(z)|4[P@]dz < 1}, for all
NS Wol’p(z)(ﬂ), then ||ul| is a norm on Wol’p(z)(ﬂ).



A NoN-SMooTH THREE CRITICAL POINTS THEOREM 99

In this paper, we denote by X = W1 jD(I)(Q) and X* the dual space.

Proposition 2.7. Set ®(u) = [,,[|Vul[P™ + a(z)|u(z)[P@dz]. For u,u, € X we
have

(@) [Jull < (=>)1 & @(u) < (=>)1,
i) Jull < 1= [lulP” < ®(u) < [Jul”",

(
(i) [lull > 1= [lull”” < ®(u) < [lul”",
(iv) [[un] — 0 & (u,) — 0,

(

v) |Jtn|| = 00 & P(uy,) — o0.
The proof of this proposition is similar to the proof in (cf. [11]).

Let n : 002 — R be a measurable. Define the weighted variable exponent
Lebesgue space by

Lf}gg (0Q) = {u : 9Q — R is measurable and

[ in@llapds < oo},
o0

with the norm
= inf{r > 0; Lp@de <1
[t (p(2).a(a)) = Inf{7 > 0; [ [n(@)]|=["*do < 13,
o0 T
where do is the measure on the boundary.
Lemma 2.8. (cf. [5]) Let p(x) = [y, |a(z)||ulP™do foru € Lp (89) we have
B +
el men) 2 1= [l a) mayy < P < [l ) nea)s

.
[l nen) < 1= 10y mayy < PW) < [l ) ey

For A C Q denote by infyea p(z) =p~, sup,c 4 p(z) = p*. Define

R p(z) < N,
P(x) = (p())? = ) (2.2)
+00 p(xz) > N,

pa(z)r(m) = (74()71_)}7 (:L'),

where z € 9Q,r € C(99Q,R) and r(x) > 1.
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Proposition 2.9. (cf. [16], [22]) If ¢ € C+(Q) and q(z) < p}(x) for any x € Q,
then the embedding from WP (Q) to LI (9Q) is compact and continuous.

Here, we review the definitions and basic properties from the theory of gener-
alized differentiation for locally Lipschitz functions.
Let X be a Banach space and X™* its topological dual. By || - | we will denote
the norm in X and by < -,- > the duality brackets for the pair (X, X*). A func-
tion A : X — R is said to be locally Lipschitz, if for every xz € X there ex-
ists a neighbourhood U of z and a constant K > 0 depending on U such that
|h(y) — h(z)] < K|y — z| for all y, z € U.
For a locally Lipschitz function A : X — R we define the generalized directional
derivative of h at v € X in the direction v € X is defined by

hY(u;y) = limsup hw +ty) = h(w).

w—u,t—01 t

The generalized gradient of h at u € X is defined by
Oh(u) = {z* € X* : <o,y >x< h(w;7), Vy € X}.

It is nonempty, convex and w*—compact subset of X*, where < -, >x is the du-
ality pairing between X* and X, see (cf. [4]).

Proposition 2.10. (¢f. [}]) Let h,g : X — R be a locally Lipschitz function.
Then

(i) ho( ,-) is subadditive and positively homogeneous.

(i) (—=h)°(u;v) = hO(u; —v), Vu,v € X.

(i74) hO(u; v) max{< &v>: &€ 0h(u)}, Yu,v € X.

(iv) (h+ g)°(u;v) < hO(uw;v) + ¢%(u;v), Yu,v € X.

Proposition 2.11. (¢f. [4])(Lebourg’s mean value theorem) Let h : X — R be a
locally Lipschitz functional. Then, for every u,v € X there exists w € [u,v], w* €
Oh(u) such that h(u) — h(v) = (w*,u — v).

Definition 2.12. (¢f. [24]) Let X be a Banach space, J: X — (—00, +0] is called
a Motreanu-Panagiotopoulos-type functional, if 3 = h + x, where h : X — R is
locally Lipschitz and x : X — (—00,+00] is convex, proper and lower semicontin-
UOUS.

