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Common Fixed Point Theorems Without Continuity and Compatible
Property of Maps

Vinod K. Bhardwaj, Vishal Gupta and Naveen Mani

ABSTRACT: In this paper, without assuming continuity, commutativity and com-
patibility of self maps, some common fixed point theorems for weak contraction of
integral type in complete metric spaces are proved. An example and some remarks
are also given to justify that our contraction is new and weaker than other existing
contractions.
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1. Introduction

Fixed-point theory is one of the most fruitful and effective tool in mathematics.
It has number of applications within as well as outside the mathematics. The
first important result on fixed point for contractive type mapping is the Banach
contraction principle [13].

Theorem 1.1. [15] Let (X,d) be a complete metric space, « € (0,1), and F be a
self-maps of X such that for all x,y € X,

d(Fz, Fy) < ad(z,y),
then F has a unique fized point z € X.

This principle is a forceful tool in nonlinear analysis. It has many applications
in solving nonlinear equations.

In 1975, Dass and Gupta [2] proved an extension of the Banach contraction
principle through rational expression.

2000 Mathematics Subject Classification: 54H25, 47TH10, 55M20

Typeset by Bsﬁstyle.
67 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v35i3.28636

68 V. K. BHARDWAJ, V. GUPTA AND N. MANI

Theorem 1.2. [2] Let (X,d) be a metric space and F be a self-maps of X such
that

d(y, Fy)[1+ d(x, Fx)]
[1+d(z,y)]

a
d(Fz, Fy) < + Bd(z,y)

foralz,ye X, a>0,8>0, a+ 5 <1, and for some xog € X, the sequence of
iterates { F™ (o)} has a subsequence {F™(x0)} with z = im F™ (xy). Then F has
a unique fixed point z € X.

After this result, several authors have proved common fixed point theorems for
contractive type conditions satisfying rational inequalities (see [3,4,6,12]).
In 2002, Branciari [1] introduced an integral type contractive mapping to analyze
the existence of fixed points for self mappings and then generalized the result of
Banach [13].

Theorem 1.3. [1] Let (X,d) be a complete metric space and F be a self-maps of
X such that for each x,y € X

d(Fz,Fy) d(z,y)
/ w@ﬁéﬂ/ ().
0 0

where 8 € (0,1), and ¢ : [0,00) = [0,00) is a Lebesque-integrable function which is
summable on each compact subset of R and such that for each ¢ > 0,

/ p(t)dt > 0,
0

then F has a unique fized point z € X such that for each w € X, F"w — z as
n — +00.

In 2003, Rhoades [5] extended the result of Branciari [1] by replacing more
stronger contractive condition. Since then lot of work have been done by various
authors satisfying a general contractive condition of integral type. Some of them
are noted in ([1,5,11,16,18,19,20,10,15]). In 2011, Samet and Yazidi [6] proved the
following fixed point theorem, as an extension of the result of Dass and Gupta [2],
satisfying integral type rational inequalities in Hausdorff spaces.

Theorem 1.4. [6] Let X be a Hausdorff space and H : X x X — [0,+00) be a
continuous mapping such that

H(z,y)#0, V z,yeX and z#y.

Let F be self-maps of X satisfying the contractive condition such that for each

z,y € X
H(Fz,Fy) M(z,y) H(z,y)
/ pit<a [ pwares [ et
0 0 0
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and

H (y,Fy)[1+ H(z, Fz))
1+ H(z,y)] ’

M(‘Tay) =

where «, B > 0 are constants such that o+ 8 < 1 and ¢ : [0,00) — [0,00) is a
Lebesgue-integrable function which is summable on each compact subset of R, and
such that for each € > 0,

/ p(t)dt > 0,
0

then F admits a fized point z if for some xo € X the sequence of iterates {F™xo}
has a subsequence { F™ xq} converging to z € X.

In 1976, Jungck [7] introduced the concept of commuting maps. He also gen-
eralized the Banach fixed point theorem from single self map to two self maps.
In 1982, Sessa [14] defined the concept of weak commutativity and proved some
common fixed point theorems. Again in 1988, Jungck [8] generalized this idea, first
to compatible mappings [8] and then to weakly compatible mappings [9]. There
are many examples which shows that these generalizations of commutativity are
proper extension of the previous definitions.

