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Optimal Energy Decay Rate for Rayleigh Beam Equation with Only
One Dynamic Boundary Control
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ABSTRACT: In [21], Wehbe considered the Rayleigh beam equation with two dy-
namical boundary controls and established the optimal polynomial energy decay

1
rate of type T The proof exploits in an explicit way the presence of two boundary

controls, hence the case of the Rayleigh beam damped by only one dynamical bound-
ary control remained open. In this paper, we fill this gap by considering a clamped
Rayleigh beam equation subject to only one dynamical boundary feedback. First,
we consider the Rayleigh beam equation subject to only one dynamical boundary

control moment. In that case, we prove a polynomial decay in — of the energy by

using an observability inequality. For that purpose, we give the asymptotic expan-
sion of eigenvalues and eigenfunctions of the undamped underling system. Moreover,
using the real part of the asymptotic expansion of eigenvalues of the damped sys-
tem, we prove that the obtained energy decay rate is optimal. Next, we consider
the Rayleigh beam equation subject to only one dynamical boundary control force.
Here we use a Riesz basis approach. As before, we start by giving the asymptotic
expansion of the eigenvalues and the eigenfunctions of the damped and undamped
systems. We next show that the system of eigenvectors of the damped problem form
a Riesz basis. Finally, we deduce the optimal energy decay rate of polynomial type
1
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1. Introduction

In [21], Wehbe considered a Rayleigh beam clamped at one end and subjected to
two dynamical boundary controls at the other end, namely

Yit — VWaatt + Yozze = 0, O<z<l1, t>0, (1.1)

y(0,t) = y.(0,t) =0, t>0, (1.2)

You(1,1) + an(t) =0, t>0, (1.3)

Yoaa(1,1) = Vyore(1,1) — BE(E) =0, t>0, (1.4)

where v > 0 is the coefficient of moment of inertia, a > 0 and b > 0 are positive
constants, n and ¢ denote respectively the dynamical boundary control moment
and force. The damping of the system is made via the indirect damping mecha-
nism at the right extremity of the beam that involves the following two first order
differential equations:

(1) — yae (1, 8) + an(t) =0, t>0, (1.5)
ft(t) - yt(la t) + ﬂg(t) =0, t>0, (16)

where @ > 0 and S > 0. The notion of indirect damping mechanisms has been
introduced by Russell in [18] and since that time, it retains the attention of many
authors. In [21], Wehbe considered the Rayleigh beam equation with two dynamical
boundary controls moment and force, i.e., under the conditions a > 0 and b > 0.
The lack of uniform stability was proved by a compact perturbation argument of
Gibson and a polynomial energy decay rate of type % is obtained by a multiplier
method usually used for nonlinear problems. Finally, using a spectral method,

he proved that the obtained energy decay is optimal in the sense that for any
1
e > 0, we cannot expect a decay rate of type e But in [21] the effect of each

control separately on the stability of the Rayleigh beam equation is not investigated.
Indeed, the multiplier method exploits in an explicit way the presence of the two
boundary controls. Furthermore, the lack of one of this two controls yield this
method ineffective. Then, the important and interesting case when the Rayleigh
beam equation is damped by only one dynamical boundary control (¢ = 0 and
b>0ora>0andb=0) remained open. The aim of this paper is to fill this gap
by considering a clamped Rayleigh beam equation subject to only one dynamical
boundary feedback.

