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Upper Bound of Second Hankel determinant for generalized Sakaguchi
type spiral-like functions

L. Jena and T. Panigrahi

ABSTRACT: In this paper, the authors introduce a generalized Sakaguchi type
spiral-like function class S(A, 3, s,t) and obtain sharp upper bound to the second
Hankel determinant |H2(1)| for the function f in the above class. Relevances of the
main result are also briefly indicated.
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1. Introduction and Motivation

Let
U:={z:z€Cand |z| <1}

be the unit disk in the complex z-plane. Let A be the class of functions f of the
form:

o]
fE) =2+ anz", (1.1)
n=2
which are analytic in U and satisfy the following normalization condition:

F(0) = f/(0) =1 =0.

Further, by 8 we shall denote the class of all functions f in A which are univalent
in U.

A function f € A is said to be A-spiral starlike function of order g, denoted by
SP(A,B) if and only if the following inequality holds true:

nzf(2) T
?R[e f(z)}w 0<B<1 N<3;2€D), (1.2)

For 8 = 0, the class SP(X,0) reduces to S,(A\) which has been studied by Spacek
[22]. Observed that for A = 0, S,(0) = S*, the familiar class of starlike functions
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in U.
Recently, Frasin [9] introduced and studied a generalized Sakaguchi type function
class S(a, s,t) as follows. A function f(z) € A is said to be in the class S(a, s,t) if

it satisfies ( 12 F(2)
s—t)zf' (2
R [7} >a 13
7(2) ~ Ft2) )
for some o (0 <a< 1), s, te€C, s#tand forall z€U.

Motivated by work of Frasin [9], we introduce here a new subclass of A as
follows:

Definition 1.1. A function f(z) € A is said to be in the generalized Sakaguchi
type spiral-like class S(\, B, s,t) if it satisfies

s = D27'(52)
TP

for some 8 (0 < B < 1), s and t are real parameters , s > t and \ is real with
Al < 3.

It may be noted that for s =1, A = 0, the class S(0, 3,1,t) = S(f,t) has been
studied by Owa et al. [23,24], Goyal and Goswami [10] and Cho et al. [4]; while
fors=1, A=0, =0, t = —1, the class S(0,0,1,—1) = S(0, —1) has introduced
and studied by Sakaguchi [21]. Further, for A = ¢ = 0, s = 1, the above class
reduces to the well-known subclass of A consisting of univalent starlike functions
of order S (see [6]).

The gth Hankel determinant for ¢ > 1 and n > 1 is stated by Noonan and
Thomas [19] as

> BeosA  (z € U), (1.4)

Qp Ap41 * Ap+4q—1

An+41 Ap42 * anJrq
Hq(n) =

On+q-1 On+q **°  OGni2¢-2

A good amount of literature is available about the importance of Hankel determi-
nant. It is useful in the study of power series with integral coefficients (see [3]),
meromorphic functions (see [25]) and also singularities (see [5]). Noor (see [20])
determined the rate of growth of Hy(n) as n — oo for the functions in 8§ with a
bounded boundary while Ehrenborg (see [7]) studied the Hankel determinant of
exponential polynomials.

For ¢ = 2,n = 1,a7 = 1 and ¢ = 2,n = 2, the Hankel determinant simplifies
respectively to

1 a 2
Hy(1) = = a3 — a5
az ag
and
az ag 2
Hy(2) = = asay — aj.
a3 a4
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It is well-known [6] that for f € § and given by (1.1), the sharp inequality |a3 — a3]
holds. Fekete-Szegt (see [8]) then further generalized the estimate |az — pua3| with
w real and f € 8. For a given family F of the functions in A, the sharp upper
bound for the nonlinear functional |asas —a3| = |[H2(1)| is popularly known as the
second Hankel determinant. Second Hankel determinant for various subclasses of
analytic functions were obtained by various authors. For details, (see [1,2,11,12,
13,14,15,18)).

