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Abstract. In this paper we establish the existence of the second eigencurves
of the p-laplacian with indefinite weights. we obtain also their asymptotic

behavior and variational formulation.
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1 Introduction

We consider the nonlinear eigenvalue problem

— = p—2 i
{ Ayu Am(z)|ulPu  in Q (1.1)

U = 0 on 01,

where Q is a smooth bounded domain in R, —A,u = —div(|Vu|'"*Vu) is
the p-laplacian, 1 < p < +o00 and m(.) € MT(Q) = {u € L*(Q) : meas{z €
Q:m(x) >0} > 0} is a weight function which can change sign.

The spectrum of p-laplacian operator with indefinite weight is defined
as the set 0,(—A,,m, Q) of A = A(m, Q) for which there exists a nontrivial
solution u € Wy (Q) of problem (1.1), this values are called eigenvalues and

1. 2000 Mathematic Subject Classification 35j48; 35j65; 35j60; 47j30; 58E05.....



the corresponding solutions are called eigenfunctions.
We will denote o (—A,, m,§2) the set of all positive eigenvalues.

For p = 2 (A, = A Laplacian Operator) it is well known ( see [11]) that
o (=0, m, Q) = {ue(m, Q),k = 1,2.. .}, with 0 < pu1(m, Q) < pa(m, Q) <
ps(m, Q) ... — 400, ur(m, Q) repeated according to its multiplicity.

For p # 2 (nonlinear problem), the critical point theory of Ljusternik
Schnirelman ( see [12]) provides that o.f (—=A,, m, Q) contains an infinite se-
quence of eigenvalues for these problems given by A;(m,2) < A2(m,Q) <
A3(m, Q) ... A\ (m, Q) — +oo and formulated as follows

1 p
= sup min | mlu 1
o = g i i g

where I, is defined by :
={K C S: Kis symmetrical, compact and §(K) > n},

S is the sphere unity of W, *(Q) and ¢ is the genus function.

We may also define the negative spectrum when —m € M*(Q) by —o(—A,, —m, 2)
which contains an infinite sequence A_1(m, ) > A_o(m, Q) > A_3(m,Q)... >
An(m,Q) — —oo, such that A_,(m,Q) = =X\, (—m, Q) (See [1], [2], [3],
Whether or not this sequence denoted A,(m, Q) constitutes the set of all ei-
genvalues is an open question when N > 1, m # 1 and p # 2.

The purpose of this article is to study the following problem :
Find the real numbers a, Pa(a) such that Ao(amy + fa(a)mse) = 1 and
the asymptotic behavior of the eigencurve Cy = {(a,f2(a)) : Aa(amy +
Po(a)ms) = 1 }, where my and mqy satisfies only the condition :

(Hop) my,mg € MT(Q) and my > 0in .

Several applications can be found in the bifurcation domain, we refer the
reader to [6].
Many results have been obtained on this kind of problems (see;[4], [5], [8],
[9]), in [5] the authors proved some properties related to the first eigencurve
(' such as concavity, defferentiability and the asymptotic behavior, this last
property can not be adapted to the other eigencurves, in [8] the authors have
studied this class of problems under the following assumptions

(H") my, my € MT(Q) and ess infg my > 0.



In [9], the authors proved some results under the assumptions :
(H") my,my € MT(2)and ess infg, mz >0,

where 0% = {z € Q:m,(z) # 0}.

This article is organized as follows, in section 2 we recall some basic result,
in section 3 we study the existence of the eigencurve Cy and in section 4 we
study the asymptotic behavior of Cs.

2 Preliminary results

Firstly we recall the following results which will be used later.

Proposition 2.1 (/3/, [§])
1. Letm, m" € MT(Q). If m <m’ (resp m <m'), then \,(m) > \,(m')
(resp An(m) > An(m)).
2. Ao mo— N(m) is continuous in (MT(),|].]]00)-

Proposition 2.2 Let (my) be a sequence in M*(QQ) such that my — m in
L>(Q)), then we have :

klim An(mg) = 400 if and only if m < 0 almost everywhere in Q.
—+00

Proof.

Let (my) be a sequence in M+ () such that my — m in L>®(1).