First, we consider the Rayleigh beam equation (1.1)-(1.4) with only one dynam-
ical boundary control moment 7, i.e., when a = 1, b = 0 and 7 solution of (1.5).
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Using an explicit approximation of the characteristic equation, we give the asymp-
totic behavior of eigenvalues and eigenfunctions of the associated undamped system
with the help of Rouché’s theorem. Then to prove the polynomial energy decay,
we apply a methodology introduced in [2]. This requires, on one hand, to establish
an observability inequality of solution of the undamped system and on the other
hand, to verify the boundedness property of the transfer function. This attend to

1
establish a polynomial energy decay rate of type — for smooth initial data. Finally,
using a frequency domain approach, we prove that the obtained energy decay rate is

optimal in the sense that for any € > 0, we cannot expect a decay rate of type e

Next, we consider the Rayleigh beam equation (1.1)-(1.4) with only one dynam-
ical boundary control force, i.e., when a = 0, b = 1 and £ solution of (1.6). Here
we prefer to use a Riesz basis approach. First, as before we give the asymptotic
expansion of the eigenvalues and the eigenfunctions of the damped and undamped
systems. Next, we show that the system of eigenvectors of high frequencies of the
damped problem is quadratically closed to the system of eigenvectors of high fre-
quencies of the undamped problem. This yields, from [9, Theorem 6.3] and [1,
Theorem 1.2.10] that the system of generalized eigenvectors of the damped prob-
lem forms a Riesz basis of the energy space. Finally, using [14, Theorem 2.1]) we
7

The stabilization of the Rayleigh beam equation retains the attention of many
authors. In this regard, different types of dampings have been introduced to the
Rayleigh beam equation and several uniform and polynomial stability results have
been obtained. Rao [16] studied the stabilization of Rayleigh beam equation sub-
ject to a positive internal viscous damping. Using a constructive approximation,
he established the optimal exponential energy decay rate. In [12], Lagnese studied
the stabilization of system (1.1)-(1.4) with two static boundary controls (the case
a>0,b>0,n(t) =y.(1,t) and £(t) = y:(1,t)). He proved that the energy decays
exponentially to zero for all initial data. Rao in [16] extended the results of [12]
to the case of one boundary feedback (the case a > 0, b = 0 and n(t) = y.:(1,1)
ora=0,b>0and &(t) = y(1,¢)). In the case of one control moment (the case
a>0,b=0and n(t) = y.t(1,t)), using a compact perturbation theory due to
Gibson [8], he established an exponential stability of system (1.1)-(1.4). Moreover,
in the case of one control force (a = 0, b > 0 and &£(¢) = y:(1,t)), he first proved
the lack of exponential stability of the system (1.1)-(1.4). Next, he proved that the
Rayleigh beam equation can be strongly stabilized by only one control force if and
only if the inertia coefficient v is large enough but he did not studied the decay
rate of the energy of the system. In [3], Bassam and al. studied the decay rate
of energy of system (1.1)-(1.4) with a = 0, b > 0 and £(¢t) = y:(1,t). First, using
an explicit approximation, they gave the asymptotic expansion of eigenvalues and
eigenfunctions of the undamped system corresponding to (1.1)-(1.4), then they es-
tablished the optimal polynomial energy decay rate via an observability inequality

establish the optimal energy decay rate of polynomial type
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of solution of the undamped system and the boundedness of the transfer function
associated with the undamped problem.

Let us briefly outline the content of this paper. Section 2 considers the Rayleigh
beam equation with only one dynamical boundary control moment and is divided
into four subsections. In subsection 2.1, we formulate the system into an evo-
lution equation and we recall the well-posedness property of the problem by the
semi-group approach (see [15], [16] and [21]). In subsection 2.2, we propose an
explicit approximation of the characteristic equation determining the eigenvalues
of the corresponding undamped system. Then, we give an asymptotic expansion
of eigenvalues and eigenfunctions of the corresponding operator. In subsection 2.3,
we establish a polynomial energy decay rate for smooth initial data. In subsection
2.4, we prove that the obtained energy decay rate is optimal. Section 3 considers
the Rayleigh beam equation with only one dynamical boundary control force and
is divided into 2 subsections. As before our system can be transformed into an
evolution equation and we deduce the well-posedness property of the problem by
the semi-group approach. We recall the condition to reach the strong stability of
our system (see [16]). In subsection 3.1, we proposed also an explicit approxi-
mation of the characteristic equation determining the eigenvalues of the damped
and undamped system. Then, we give an asymptotic expansion of eigenvalues and
eigenfunctions of the corresponding operators. In subsection 3.2, we show that the
system of eigenvectors of the damped problem forms a Riesz basis and we establish

1
the optimal polynomial energy decay rate of type —.