The main aim of our paper is to give a new contraction to prove some common
fixed point theorems for pair of self-maps satisfying integral type contractive con-
dition without using the concept of continuity, commutativity and compatibility.
An example is given at the end to show that the contractions used in main results
are weaker than the previous existing contractions.

2. Main results
The following lemma plays important role in this paper.

Lemma 2.1. Let ¢ : [0,00) — [0,00) be a Lebesgue-integrable function which is
summable on each compact subset of R, and such that for each e > 0, foe p(t)dt >0
and (d")neN be non- negative sequence with lim,, .~ d, = a, then

dn
lim et)dt=0 iff lim d, =0.
n—oo 0 n—oo
Proof: Follows directly from Lemma - 2.1 in Mocanu and Popa [17]. O

Now we prove our main result.

Theorem 2.2. Let (X,d) be a complete metric space, and F and G be self-maps
of X such that for each x,y € X

d(Fz,Gy) M(z,y) d(z,y)
/ p(t)dt < a/ o(t)dt + ﬂ/ p(t)dt (2.1)
0 0 0
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and
_d(y,Gy) [1 +d(z, Fx)]

M (z,y) = ;
) = T )
where «, B > 0 are constants such that o+ 8 < 1 and ¢ : [0,00) — [0,00) is a

Lebesgue-integrable function which is summable on each compact subset of R and
such that for each € > 0,

(2.2)

/ "oyt > 0, (2.3)

then F and G have a unique common fixed point.

Proof: Choose zg € X such that Flxg = x1 and Gx; = x5. Define a sequence

{z,} in X such that xo,11 = Fxo, and xo,12 = Gxa,q1, where n = 0,1,2,- - -.

d(Fran,Grant1
Let {y.} = [ ) o(t)dt.

Consider,

d(12n+1,mzn+2) d(FCEQn,G12n+1)
/ e(t)dt = / p(t)dt
0 0

M(12n7I2n+1) d(I2n7I2n+1)
< a/ (t)dt +6/ p(t)dt. (2.4)
0 0

From (2.2)

d(z2n41, GTony1) [1 + d (z2n, Fxon)]
[1+d(x2n, Tont1)]

M (z2n, Tant1) = = d(x2n41, Tant2). (2.5)

Hence from (2.4),

d(T2n+1,T2n+2) d(T2n+1,T2n+42) d(x2n,Tant1)
/ ot <a [ ooyt +5 | p(t)dt
0 0 0

d(x2n,Tant1)
o / p(t)dt

T 11—« 0

d(CEQn ,12n+1)
/ plt)dt,
0

A

A

continuing this way we get,

d(Tan+1,T2n+42) d(x2n,Tant1) d(xo,x1)
/ o(t)dt < / o)t < -+ < / o(t)dt.
0 0 0

It follows that {y,} is a monotone decreasing and lower bounded sequence of num-
bers, and consequently there exists a r > 0 such that

d(z2n+1,T2n+2)

lim y, = lim e(t)dt =r. (2.6)

n—oo n—oo 0
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Suppose r > 0. Taking limit as n — oo on both side of (2.4), we get

d(x2n,T2n+1)
r<ar+ lim inf/ pt)dt < ar+ pr <r,
0

n—r oo

this is a contradiction. Therefore » = 0.

Hence from (2.6),
d(Tan+1,T2n42)
/ p(t)dt = 0. (2.7)
0

Now we prove that {y,} is a Cauchy sequence. To prove this, suppose that {y, }
is not a Cauchy sequence. Therefore there exists € > 0 and subsequences {n;} and
{m;} such that m; < n; < m;y; and

A(Ym; s Yn;) =€ and  d(Ym;, Yn,_,) < €. (2.8)
Consider,
€ d(ymi7yni) d(ymi 7yni,1)+d(yni,1 aymi)
/ p(t)dt < lim p(t)dt < lim (t)dt
0 71— 00 O 71— 00 0
5+d(yni,1 1ymi) €
< lim p(t)dt < / o(t)dt.
71— 00 0 0
Thus,
d(ymi sYn; ) €
lim p(t)dt = / (t)dt. (2.9)
71— 00 O O