Following the techniques devised by Libera and Zlotkiewicz (see [16,17]), in the
present paper, the authors determine a sharp upper bound of the second Hankel
determinant |Hs(1)] for the function f belonging to the class S(A, 3, s,t).

2. Preliminaries

Let P denote the class of functions normalized by
p(z)=1+ Z cnz", (2.1)
n=1

which are regular in U and satisfying R {p(z)} > 0 for every z € U. Here p(z) is
called caratheodory function (see [6]).
To investigate the main result, we need the following lemmas.

Lemma 2.1. (see [6]) If p € P, then |c,| < 2, for each n > 1 and the inequality

is sharp for the function ifz

Lemma 2.2. ([16], also see [17, p. 254]) Let the function p € P be given by the
power series (2.1). Then

20 = 3+ x(4d —c}), (2.2)
and
des=c3+2(4—cD)err — (A —D)er? +2(4 — (1 — |z?)y (2.3)

for some complex numbers x, y satisfying |z| < 1 and |y| < 1.

3. Main Result
Theorem 3.1. Let the function f given by (1.1) be in the class S(\, B, s,t). Then

4(1 — B)%cos®A

2
—all< —— 2 2
lazas —a3| < G 5 e

(3.1)

The estimate in (3.1) is sharp.

Proof: Let the function f(z) given by (1.1) be in the class S(A, 8, s,t). Then from

the Definition 1.1, there exists an analytic function p € P in the unit disk U with
p(0) = 1 and R(p(z)) > 0 such that

ix(s —t)zf'(sz2)

eir > T WE) \0%)

f(sz) = f(tz)

= (s — 1)z f(s2) — e (f(s2) — f(t2))
= (f(s2) = f(t2))[(1 = B)p(2) + B — 1]cosA. (32)

=[(1 = B)p(z) + BlcosA + isin\
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Replacing f(tz), f(sz), f'(sz) and p(z) by their equivalent series in (3.2), after
simplification, we obtain

eMaa(s —t)z + az(2s® — st — t2)22 + ag(3s> — 8%t — st? —t3)23 + ...
= [c12 + {as(s +t)c1 + ca}2? (3.3)
+{az(s* + st +1t*)c; + as(s +t)ea + 3}z +---](1 — B)cosA.

Equating the coefficients of z, 22 and 22 in (3.3), we get

—iA
1—
as e " (1=p)cosA 1

s—t

_ e" M (1=B)cosA [e ™ (1=B)(s+t)cosAc?+(s—t)ca

as = 252 —st—t? s—t )
—ix 3 3, .2 2y —iX

_ e ""(1=p)cosX | (3s°—2t°+s"t—2st")e” " (1—L)cosA

U= 3F gz 213 (s—t)(28%2—st—t?) C1C2
6727:)\(1—5)20082)\(53+282t+25t2+t3) 3
+ (s—D) (257 —s1—12) citcs3) - (3.4)

Substituting the values of ag, az and a4 from (3.4) in the second Hankel functional
lagas — a3| for the function f € S(\, 3, s,t), we obtain

e~ (1 — B)%cos®\
(s —1)(3s3 — st? — s2t — t3)

35% — 2t + 5%t — 25t 2
[ GonE sy C (LT Beosheies

lagas — a§| =

s3 + 2%t + 2st2 4¢3 4

+ e 21 = B)2cos® A

(s —1)(252 — st —2) *
=2 (1 — B)%cos? ) 9 9
+ 6103] — (S — t)2(282 RV t2)2 [(S — t) cy (35)

+e72M1 = B)%(s + 1) cos® Act + 271 — B)(s% — t2)cos/\c%c2] |
e~ (1 — B)%cos®\
(s —1)2(3s% — st2 — 2t — 13)(25% — st — t2)?
+ e (1 = B)cosA(s*t — 35%t3 4 2sth) ey + e 72N (1 — B)%cos® )
(—8° — 25Mt + 3% 4 252t3) ] — (s — 1)%(3s% — st? — 5%t — t*)e3] |-