Definition 2.13. (¢f. [24]) An element u € X s said to be a critical point of
J=h+xif
RO (u;v —u) + x(v) — x(u) >0, Yve X.
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In most applications, the following special case is considered: Let h : X — R be
a locally Lipschitz functional and we assume it is also given a functional x : X —
R U {400} which is convex, lower semicontinuous and proper whose restriction to
the set dom(x) = {z € X : x(u) < oo} is continuous. The indicator of B is the
function x5 : X = R U {400} defined by

0 ueB

X8 = (2.3)
+o0 ué¢ B

(it is easily seen that x5 is proper, convex and lower semicontinuous), while its
restriction to dom(x5) = B is the constant 0; clearly v € X is a critical point
for the Motreanu-Panagiotopoulos functional h + x5 iff v € B and the following
condition holds

RO (u;v — u) >0, VYo € B.

Definition 2.14. (c¢f. [17]) The functional I : X — X* verifies the (S4) property
if for any weakly convergence sequence {un}, C X to u in X in which

limsup < I(uy), u, —u >< 0,

n—oo

then {un}, converges strongly to u in X.

3. Main Results

For the reader’s convenience, we recall the non-smooth three critical points
theorem.

Theorem 3.1. (¢f. [19]) Let X be a separable and reflexive Banach space, A a real
interval and B a nonempty, closed, convex subset of X. ¢ € C1(X,R) a sequentially
weakly Ls.c. functional and bounded on any bounded subset of X such that ¢’ is of
type (S)+, suppose that F : X — R is a locally Lipschitz functional with compact
gradient. Assume that:

(Z) lim”u”‘)J’,oo[qﬁ — )\.rf] =400, VAEA,

(73) There exists p, € R such that

sup inf [¢ + A(py — F(u))] < inf sup[d + A(py — F(u))].

AEA UEX u€EX NcA
Then, there exist A1, o € A (A1 < A2) and o > 0 such that for every X € [A1, \2]
and every locally Lipschitz functional G : X — R with compact derivative, there
exists p1q > 0 such that for every p €]0, | the functional ¢ — A\F + uS has at least
three critical points whose norms are less than o.

Let us introduce the following conditions of our problem.
We assume that F' : 922 x R — R is a Carathéodory function, which is locally
Lipschitz in the second variable and satisfies the following properties:
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(F) €] < K(|s/"®=1 4 |s]#@®)~1) for all ¢ € OF(x,s) with (z,5) € 90 x R
(1<p <px) <pt <z <z(x) <zt <t™ <tlx) <ttt <p?(2));

(Fy) |F(x,s)] < H(|]s|*® 4 |s|®)) for all (x,s) € xR (H >0, 1 <a” <
a(z) <at <7 < B(x) < BT <pT <pla) <pt <pP(2));

(F3) there exists o € Wol’p(m)(Q) such that [, F(z,4)do > 0 for a.e. z € 99,
(G) let g € C(Q x R,R) such that |g(x,s)] < N(1+ |s|2®)=1) Y(z,5) € Q x R,
where g € C(2), N >0 and 1 < g(z) < p*(x), Va € Q.

The next lemma displays some properties of ¢ (cf. [10]).

Lemma 3.2. Let ¢(u) = [, ﬁnvuv)(@ + a(x)u[P™]dz. Then
(i) ¢ : X — R is sequentially weakly lower semicontinuous, ¢ € C1(X,R).

(1) ¢ is of (S4) type.
(iii) @' is a homeomorphism.

We need the following lemmas in the proof of our main result.

Lemma 3.3. Let (F) be satisfied. Then F: X — R is locally Lipschitz functional
with compact gradient.

Proof: First we prove that J is Lipschitz continuous on each bounded subset of X.
Let u,v € B(0,M) (M > 0), and |ul,||v|]] > 1. Utilizing Proposition 2.11 , from
the Hélder inequality, and the embedding of X in L'®)(9Q) and L**)(0Q)

T =50 < [ P u(e) — Pl
< [ K (@ o)
o0
o Ju(@) O+ Jo(@) O fu(e) — ox)|do
+_ +_ 2t P
< Kl o = ol K (el o) o
< 2K (clMt*—1 + C2MZ*—1) Il — o),

where c1, co are positive constants.
We prove that 0F is compact. Let {u,} be a sequence in X such that ||u,|| < M and
choose u € 0F (uy,) for anyn € N. From (Fy) it follows that for anyn € N, v € X,

<utv >§/ (@) |o(x)|do
o0

< | K (ju(@)]" 7+ fu(@) P ()| do
[219)

< (esMP Y eaM* Yo
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where c3, ¢4 are positive constants.
Consequently,

+_ +_
lunllx < (esM* =1+ ead® 7).