By using triangle inequality,

d(ymi—l ’ yn-;fl) S d(ymi—l ’ yml) + d(y’n% ’ ynl) + d(y’m 9 yni—l)

and so
d(ymi711y'ﬂi71) d(ymi,lvymi)‘i’d('gmi vyni)+d(ynivyn¢,1)
/ p(t)dt </ p(t)dt.
0 0
Therefore,
A(Ym;_q>Yn;_1) €

lim e(t)dt = / (t)dt. (2.10)
71— 00 0 0

Now

€ d(ymi sYn, )
/ o()dt < / o(t)d
0 0

M(Ym; 1 Yn;_1) A(Ym;_q>Yn;_1)
< a/ p(t)dt + ﬂ/ p(t)dt, (2.11)
0 0
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where

d(yni—l ’ ynl) [1 + d(ymi—l yYni_a )}
[1 + d(ymi—l ’ yni71)}

Taking limit as ¢ — oo in (2.11) and using (2.9), (2.10), (2.12) we have,

/ (it < B / pt)t,

since § < 1, so we get a contradiction. Hence the sequence {y,} is a Cauchy
sequence and therefore there exists a z € X such that

M(ymi—17yni—1> = = d(yni—layni)' (212)

d(FCEQn,G12n+1)
lim y, = lim p(t)dt = z.

n—oo n—oo 0
Furthermore, by Lemma (2.1) we get,

lim Fzy, =2 and lim Gxopy1 = 2. (2.13)

Now we show that z is a fixed point of F' and G. First claim that z is a fixed point
of G.
Consider,

d(Fz2y,,Gz) M(z2n,z) d(z2n,2)
/ p(t)dt < a/ e(t)dt + ﬁ/ w(t)dt, (2.14)
0 0 0

where

d(z,Gz) [1 + d(z2n, Fzan)]

M(xon, z) = [1 4 d(zan, 2)]

=d(z,Gz). (2.15)

Taking limit n — oo on both side of (2.14) and using (2.15), we get

d(z,Gz) d(z,Gz)
/ p(t)dt < a/ o(t)dt,
0 0

this is a contradiction. Therefore fod(z’Gz) @(t)dt = 0. Thus z is a fixed point of G.
Now, we shall show that any fixed point of G is also a fixed point of F'.

Using (2.2),

d(z,Gz)[1 +d(z, Fz)]

Mz 2) = == G2

=0.

Now from (2.1),

d(Fz,22n) M(z,xz2n) d(z,w2,)
/ p(t)dt < a/ p(t)dt + ﬂ/ o(t)dt. (2.16)
0 0 0
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Taking limit as n — oo

d(Fz,z)
/ o(t)dt <0,
0

which is a contradiction. Thus d(F'z, z) = 0. Therefore z is also a fixed point of F.
In general, we can say that F' and G have common fixed point.

For uniqueness, suppose that there exist some other point w # z such that Fw =
Guw = w.

Again from (2.1),

d(w,z) d(Fw,Gxz)
[ et | o(t)dt
0 0

M(w,z) d(w,z)
« d dt, 2.17
<o emares [ ean o 2an
where
d(z,Gz) 1 + d(w, Fw
Mw,2) = & [1)+[d?w (Z)] Ny (2.18)
Hence

d(w,z) d(w,z)
[ etwa<s [ e
0 0

we reaches at contradiction. This established the uniqueness and hence the result.
O

In our next result, on omitting the completeness of metric space, we still get
unique common fixed point for pair of self maps without using continuity and
compatibility.

Theorem 2.3. Let (X,d) be a metric space and F and G be self-maps of X such
that for each x,y € X

d(Fz,Gy) M(z,y)
/ (p(t)dt < a/ (p(t)dt (2.19)
0 0
and
_ d(y, Gy) [1 +d(z, Fz)]
M (z,y) = 1+ dwy)] : (2.20)

where 0 < a <1 and ¢ : [0,00) = [0,00) is a Lebesque-integrable function which is
summable on each compact subset of R and such that for each ¢ > 0,

/ p(t)dt > 0,
0

then F and G have a unique common fixed point.
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Proof: Define a sequence {z,,} in X such that for each n = 0,1,2,...