Vi
2. Rayleigh beam equation with only one dynamical control moment

In this section, we consider the Rayleigh beam equation with only one dynamical
boundary control moment:

Ytt — VYzatt + Yoz =0, O<z<l, t>0,
y(oa t) = yz(oa t) =0, t>0,
Yoo (1,1) 4+ (1) =0, t>0, (2.1)
ymxm(la t) - 'Yy:ntt(:l,t) - 0, t> 0,
() = yee(1,8) +an(t) =0, t>0.

Let y and 1 be smooth solutions of system (2.1), we define their associated energy
by:

B0 = 5 ([l 2l +lyaa?) + (67 (2.2

A direct computation gives

9 B(1) = —aln(o)? <0. (2.3)

Thus the system (2.1) is dissipative in the sense that the energy F(t) is a nonin-
creasing function of the time variable .
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2.1. Well-posedness and strong stability of the problem

In this subsection, we will study the existence, uniqueness and the asymptotic
behavior of the solution of system (2.1). We start our study by formulating the
problem in an appropriate Hilbert space. We first introduce the following spaces:

V= {ye H(0,1); y(0) =0}, [yl = / (P +lgP)de,  (2.4)

W= {y € H*(0,1); y(0) = 4:(0) =0}, [lyll3 = / yeoPde, (25)

and the energy space
H=WxVxC (2.6)

endowed with the usual inner product
(w1, 21, M), (Y2, 22, M2))3c = (Y1, 92)w + (21, 22)v + 11702,

V(yl, 21, 771)’ (y2) 22, 772) € j{
Identify L2(0,1) with its dual so that we have the following continuous embedding

WcVcL*0o,1)cV cWw. (2.7)

Let y and n be smooth solutions of system (2.1). Then, multiplying the first
equation of the system (2.1) by @ € W and integrating by parts yields

1 1
/ (Yer® + VYot Py )dx + / YzaPoradr + nP, (1) = 0. (2.8)
0 0

Now we define the following linear operators A € L(W,W’), B € L(C,W’) and
CeL(V,V') by:

< Aya @ SWIxW= (yv (I))W; Vya S Wa (29)
< Bn,® >wrixw=nP,(1), ¥neC,voeW (2.10)

and
< Cy, P Sy = (y,(b)v, Vy, PeV. (211)

Then, by means of Lax-Milgram theorem (see [6]), we see that A (resp C) is the
canonical isomorphism from W into W’ (resp from V into V’). On the other
hand, using the usual trace theorems and Poincaré inequality, we easily check that
the operator B is continuous for the corresponding topology. Therefore, using
the operators A, B and C and the continuous embedding (2.7), we formulate the
variational equation (2.8) as:

Cyy +Ay+Bn=0 in w'.
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Assume that Ay + Bn € V/, then we obtain:
yu +C 1 (Ay+Bn)=0 inV. (2.12)

Next we introduce the linear unbounded operator Ag by

D(Ag) ={(y,2,m) € H; ze W and Ay+ BneV'}, (2.13)
—z
Aou= | CH(Ay+Bn) |, Yu=(y,2,m) € D(A) (2.14)
—22(1)

and the linear bounded operator B as follows
0
Bu=[0], Yu=(y,z,n) €H. (2.15)
n

Then, denoting u = (y,y:,n) the state of system (2.1) and define A, = Ag + aB
with D(A,) = D(Ap), we can formulate the system (2.1) into a first-order evolution
equation

{ut(t) + Aqu(t) = 0,

u(0) = et (2.16)

It is easy to show that —Ag is m-dissipative and —B is dissipative in the energy
space H. Therefore the operator —A, generates a Cy-semigroup (e_m“)tzo of
contractions in the energy space H following Hille-Yosida’s theorem (see [15]).
Hence, we have the following results concerning the existence and uniqueness of
the solution of the problem (2.16):

Theorem 2.1. For any initial data uy € H, the problem (2.16) has a unique
weak solution u(t) = e ey such that u € C°([0,00[,H). Moreover, if uy €
D(Ap), then the problem (2.16) has a strong solution u(t) = e~ **euq such that
u € C* ([0, 00[, H) N C° ([0, 00], D(Aop)). O

Moreover, we characterize the space D(Ap) by the following proposition.