The sequence (u)) is bounded and hence, up to a subsequence, ul, — u*.
Suppose on the contrary; we assume there exists € > 0 for which ||uf —u*||x~ > €
(choose a subsequence if necessary). For every n € N, we can find v, € X with

[lvnll <1 and
(uy —u™,v,) > €. (3.1)

Then, (v,) is a bounded sequence and up to a subsequence, v, — v, |lv, —
’UHLt(m)(aQ) — 0 and ||’Un — UHLz(m)(aQ) — 0.
Therefore

(uy, —u*,vp) < (uk, v, — vy + (uy, —u*,v) + (U, 0 —vy,)
< / |ur, (@)[[on (2) = v(@)|do + (u;, —u",v) + (u*, 0 = vn)
o0

< K(esM" Mo —v]| poe +caM® Mo —v]| oo )+ (uf —u*, v)+ (u*, v—1,) — 0,

which contradicts (3.1).
For ||lu||,||v]] <1 the proof is similar. O

Lemma 3.4. Let G be satisfied. Then G is a locally Lipschitz functional with
compact derivative.

Proof: G(u fQ x,u)dz is locally continuous on each bounded subset of X.
Indeed, let u,v € B(0, M)(M > 0) and apply Theorem 2.5, the Holder inequal-
ity and mean value Theorem there is a functional w(z) in which [ g(x,s)ds =
g(x,w(z))(u —v). Then

5=8()| = | | Gla.uytr /Q Gz, v)dal

=] (/ g(z, s)ds/o g(z, s)ds)dzx| = | Q(/ﬂ g(z, s)ds)dx|
/ |9(z, w(z))||(u(z) — v(z))|de < (p— + =gz, w(@))|lp) v = vllp @)

< [0 @l delu — vl < (14 M7 Juolx,
Q

where c5 is positive constant. Hence, G is locally Lipschitz.

It remains to show that §' is compact. Let (u,) C X be a sequence such that
Uy — u. From compact embedding of X into Lq(z)(Q), we can assume up to subse-
quence U, — u in Lq(z)(Q). According to the Krasnoselki’s theorem, the Nemytskii
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operator Ny : u(x) = g(z,u(x)) is a continuous bounded operator from L1 (Q) to
L7 (Q).
Using Hélder’s inequality and the continuous embedding of X to L1®)(Q), it follows
that

(DG (un) — DS(u), v)| < 26Ny (un) = No()[|_ar_[v]lx-

This inequality shows that the operator A : Lfﬂqfr(i;*)l (Q) — X* defined by A(g(x,u)) =
DS(u) is continuous. Then the composite operator DG = AoNgol : u — DSG(u)
from X into X* is continuous. Therefore, G is Fréchet differentiable and its Fréchet
derivative §'(u) = DG(u). Hence, G(u) € C*(X,R) and G is compact. O

Proposition 3.5. (¢f. [4]) Let F: 9Q xR — R be a locally Lipschitz function
which satisfies (F1). Then F is well-defined and

FO(u;v) < / FO(z,u;v)do, Yu,v € X.
Q

The next lemma points out the relationship between the critical points of J(u)
and solutions of Problem (1.2).

Lemma 3.6. Fuvery critical point of the functional J is a solution of Problem (1.1).

Proof: According to the Definition 2.13, J = ¢ — A\F + uG + x is a Motreanu-
Panagiotopoulos type functional. Let u € X be a critical point of I(u) = ¢(u) —
AF(u) + uSG + x(u). Then u € B and by Definition 2.13

(¢'u, v —u) + M=F)(w;v —u) + p(Gu,v—u) >0, YocX.

Using Proposition 3.5 and the property (ii) of Proposition 2.10, we obtain the desired
imequality. O

Lemma 3.7. If (F3) holds, then for any A € (0, +00)
lim [¢p — A\F] = +o0. (3.2)

llul[ =00

Proof: Foru € X such that ||u|| > 1 and using (Fz),

Tw= | Flaudo < [ (@1 )do < 0l o+ 1ol ooy -

By the embedding theorem for suitable positive constant c7,cg it implies that
+ +
F(u) < Herlull &+ esllull% ).