Assume first that klim An(my) = 400, we claim that m < 0 almost everyw-
—+00

here in €2, indeed, if meas{zx € Q : m(x) > 0} # 0, we get

kl_ljr_loo An(my) = An(m)
is a finite, which gives a contradiction.
Inversely, if m < 0 almost everywhere in €2, suppose by contradiction that
there exists A > 0 such that

An(mp) <A Vk € N*

Let r = )\—(2), Since my, — m in L>®(Q), there exists N € N, such that

Vk > N, we have :

[lme = mlfoe < =,

RN )



hence

2
mk§m+; p.p.x € €.

So, using the fact that m <0 p.p.x € Q, we conclude that
2
mp < — p.p.ax €.
r

It follows that 5
An(mg) > M(=) =1\ (2) = 2.
r

Which is a contradiction. The proof is complete. ]

3 Existence of the eigencurve ()

For m € M™(Q), we denote by . = {z € Q: m(z) < 0} and Q} =
{z € Q:m(z) > 0}.

Theorem 3.1 Assume (Hy) holds, then we have :

1. For all a € [0, A\a(my)], there exists Po(a) € RY such that Ao(am; +
ﬁg(a)mg) =1.

2. If a > \a(my), we have,
)\Q(aml + 677’1,2) =1= 5 < 0.

3. for all B < 0 there exists ag (8) > 0 such that :

(i) Xa(az (B)ma + Bma) = 1.

(ii) if v >0 and Ao(ymy + Bma) = 1 then v = a5 (B).
4. Assume meas (€0, ) > 0, we have :

(1) if a < A_g(my) then, Ay(amy + fmy) =1 = < 0.

(17) For all B < 0O there exists ay (B) such that :

(@)  Xe(ag (B)my + pms) = 1.

(b) if v <0 and Aa(ymy + fma) =1 then v = a; (B).
5. Assume meas (2, ) = 0, then for all « < 0 there exists *(a) such

that

Ao(amy + Bma) =1 & B = 7 (a).

Proof.
1. We consider the real function h,(.) defined by h,(t) = Ao(amy +tms), hy



is decreasing and continuous in [0, +00[ (see proposition 2.1), in other hand :
If « €]0, A2(mq)], we have :

ha(O) = )\2 (ozml)

_ A2 (m1)
> 1
and for t > 0, we have :
ha(t) = /\g(ozml —+ tm2>
= Pha(UF +m),
hence
lim h,(t) = 0.
t—+00

Thus, since h, is continuous, we deduce that there exists a real fy(a) €
[0, 400[ such that h,(f2(a)) = 1.
If a =0, we take fBa(a) = Aa(ma2).
2. Assume that a > Ay(my).
For g > 0, we have :
am; < amy + fmo,
S0
)\Q(ml)
a

Xa(amy + fmg) < Ao(amy) = <1,

hence, if Ao(amy + fms) = 1 necessarily we have g < 0.

3.(i). We denote by I'y = {K € S, K s compact, symmetric and {(K) >
2}, where ¢ is the genus function and S = {u € Wy *(Q) : [, |[VulP = 1}.
For 8 < 0 we define oy (3) as follows :

1 . fQ ma|ul?
———— = sup inf .
O‘J(ﬁ) Keryuek 1 — 3 fQ ma|ulP

By definition of oy (3) and the property of Aa(m) (see [3]), we deduce that
there exists eigenfunction u which change sign in €2 such that :

/ |VulP2VuVw — Bmy|ulP?uw = / of (B)ym|ulP"2uw  Yw € Wy P(Q),
Q Q
(2)

we deduce also that, if ¢ € Wy?(Q) is eigenfunction of —A, — fmy, change
singe in ) with the corresponding eigenvalue A > 0 that is :

/ Vel 2oV — BmsleP>ow = A / mleP 20w Yw € WEP(Q), (3)
Q Q



then A > of (B).
From (2), we get

/ |VulP2VuVw = /(a;(ﬁ)ml + Bmo)|ulP2uw  Yw € WP (Q),  (4)
0 0

hence the real 1 is eigenvalue of —A, with weight (ag (8)m1 + Sma), since
the corresponding eigenfunction u change singe in €2, we conclude that :

Ao(a (B)ma + Bms) < 1. (5)
In other hand, let K € I'y, we have

my|v|P 1
min fQ 1’| < — ,
vek 1= [omalolP — a3 (B)

and

my|v|P my|vg [P
min fQ 1|| _ fQ 1| k|
vek 1= [omalvlr 1= B [o mavglr

so we deduce :

for some v, € K,

iy [ (o (B)malol + BmaloP) < 1

veK

taking cont that K € TI'y is arbitrary, we get

1
)\2(063_(6)77“ —+ 6m2) - ;g? gg}(l/g(a2+<ﬁ)ml —|—ﬁm2)|U’p S 1,

Ao(ag (B)ma + fms) > 1 (6)
(5) and (6) gives
Aa( (B)my + Bmg) = 1.