Proposition 2.2. Let u = (y,z,n) € H. Then u € D(Ap) if and only if the
following conditions hold:
y € WnH?0,1),
zeW, (2.17)

In particular, the resolvent (I +A0)_1 of — Ao is compact on the energy space H
and the solution of the system (2.1) satisfies

y(t) € C°([0, 00, H3(0,1) N W) N C([0, 0o, W) N C3([0, o[, V). (2.18)

d
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The proof is same as in Rao [16, Proposition 2.3] (see also Wehbe [21]) so we omit
the details here.

Now we investigate the strong stability of the problem (2.16) by the following
theorem:

Theorem 2.3. For any v > 0, the semigroup of contractions e~ is strongly

asymptotically stable on the energy space 3, i.e. for any ug € H, we have

ey = 0. (2.19)

lim |e
t——+o0

Proof: The proof is same as in Rao [16, Theorem 3.1], it is based on the spectral
decomposition theory of Sz-Nagy-Foias[19], Foguel [7] and Benchimol [4]. In order
to prove (2.19), it is sufficient to show that there is no spectrum in imaginary axis.
We omit the details here. O

Further, since A is skew adjoint operator and B is compact, then using a com-
pact perturbation method of Russel [17], we deduce that the system (2.16) is not
uniformly stable (see Rao [16], and Wehbe [21]).

2.2. Polynomial Stability for smooth initial data

Our main result in this subsection is the following polynomial-type decay estimate:

Theorem 2.4. (Polynomial energy decay rate)
Let v > 0. For all initial Uy € D(Ay), there exists a constant ¢ > 0 independent of
Uy, such that the solution of the problem (2.16) satisfies the following estimate:

&
E(t) < 1—H|\U0||§)(AO), vt > 0. (2.20)
O

For this aim, we need first to analyze the spectrum of the operator Ay. Next, We
will apply a method introduced by Ammari and Tucsnak in [2], where the polyno-
mial stability for the damped problem is reduced to an observability inequality of
the corresponding undamped problem (via the spectral analysis), combined with
the boundedness property of the transfer function of the associated undamped
system.

2.2.1. Spectral analysis of the operator Aj.

Since Ajg is closed with a compact resolvent, its spectrum o(Ag) consists entirely
of isolated eigenvalues with finite multiplicities (see [11]). Moreover, as the coeffi-
cients of Aq are real then the eigenvalues appear by conjugate pairs. Further, the
eigenvalues of Ay are on the imaginary axis.

Proposition 2.5. Let A be an eigenvalue of Ay and let U = (y,z,n) € D(Ap),U #
0, an associated eigenvector. Then X is simple and we have 1 # 0.
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Proof: First, a straightforward computation shows that 0 € o(Ap) and is simple.
2

An associated eigenvector being (f%, 0, 1), thus its last component n = 1 does
not vanish.

Next, let A =ip € o(Ap), p € R* and U = (y, 2,m) an associated eigenvector.
Assume that n = 0. Using equation (2.15), we get that BU = 0. Thus, we obtain

AU = (.Ao + OéB)U = AgU =ipU. (221)

Therefore A = iy is also an eigenvalue of A, and it is a contradiction with Theorem
2.3 since v > 0.