On the other hand from Proposition 2.7,

o) = /Q ]ﬁnwpm + a(a)|ulP®dz > pl—+||u||§£-
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This implies that for any A > 0,

1 - at +
o) = AT (w) 2 ullk = Herlulx + csllully ).

Since p~ > min{at, BT}, it follows that

lim [¢p— A\F] = +o0, VueX, \e|0,+00).

llul[=+o00

d

Theorem 3.8. Let Q,p, F' be as mentioned and Fy, Fy, F3 are satisfied. Then there
exist A1, A2 > 0(A1 < A2) and o > 0 such that for every A € [A1, A2] and every G
satisfying G, there exists iy > 0 such that for every p €]0, p, [ problem (1.1) admits
at least three solutions whose norms are less than o.

Proof: According to Lemma 3.6, it is sufficient to prove the existence of a critical
point of functional J. For this, we check if J satisfies the conditions of the non-
smooth three critical points Theorem 3.1. First, we note that Lemma 3.2 guarantees
that ¢ satisfies the weakly sequentially lower semicontinuous property and ¢ is of
type (Sy). Besides, Due to Lemma (3.3), the functional F is weakly sequentially
continuous.

Lemma 3.7, implies that ¢ — \F is coercive on X for all A\ € A =]0,+o0l; the
assumption (i) of Theorem 3.1, verified.

For assumption (ii), let us consider two cases.

Case 1. Let us assume that ||ul] < 1.

Put for every r > 0,

1 -
O(r) = sup{F(w)iu € X, Zul” <7},

we prove that

lim 01(r)

r—0t 1

—0. (3.3)

In view of (F1), it is follows that for every e > 0, there exists c(€) > 0 such that for
every x € 0, u € R and £ € OF (x,u)

€1 < elul" 7 4 efe)julFO (3-4)

It implies that for every uw € X by the Sobolev embedding theorem, there exist
suitable positive constants cg and cqg

x z(x + Z+
Fw = | Fleudo < [ K(u™+ul@)do < K(|[ulljuw o0) + 1l -0 00)
00 09 (0
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" |n
1

= i fad
< Keo(Jlullx + llullkx ) < Kewo(r»™ +r
It follows from min{t™, 2%} > p~ that

).

lim 01(r)

r—0t T

=0.

From (F3) @ # 0. Hence, due to (3.3), there is r € R in which

0<r<Lafr, o<917<’“><%.
Choose py > 0 such that ’
rF(a)
01(r) < po < T
o

especially, py < F(a).

We claim that

sup inf [6(u) + Apo — F(w))] < .
AEAUE

It is obvious that the mapping

A > sup in%[(b(u) + AMpg — F(u))]
AEA UE

s upper semicontinuous on A and

Jiminf [o(u) + Ao — Fw)] < Agrfm[pi_ "™ + Ap — F(@))]

Therefore, there exists A € A in which

= —0OQ.

sup inf [¢(u) + Alp — T(w))] = ggg[pi_nunf + A(po — F(w))].

AeAUEB

We CO@sider two cases:
(I) If Apy < r, we obtain

inf
u€B
(I1) If Apy > 7, from (3.5) we obtain
1 - = 1 -
inf [—||ul|P Apyg =T < —la|P Apg —TF(u)) <
Inf = llull™ Ao = F(w)] < ZlIEll” + Apo = F(@)) <
1 r

< —JallP + —(py — F(a)) <
p_ll | po(po ()
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We claim that

inf sup[(u) + Alpy — F(w)] = 7. (3.7)
ueB \eA

Infact, for every u € B there are two cases:

(1) If F(u) < po,
sup¢(u) + A(pg — F(u))] = +oc.
AEA

(IT) If F(u) > py, by (3.5)

1 +
ig[qﬁ(U) +Apo — F(u))] = ¢(u) = p—+||U||” >

From (3.6), (3.7) and the assumption (it) of Theorem 3.1, this case verified.
Case 2. Assume that ||ul| > 1.

In a similar way like the case 1:

Put for every r >0

1
02(r) = sup{F(u);u € X, ;nunp* <r}.

We claim that

lim 0a(r)

r—0t T

=0. (3.8)

In order to (3.4), for every u € X for continuous and compact embedding, it implies
the existence of c11 and c12 such that

x z(x + Z+
Fu) = | Fla,udo < [ K(u"@+]ul*D)do < K([ul L o0 Tl o)
[219) [219)

+ + 2
< Ken([lully +llullk ) < Kew(re™ +r#7).