[(s —t)(25* — st — t*)%cies

Making use of the result |za + yb| < |z||a| + |y||b], where z, y, a and b are real
numbers and |e~""*| = 1, where n is a real number, after simplification, we obtain

(1 — B)%cos®\
(s —1)2(3s% — st2 — 2t — 13)(25% — st — t2)?
|dycics + dacosAci ey + dscs + dycos® i, (3.6)

lagay — a3| <



UprPER BOUND OF SECOND HANKEL DETERMINANT 267

where

dy = (s —t)(25% — st — 1%)?,
dy = (s*t — 3573 + 2st*)(1 — j3),
dy = —(s —1)%(3s% — st? — s*t — 17),
dy = —(s° + 257t — §3t2 — 25°%)(1 — B)%. (3.7)

Substituting the values of ¢3 and ¢z from Lemma 2.2 in the right hand side of (3.6),
we have

dycy

2 {E42c1(4—cDz—cy(4—c3)ax?

|dycre3+dacosAciey + dsci+dycos® Aet| =

dacosA 4

+2(4 )1~ |2z} + ci{cl +a(4 - )}

d
+ f{cf + (4 — )} + dycos®\ci|. (3.8)

Making use of well-known fact that |z| < 1 in (3.8), upon simplification gives

4ldicics + dacosAcZ ey + dsca + dycos*Ac}| = ’(dl + 2dycos\ + ds + 4dgcos® )¢t
+ 2d1c1(4 — 3) 4 2(dy + dacosh + d3)ci (4 — )|z
— ((dy + ds)cf + 2dycy — 4d3)) (4 = }) ||| . (3.9)

Using the values of dy, da, d3 and dy given in (3.7), after simplification, we obtain

dy + 2dycos\ + ds + 4dycos® N = (s — t)(s* — 35%t% + 2st3) +2(1 — B)
(s* — 3573 + 2st*)cosA — 4(s° + 25t — 5312 — 25%3)(1 — B)cos®),  (3.10)

2(dy + dacosA+dz) = 2[(s —t)(s* — 3572 + 2st3) + (s*t — 3573 + 25t1) (1 — B)cos )],
(3.11)
and

(dy+d3)c3 4 2dycy —4dz = [(s—1)(25% —st—12)? — (s —1)*(35° — st* — 5%t —17)]c3
+2(s—1)(25% —st—t2)%c; +4(s—1)*(3s> —st* — 52t —t3). (3.12)
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Consider

[(sft)(252—st—t2)2—(s—t)2(352—st2—52t—t3)] C%
+2(s—1)(25% —st—t2)%c; +4(s—1)*(3s% —st? — 2t —t3) = (s — 1) (s — 35%t* 4 2t3)
2(25% —st—1?)? s—1)(3s®—st?—s%t—13
ci+ AE 242 ) C1+4( )E 55 )
st =322 42513 54352424253
{ (2% — st —t2)? }2
ot+t——

st —3s52t24-25t3

@28 —st—t?)* 4(s—1)(383—st?—s%t—t?)
{ i

= (s—t)(s* =352t +2st%)

(s1—3s2t2+2s13)2 st—3s2t2+2st3
252 gt —12)2 \ 2
(Cﬁu) (3.13)

_ 4 2,2 3
= (s—1)(s*—3s*t* +2st?) 54352421 2543

2
V48 +285612 — 1657t + 29544 — 325513+ 10526 — 205315 — 4st7 4¢3
54— 352124 25t3

252 —st—t2
5% —352t24-2st3
n V4584285612 — 1657t + 29544 — 325513 +1052t6 — 205315 —4st7 +18

st —3s52t24-25t3
o n 25% — st —t2
c s et
! s —3s2t24-25t3
V48 +285612 — 1657t 429544 —3255¢3 + 10526 — 205315 — 4s5t7 413
st —3s52t24-25t3

= (s—t)(s"—3s°t*+2st%) {cﬁ{

Since ¢; € [0, 2], using the result (¢1 +a)(ca +b) > (¢1 —a)(c1 —b), where a, b >0
in the right hand side of (3.13), upon simplification, we obtain