Later, assume that there exists A € o(Ag) such that A is not simple. As Ay is a skew-
adjoint operator we deduce that there correspond at least two independent eigenvec-
tors Uy = (y1,21,11) and Us = (y2, 22,15). Then, Us = nyUy — 01Uz = (ys3, 23,M3)
is also an eigenvector associated with A with 75 = 0, hence the contradiction with
the first part of the proof. O

Now, in order to get a better knowledge of the spectrum we compute the character-
istic equation. Thus let A = iy, p € R*, be an eigenvalue of Ag and U = (y, z, 1) €
D(Ap) be an associated eigenfunction. Then we have

z = —iuy,
Ay+Bn = ipCz, (2.22)
z(1) = —iun.

Then, using (2.9)-(2.11) we interpret (2.22) as the following variational equation

1 1
/ ymm@—mdz - M2 / (y5 + ’me45_1) dx + ym(l)@m(l) =0, Vo e W.
0 0
Equivalently, the function y is determined by the following system:

Yzxxa + 7M2yzz - ,U/2y =
y(0) = y2(0) =

(2.23)

cocooo

We have found that A = iu # 0 is an eigenvalue of Ag if and only if there is a
non trivial solution of (2.23). The general solution of the first equation of (2.23)
is given by

4

y(z) = Z cien T (2.24)

i=1

where

p) = \/ IV ) = (), (2.25)



OprTIMAL ENERGY DECAY RATE OF THE RAYLEIGH BEAM EQUATION 139

2 2,2
=R — /et + 4
73(1) =\/ 5 sra(p) = —7r3(p).

Here and below, for simplicity we denote r;(x) by r;. Thus the boundary conditions
in (2.23) may be written as the following system:

1 1 1 1 o
_ 1 2 3 T4 C2 |
MEWCW =1 () 92()  gali) i) | | =0 (226)

hi(p)  ha(p) hs(p) ha(p

where g;(1) = r; (r? +yp?) e and hi(u) = r; (r; +1)e™. Consequently (2.23)
admits a non-trivial solution if and only if f(u) := det M (u) = 0. Finally, we have
found that A = ip is an eigenvalue of A if and only if u satisfies the characteristic
equation f(u) = 0.

Proposition 2.6. (Spectrum of Ap)
There exists ko € N*, sufficiently large, such that the spectrum o(Ag) of Ao is given

by:
’ o(Ag) = oo Uon, (2.27)
where
oo = {mg}jeJo , o1 = {)\2 = iuk}\kké%u , ooNoy =10, (2.28)
Jo is a finite set and H?—, w, € R. Moreover, p, satisfies the following asymptotic

behavior:

uk:ak———ﬂJrO(ﬁ), |k| — o0 (2.29)

where
= + —, 2.30
1

: 1 1
Fy =2v% cosh(—=) and Fj = (1 —27)cosh(—) + 2/ysinh(—).  (2.31)
i 7 PR
Proof: The proof is decomposed into two steps.

Step 1. First, we start by the expansion of 1 and 75 when |u| — oo. After some
computations we find

1 1
rn=—+0(— 2.32
1 ﬁ (,U/Q) ( )
and
. o1 1
r = i/ + i + O(—). (2.33)
2vz K
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This gives
7 1
2 T __ evry
rie’t = +0(—), 2.34
1 7 (Mg (2.34)
-% )
r2e = S 4 0(=), 2.35
5 7 (MQ) (2.35)
r2e™ = —yeVIr 2 £ O(1) (2.36)
and
r2em = —ye VI ? 1 O(1). (2.37)

Next, using (2.32)-(2.37), we find the asymptotic behavior of

g1(1) = vFe V7 i + 0(1), (2.38)
g2(1) = —/Fe” V7 + O(1), (2.39)
ieNIHy, 1
(k) = ===+ 0 (2.40)
and
ie~ WK
mln) = "=t 0<i>. (2.41)
Similarly, we get
b (1) = (% + 1) 6\2 +0(%), (2.42)
1 e VA 1
ha(p) = (ﬁ — 1) 7 + O(;), (2.43)
mau) = (2 + /7 - %m) eV 1+ 0(1) (2.44)
and
ha() = (—wﬂ itz - v)u) e~V 1 0(1), (2.45)
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Now, using (2.26) and (2.32)-(2.45), we can write M (u) as follows