Ton+1 = FZL'Qn and Ton+2 = GSCQnJrl. (221)
Suppose that
Ton41 = Tant2 for non € N. (2.22)
Consider,
d(Tan+1,T2n+42) d(Fxon,Grant1)
J oty = [ o0t
0 0
M(z2n,T2n41)
< a/ (t)dt. (2.23)
0
From (2.20)

d(zan41, Gront1) [1 4+ d (220, Fran)]
[1+d(zon, Ton+1)]

M (x2n, Tont1) = = d(zan41, Tant2). (2.24)

. Hence from (2.23),

d(T2n+1,T2n+42) d(T2n+1,T2n+t2)
/ o(D)dt < a / o(t)dt.
0 0

Since av < 1, so this is a contradiction. Thus (2.22) is false and 80 xop+1 = Ton 42
for some n € N, say n = k. Consequently, with xor41 = Togt2 and z = xogy1,by
using (2.21) we get Gz = z. This proves that z is a fixed point of G.

Now we prove that any fixed point of G is also a fixed point of F.

Using (2.20),

d(z,Gz)[1 +d(z, Fz)]

Mz, 2) = 1+ d(z2)]

=0.

Hence from (2.19),

d(Fz,z) M(z,z)
/ p(t)dt < a/ p(t)dt = 0. (2.25)
0 0

Thus d(Fz,z) = 0. Therefore z is also a fixed point of F. In general, we can say
that F and G have common fixed point.

For uniqueness, suppose that there exist some other fixed point w #* z such that
Fw=Gw = w.

Again from (2.19),

d(w,z) d(Fw,Gxz)
[ eta= [ o(t)dt
0 0

M(w,z)
< a/ o(t)dt, (2.26)
0
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where

d(z,Gz)[1 + d(w, Fw)]

Mw.2) = == ]

=0. (2.27)

Hence

d(w,z)
/ o(t)dt < 0.
0

This is possible only if d(w, z) = 0. This established the uniqueness and hence the
result. O

Corollary 2.4. Let (X,d) be a complete metric space and F be a self-maps of X
such that for each x,y € X

d(Fz,Fy) M(z,y) d(z,y)
/ pit<a [ pwarrs [ e,
0 0 0

d(y, Fy) [l + d(z, Fz)|
[1+d(z,y)] ’
where «, B > 0 are constants such that o+ 8 < 1 and ¢ : [0,00) — [0,00) is a

Lebesque-integrable function which is summable on each compact subset of R such
that for each e > 0,

and

M (z,y) =

/ (t)dt > 0,
0

then F has a unique fized point.

Proof: By taking FF = G in Theorem 2.2, we get the required result. O

3. Remarks and Example

In this section, we give some remarks and an example in support and existence
of our result.

Remark 3.1. In above Theorem 2.2, if we take F' = G and o = 0, then the result
of Branciari [1] is retrieved.

Remark 3.2. In above Corollary 2.4, if we take o(t) = 1, then we get the result
of Dass and Gupta [2].

Remark 3.3. It is important to note that result given in Theorem 2.3 is new and
unique one. It can not be derived from any of the previous results. Also, if we take
G = F in (2.20), exzistence of fized point without completeness of space and without
continuity of map F is doubtful and is open problem for future research.

Here we give an example in support of our main result (Theorem 2.2).
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Example 3.4. Let X = R be endowed with usual metric d(x,y) = |z — y| and let
E= {O, i,l}. Let F,G : E — E be defined by
1 1
F(0) = F(Z) =0 and F(1)= 1

G(x) =0, forall x€kE.

Let ¢ : [0, +00) = [0, +00) is a Lebesgue-integrable function which is summable on
each compact subset of R and be defined as p(t) = 2t for all t € RT, such that
for each € > 0,

/ o(t)d =€ > 0.
0

If we define constants o = % >0 and B = % > 0 such that o + 3 < 1, then by a
careful calculation, we can see that all the conditions of Theorem 2.2 holds. Hence
the self maps F' and G have a unique common fized point x = 0. i.e F(0) = G(0) =
0. More importantly, we can see that this example can not satisfy the condition of
main result of Branciari [1].

4. Conclusion

In this paper, contraction given in Theorem 2.2 and in Theorem 2.3 is new and
specially constructed for pair of self of maps such that we get unique common fixed
point without using continuity, compatibility and commutativity. Remarks- 3.1,
3.2 showed that our main result generalize the result of Branciari [1] and Dass and
Gupta [2], while Remark- 3.3 assured that contractions used in main results are
new and unique one. An example is given in support of our result.
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