[(s —1)(25% — st — t%)* — (5 — )*(3s° — st? — s°t — t%)]c]
+2(s5 — 1)(28% — st — t?)%c; +4(s — 1)*(3s> — st? — 5%t — t3)
> [(s —1)(28% — st — %)% — (s — t)*(3s® — st — 5%t — t3)]c]
—2(s — t)(28% — st — t*)%c; +4(s — 1)*(35® — st* — %t — t3) (3.14)

From (3.12) and (3.14), it follows that
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—[(dx +d3)ci+2d1 e —4ds] <— [{(;9775)(25275157752)2 f(sft)2(3s3fst2752t7t3)} ¢
—2(s—t)(25> —st—t*)*cy +4(s—t)2(353—st2—th—t?’)] .

(3.15)

Substituting the values from the relation (3.10), (3.11) and (3.15) in the right hand
side of (3.9), we get

4|dycyc3+dacosAci e +dsca+dacos® Aet| < [{(s—t)(s* =352 +2st%)+-2(1— )
(5%t 35213 +2st")cos A —4(s° + 251t — 5312 —25%13) (1 — §)?cos* N} ¢}
+2(s—1)(28% —st—t*)2c; (4—c3)+{2(s—1)(25% — st —t2)?
2(s1t 3523 4-25t1) (1 — B)cosA —2(s— )% (35> — st* — st —t3)}
c1(d—ct)|z|—[{(s—t)(28* —st—t*)? — (s —1)*(3s> —st* —s*t —t3) } ] —
2(s—1)(25% —st—t?)%c; +4(s—1)%(3s> —st? — st —t3)](4—c2) |z |?|

(3.16)

Choosing ¢; = ¢ € [0, 2], applying triangle inequality and replacing |x| by p on the
right hand sides of (3.16), we obtain

4ldycies+docosAcE co+dsca+dscos® Acf| < [dcos? (1 —B)%(s° +2stt — 532 —25°17)
—(s—1)(s* = 3522 +25t%) —2(1 — B) (st — 3523 4 25t*) cos ] ¢!

12(s—1)(25% —st—t%)2c(4—c?) +{2(s—t)(25% — st —1?%)?

+2(s*t— 3523 4-25t*) (1 — B)cosA—2(s— )% (35> — st* — st —t3)}

- u+[{(s—t)(28* —st—t*)? —(s—1)*(3s> —st? — st — 1) }c?

2(s—1)(25% —st—t*) c+4(s—1)*(3s> —st* —s*t—t3)](4— ) p?

=H(c,p) (say) (0<p=z[ <1, 0<e<2),

(3.17)
where
H(c, 1) = [4cos® A1 — B)%(s® + 25t — 5312 — 25°t3)
—(5 —t)(s* = 35%t% 4 2st%) — 2(1 — B) (st — 35°t> + 2st*)cos\]|c?
+2(s — t)(28 — st — t?)%c(4 — *) + {2(5 —1)(25% — st — t?)?
+2(s* — 352t + 25t4)(1 — B)cosA —2(s — t)2(3s® — st* — 5%t — %)}
A= Yt [{(s — )25 — st — 22 — (s — 2 (35 — s — Pt — 19)}2

—2(s —t)(28% — st — )c—|—4(s—t) (3s% — st? — 5%t — t%)](4 — *)p?. (3.18)

Now we maximize the function H (¢, ) on the closed region [0, 2] x [0, 1]. Differen-
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tiating on both sides of (3.18) partially with respect to i, we get

OH
o
—2(s — 1)*(3s% — st? — 5%t — t3)]2 (4 — *) + 2[{(s — t)(25* — st — t*)?
—(5s —1)%(3s% — st* — 5%t —t3)}c® — 2(s — )(25% — st — t*)%¢c
+4(s —t)*(3s® — st® — st — )| (4 — ) (3.19)