1 1 1 1
1 1 1 1 1 1
—4O(= S +0(— Pi+0(= Pr+O(—
7 (Mg) 7 (ug) 1 (Mg) 2 (ug)
Mu=| 1 i e
L L t 1 eVt 1
eV i+0(1) —Ae Fui+o(1) —S—Lio=) L—Eio=
VeV pt+0(1) =\ p +0(1) N (u) 7 (u)
Prev7 +0(i) Pie” 7 +0(i) PV LO(1)  Pee VIR 40(p)
(2.46)
where
1 11 11
Py =iyp+i y Po=—iyp—i——, P3=—+—, P=—-—-—,
Vi 23 VI 273 YA ¥ Y
1 1
Ps= -y +i(\7 - 5=)p and Po= -y +i(5—= — V)
\/— QW QW \/—

Again after some computations, we find the following asymptotic development of

f(u) = det(M(p))
Fw) = 1 folp) + p f1 (1) + O(1?),

where

fo(p) = =2iFo\/ycos(y/yp),  and fi(p) = 2iy/yFrsin(y/yp). (2.47)
For convenience we set

f(p) fi(w) 1
S — = + + 0(—), 2.48
(1) 5 o(u) . (ug) (2.48)
that has the same root as f, except 0. Step 2. We look at the roots of S. Is is
easy to see that the roots of fy are given by:

km L T
ap = — + ——,
alravel

Then, with the help of Rouché’s theorem, there exists kg € N* large enough, such
that for all |k| > ko the large roots of S (denoted by py;) are close to ay. More
precisely, there exists kg € N* large enough, such that the splitting of o(Ag) given
in (2.27)-(2.28) holds and we have

keZ

km m
tp =ar +o(l) = —+ —=+o0(1), k] = 0. 2.49
k (1) NN (1), k| (2.49)
Equivalently we can write
k
e = =+ g, lim lp =0, (2.50)

VY2V |k|—o0
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It follows that
cos(y/Am,) = —(=1)Fsin(y/Aly) = —(=1)* Al + o(1}) (2.51)

and

sin(y/e) = () cos(yt) = (11 - YI5) po().  (252)

Using (2.50), (2.51) and (2.52) then from (2.48) we have

0= S(m) = 2yAD (FoyTli + 12) +0lE) + O ).

which implies

o1 1
lp=—7—+0(=). 2.53
Inserting the previous identity in (2.50) we directly get (2.29). ]

Eigenvectors of Aj. According the decomposition of the spectrum o(Ag) of Ay,
a set of eigenvectors associated with o(Ag) is given as follows:

{®5 = (. 25.m)) € DAY}, | UK = (b z00mi) € D(A0)} rez . (2.54)

|k|>ko
where
Yj Yk
;= —in(;yj and Uy = | —ipyr | - (2.55)
yj,x(l) yk,z(l)

Now, for |k| > ko and pu = p,, we give a solution up to a factor of problem (2.23)
and some appropriated asymptotic behavior.

Proposition 2.7. Let |k| > ko. Then, a solution yy, of the undamped initial value
problem (2.23) with u = p,, satisfies the following estimations:

Yro(1) = =(=1) km + O(1) £ 0, |lyrllw ~ k> and [lyxllv ~ [k], [k] = oc.
(2.56)
Moreover we deduce
[Uklls¢ ~ [K[?,  |k] = oc. (2.57)