It follows from min{t™, 2%} > p* that

lim 0 (T)

r—0t T

=0.

From (F3) 4 # 0, so, due to (3.3), there is some r € R such that

0<r<Lfallr, 0<927“)<%.
Let py > 0 such that ’
T
0a(r) < py < —10 D) (3.9)

Tl
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We claim that
sup inf [¢p(u) + A(py — F(u))] < r. (3.10)

AeA UEB

Because of the mapping

A > sup in%[qﬁ(u) + AMpg — F(u))]
AEA UE

s upper semicontinuous on A, so

lim inf [6(u) + A(py — F(w)] < lim [pi,nanp* + A(po — F(@))] = —oco.

A—+oo uEB A—+o0

Therefore, there exists A € A

sup inf [¢(u) + A(pg — F(u))] =

1 + 5
inf [—||ul|” Apyg —F .
sup inf inf =l + Ry ~ )]

We CO@sider two cases:
(I) If Apy < r, we obtain

1 . B
inf [—||ull?” + Xpy — F < .
ulgB[p_ lull” 4+ Apg — F(u)] < Apg <7

(I1) If Apy > 7, from (3.9) we obtain

Buf (o= [l + Xy ~ )] < =P + Al — (@) <

1 +
< —allP + —(pg — F(@)) <.
= la] Po( o —(
Moreover, we claim that

inf sup[(u) + Alpy — F(w)] = 7. (3.11)
ueB \eA

For every u € B two cases can occure:
(I) If F(u) < py we have
sup[p(u) + Apy — F(u))] = +o0.
AEA
(II) If F(u) > py we have by (3.9)
1 _
sup[¢(u) + Apy — F(w))] = ¢(u) = —|[ul|” =7
AeA p
From (3.10), (3.11) and the assumption (ii) of Theorem 3.1, this case verified.
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For function G which satisfies (G), it follows from Lemma 3.4, that the func-

tional § : X — R is locally Lipschitz with weakly sequentially continuous. Then
according to Theorem 3.1 there exist A1, Ao € A (without loss of generality we may
assume 0 < A\ < A2) and o > 0 with the following property that, for A\ € [A1, \a]
there exists pu; > 0 in which: for every u, €]0,p[, the functional ¢ — \F + pg
admits at least three critical points ug, u1,us € B with ||u,|| < o. So by Lemma 3.6
ug, U1, ugy are three solutions of the problem (1.1). O

10.

11.

12.

13.

14.

15.

16.

17.

Acknowledgments

Thanks are given to referee for his helpful suggestions.

References

D. Arcoya, J. Carmona, A nondifferentiable extension of a theorem of Pucci-Serrin and
applications, J. Differ. Equ. 235(2)(2007), 683-700.

G. Bonanno, A critical points theorem and nonlinear differential problems, J. Global Optim.
28(3- 4)(2004), 249-258 .

G. Bonanno, P. Candito, On a class of nonlinear variational-hemivariational inequalities,
Appl. Anal. 83(2004), 1229-1244.

F. H. Clarke, Optimization and nonsmooth analysis, Wiley, 1983.

S. G. Dend, FEigenvalues of the p(x)—laplacian Steklov problem, J. Math. Anal. Appl., 339
(2008), 925-937.

L. Diening, Riesz potential and Sobolev embeddings on generalized Lebesgue and Sobolev
spaces LP*) and W1P(#)  Math. Nachr. 268(2004), 31-43.

L. Diening, P. Harjulehto, P. Hasto, M. Ruzicka, Lebesgue and Sobolev spaces with variable
exponents, Lecture Notes, Vol. 2017, Springer-Verlag, Berlin, 2011.

D. E. Edmunds, J. Réakosnik, Sobolev embeddings with variable erponent, Studia Math.,
143(2000), 267-293.

D. E. Edmunds, J. Rakosnik, Density of smooth functions in Wk’p(z)(ﬂ), Proc. R. Soc. A,
437(1992), 229-236.

A. R. El Amrouss and A. Ourraoui, Ezxistence of solutions for a boundary problem involving
p(z)—biharmonic operator, Bol. Soc. Paran. Mat. 81(1)(2013), 179-192.