[2(s —t)(25® — st — t*)* + 2(st — 35%t% 4 2st1) (1 — B)cosA

For 0 < p < 1, for fixed ¢, 0 < ¢ < 2, we observe from (3.19) that %—I: > 0.
Therefore, H(c, p) is an increasing function of x and hence cannot have a maximum
value at any point in the interior of the closed square [0, 2] x [0,1]. Moreover, for
a fixed ¢ € [0, 2], we have

Jnax, H(e,p) = H(e,1) = T(e) (3.20)

Upon simplification, it follows from (3.18) and (3.20) that

T(c) = [4cos® N1 — B)?(s° + 2sMt — 5312 — 25213) — (5 — t)(s* — 35%t% + 2st3)
2(1 — B) (st — 35213 + 2st*)cosA|c? + [2(st — 35%t3 4 2st?) (1 — B)cosA + 3(s — 1)
(s* — 35217 4 25t3)]c2 (4 — ®) + 4(s — 1)%(3s% — st — 5%t — 13)(4 — ¢?).

(3.21)
Therefore,

T'(c) = 4[4cos® A1 — B)2(s® 4 25t — s3t% — 25%t3) — (s — t)(s* — 3s%t? + 2st%)
2(1 — B)(s*t — 35%t3 + 2st*)cos\|c® + [2(s™t — 357t + 25t?)(1 — B)cosA + 3(s — t)
(s* — 3522 4 25t3)] (8¢ — 4c3) — 8(s — 1)3(3s3 — st? — %t — t3)c.

(3.22)
and

T"(c) = 12[4cos® M1 — B)?(s° + 25t — 5312 — 25%3) — (5 — ) (s — 35%% 4 2st7)
2(1 — B) (st — 35213 + 2sth)cosA|? + [2(st — 35°t% 4 2st?) (1 — B)cosA + 3(s — 1)
(s* — 3522 + 251%)](8 — 12¢%) — 8(s — 1)?(3s% — st? — 5%t — 13).

(3.23)

For extreme values of T'(¢), consider T"(¢) = 0. From (3.22) we have ¢ = 0. Putting
the values of ¢ = 0 in (3.23) and simplify, we get

T (c) = —8(s—1)[(95%t* —65t> — 453t +-11) — 2(s3t — 25t + 52t?) (1 — B) cos ]
7r
< < — . .
<0 (0_ﬁ<1,|)\|<2) (3.24)
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By second derivative test, T'(¢) has maximum values at ¢ = 0 and for a fixed value
of X (|]\| < %), we obtain

max T'(c) = T(0) = 16(s — t)*(3s> — st? — 5%t — t3). (3.25)
0<e<L2
Consider the maximum value of T'(¢) only at ¢ = 0, simplifying the relation (3.17)
and (3.25), we obtain

|dycies + dacosAcicy + dzcs + dicos? Aci| < 4(s — )2(3s3 — st? — 52t — t3). (3.26)
From (3.6) and (3.26), after simplifying, we get

4(1 — B)%cos®\

et (3.27)

|azas —a3] <

By choosing ¢; = ¢ = 0 and selecting 2 = —1in (2.2) and (2.3), we find that co = —2
2¢ "M (1—B)cosA
252 —st—t2
and a4 = 0. Substituting these values in the functional |asas — a3|, we observed
that the equality is attained which shows our result is sharp. This completes the

proof of Theorem 3.1. O

and ¢z = 0. Under such case it follows from (3.4) that as = 0, ag = —

Concluding Remark: In this paper, we have determined the sharp upper bound
for the functional |agay — a?| for the functions f € A belonging to the class
S(\, B,s,t). We conclude this paper by remarking that the above theorem in-
clude several previously established results for particular values of the parameters
A, B, s, t. For example, taking s = 1, =0 and § = 0 in Theorem 3.1 we get the
result due to Krishna and Reddy (see [15]). Further, by letting s =1, t =0, =0
and A = 0 in Theorem 3.1, we obtain the result |asay — a§| < 1. This result is
sharp and coincides with that of Janteng et al. (see [13]). Now we are working
on to find the sharp upper bound for the above function class using third Hankel
determinant.
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