3. (ii). Let v > 0 such that Aa(ymy + Bms) = 1, there exists eigenfunction 6
change singe in {2 and

/ |VO|P2VOVw = /(77711 + Bma) 0P 20w Yw € Wy P(Q),
Q Q
hence
/ |VOIP2VOVw — Bma|0P 20w = ’y/ my 0[P 20w Yw € WP(Q), (7)
Q Q

from (7), we conclude that + is eigenfunction of the operator (—A, — fmy)
with weight m;, since the eigenfunction 6 change singe, we conclude that :

v > ay(B).



Assume by contradiction that v > ag (3).

> Jomalvl
1 1 . qmifv?
— < —/——- = Ssup min ,
v az(B)  Kker,veK 1—f [, malulP

by the inequality above we deduce that there exists Ky € I's such that

1 p
— < min fﬂ vl ,
y vEKy 1 — ﬁfg m2|v\7’

since K is compact, we conclude that

1 Jomlwl

5 <1 ﬁf vl for some vy € K,
- Q 1e21v0

hence
1< min/('yml + pma)|v|?,
Ko Jq

it follows that

1
1< su min/ my + Bme)|v|P = =1,
Kel, vk Q(V L+ Ama)lel Ag(ymy + Bma)

which is a contradiction, hence we have v = of (3).
4(i) «a < A_2(my). We consider the real function h,(.) defined by h,(t) =

Ao(amy + tmy), since hy(0) = % < 1, then necessarily we have
ha(B) =1= 5 <0,
that is
)\Q(Oéml + 5777,2) =1= 6 < 0.

4 (ii). We define s (B) as follows

1 p
- = inf max ‘[lew ,
oy (B)  Ker, uek 1= 3 oy malup

the proof is similar to that of 3.
5. In this case we consider the coercive operator —A, —amy, we define 51 («)
as follows

taking cont that, for 5 < 0, amy + Bmy ¢ MT(), by the same proof as 3 of
theorem , we deduce the result.



4 Asymptotic behavior of ()

Theorem 4.1 Assume (Hy) holds, then we have :
of (8) _

1. limg_, 45— = —z'nfessg%%.
2. If mes(€2,, ) > 0, then

: oy (B) _

limg oo 25— = —sup essg;lz—f.

Proof.
1. For each 3 < 0 there exists agy (8) > 0 such that :

)\Q(Oé;(B)ml + ﬁm2> = 1,
so we have
az (8)my + Bmy > 0 inQ, C Qwith meas (€,) > 0,

hence necessarily €, C €} . if follows that :

et
() M0 c g
5 my !
thus N
lim inf % (8) > infessq+ 2 (8)
ﬁ—>—oo m1 ml
Let k = li —az (8) b have :
et k = limsupg, T or a subsequence (3,) (8, — —o0), we have :
et
lim —220) _
n—-+o00 n
and
Aa(03 (Bp)ma + Byma) =1,
then .
—ay (B,)m
sy
since =22 (Pn)m1 _ my — kmy — msy in L>®(Q), and —3,, — +o0o, from propo-

sition 2.2 we conclude that :
kmi —mo <0 almost every where in €,

hence m
k < infessg — 9)



By (8) and (9), we deduce that

+
lim (12_(5) = —infessq+ m2,
po—oco 3 1My
The proof of 2) is similar to that of the previous. |

Theorem 4.2 Assume (Hy) and my > 0 in Q, then we have :

i)

a—r—00 (0%

. my
= —infessg. —.
2 m2

Proof.
For each o < 0 there exists 85 (o) > 0 such that Ay(am; + 85 (a)my) = 1
(see theorem 3.1), thus we have

amy + By (a)my > 0 in ), with meas () > 0,

so necessarily €2, C §2; , hence we deduce that :

_pt
lim inf by () > infess g« m (10)
a——00 e} ™2 1My
_pt
Let k = limsup,_,_, & (a).
Using the same argument as in the proof of theorem4.2, we get
k < infess g«
So by (10), we conclude that :
_pt
lim M = infess g« ml.
a——00 6% ™2 1Mo
]
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