X. L. Fan, D. Zhao, On the spaces LP(*)(Q) and W™P(*)(Q), J. Math. Anal. Appl.,
263(2001), 424-446.

X. L. Fan, J. S. Shen, D. Zhao, Sobolev embedding theorems for spaces I/Vm’p(g”)(ﬂ)7 J. Math.
Anal. Appl., 262(2001), 749-760.

X. L. Fan, Q. H. Zhang, Euxistence of solutions for p(x)—Laplacian Dirichlet problems ,
Nonlinear Anal., 52(2003), 1843-1852.

X. L. Fan, Q. H. Zhang, Solutions for p(x)— Laplacian Dirichlet problems with singular coef-
ficients , J. Math. Anal. Appl., 312(2005), 464-477.

X. Fan, Eigenvalues of the p(x)— Laplacian Neumann problems, Nonlinear Anal. 67(2007),
2982-2992.

X. L. Fan, Regularity of minimizers of variational integrals with p(x)—growth conditions,
Ann. Math. Sinica, 17A(5)(1996), 557-564.

L. Gasinski, N. S. Papageorgiou, Nonlinear Analysis, Chapman & Hall/CRC, 2006.



110 FARIBA FATTAHI AND MOHSEN ALIMOHAMMADY

18. P. A. Hasto, On the variable exponent Dirichlet energy integral , Comm. Pure Appl. Anal.,
5(3)(2006), 413-420.

19. A. Iannizzotto, Three critical points for perturbed nonsmooth functionals and applications,
Nonlinear Analysis.Theory, Methods & Applications A, vol. 72(3-4)(2010), 1319-1338.

20. A. lannizzotto, Three critical points for perturbed monsmooth functionals and applications,
J. Nonlinear Analysis 72(2010), 1319-1338.

21. A. Kristaly, W. Marzantowicz, Cs. Varga, A non-smooth three critical points theorem with
applications in differential inclusions, doi:10.1007/s10898- 009-9408-0.

22. O. Kovaéik , J. Rakosnink , On spaces LP*) and W1P()  Czechoslovak Math. J., 41(1991),
592-618.

23. M. Mihailescu, V. Radulescu, On a mnonhomogeneous quasilinear eigenvalue problem in
Sobolev spaces with variable exponent, Proceedings Amer. Math. Soc., 1835(9)(2007), 2929-
2937.

24. D. Motreanu, P. D. Panagiotopoulos, Minimaz theorems and qualitative properties of the
solutions of hemivariational inequalities, Kluwer Academic Publishers, Dordrecht, 1999.

25. D. Motreanu, V. Radulescu, Variational and non-variational methods in nonlinear analysis
and boundary value problems, Kluwer Academic Publishers, Boston-Dordrecht-London, 2003.

26. Z. Naniewicz, P. D. Panagiotopoulos, Mathematical theory of hemivariational inequalities
and applications, Marcel Dekker, New York, 1995.

27. V. Radulescu, Nonlinear elliptic equations with variable exponent: old and new, Nonlinear
Analysis, Theory, Methods and Applications, 121(2015), 336-369.

28. V. Radulescu, D. Repovs, Partial differential equations with variable exponents, Variational
Methods and Qualitative Analysis, CRC Press, Taylor & Francis Group, Boca Raton, 2015.

29. B. Ricceri, On a three critical points theorem, J. Global Optim. 75(2000), 220-226.

30. B. Ricceri, Existence of three solutions for a class of elliptic eigenvalue problems, Math.
Comput. Model. 32(2000), 1485-1494.

31. B. Ricceri, Three solutions for a Neumann problem, Topol. Methods Nonlinear Anal.
20(2000), 275-282.

32. G. Zhang, S. Liu, Three symmetric solutions for a class of elliptic equations involving the
p— Laplacian with discontinuous nonlinearities in RY, | Nonlinear Anal. 67(2007), 2232-2239.

Fariba Fattahi (Corresponding Author)
Department of Mathematics, University of Mazandaran, Babolsar, IRAN
E-mail address: F.Fattahi@stu.umz.ac.ir

and
Mohsen Alimohammady

Department of Mathematics, University of Mazandaran, Babolsar, IRAN
E-mail address: Amohsen@umz.ac.ir



	Introduction
	Preliminaries
	Main Results