Proof: For u = py,, |k| > ko, solving (2.23) amounts to find a solution C'(p,) # 0
of the system (2.26) of rank three. For clarity, we divide the proof into two steps.
Step 1. Estimate of y;,(1). For simplicity of notation we write C(u;) =
(c1,c2,c3,¢4). Since we search C(u;,) up to a factor we choose ¢z = 1, the possibility
of this choice will be justify later. Therefore (2.26) becomes

atete = -1
ric1 + rece + 1racy = -3
ri(r1 + 1)e™eq +ra(ra + 1)e"2co + ra(ra + 1)e"™ey = —r3(rs + 1)e’s.
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Next, using Cramer’s rule, we obtain

a1 [6%) (%}
Ccl = —, Cy = —, Cyp = —, (258)
asg a3 ag

where

a1 =2rr3(1—r1)e™™ +r3(rs —r1)(e™ + e ™) +r3(1 —r1)(e"® — e "), (2.59)
g =2r1r3(14+71)e™ —r3(r2 +r1)(e™ +e ") —r2(1+r1)(e™ —e ™), (2.60)
az =2rr3(1 —7r3)e™" +ri(rf —r3)(e™ +e ™) +ri(1 —r3)(e™ —e7™), (2.61)

and

g =2r1r3(1+73)e™ —ri(r2 +r3)(e™ +e ) —r2(1+r3)(e™ —e ™). (2.62)

First we study the behavior of a;. Inserting (2.32) and (2.33) (with p = p;,) in
(2.59) we find after some computations

a1 = =2iy*? cos(yAp) i+ i(1+ 27 + 29) sin(y A )i + Ouy).  (2.63)

Now inserting (2.53) in (2.51) and (2.52) we have

cos(ym) = (1P +0(5) and sin(yAm) = (-1 + O5). (264

Inserting (2.29) and (2.64) in (2.63) we find again after some computations

20732 + Fy (-1 -2 27)) 72
ap = —i 71);@( 4y VI+2)) s O(k) (2.65)
Foy
72 (tanh (=) — 1
— 2i(—1)k (ten (55) =) k2 + O(k).
V7
Similarly long computations left to the reader yields
2 (tanh (L) + 1)
. val 2
as = 2i(—1)F k2 + O(k), 2.66
2 = 2i(—1) Ve () (2.66)
az = —2i(-1)kl2k2 + O(k) (2.67)
3 7 .
and
72
ay = —2i(-1)"—k? + O(k). (2.68)

val
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Remark that ag # 0 provided we have chosen kg large enough; for this reason our
choice ¢z = 1 is valid. Substituting (2.65)-(2.68) into (2.58), we obtain

1 1 1 1 1
cl1 = tanh(ﬁ) — 1 +O(E)’ Cy = —tanh(ﬁ) — 1+O(E), C3 = 1, Ccy = 1 +O(E)

(2.69)
Finally we have found that a solution (2.26) has the form:
1
Cup) = Co+ O(7—), (2.70)
|

where

1 1
Co = (—1 + tanh(—), —1 — tanh(—=), 1, 1).
NG

ﬂ

Note that the corresponding solution yj, of (2.23) is given by (2.24). From equation
(2.24), we have

Yo (1) = r1c1€™ 4 rocoe™ + r3eze’™ + racae’™, (2.71)
where we recall that for ¢ = 1,...,4,r; = r;(u;,) are given by (2.25) and ¢;,i =
1,...,4, satisfy (2.69). Therefore using the series expansion (2.29), (2.32), (2.33)
and (2.69) we easily find

Yko(1) = —(=1)F2k7 + O(1) # 0. (2.72)

Step 2. Estimates of ||y;|lw and ||yx|lv. We start with

1 4 4 1
o — —T
lyellZ = /0 Yk w2 d = ZZCiT? </O e’ eTﬂdz> cjr} = CpGrCr (2.73)

i=1 j=1
where
1
G = (/ e(”"'r_f)ld:c) and Cj = (cirf)izlﬁ_A.
0 1<i,j<4
First, since 1o = —r1 € R (for |k| large enough) and r3 = —ry € iR, we directly
find
1 1 1 1
/ 6(”*@)%&6:/ €(T2+ﬁ)zdﬂc=/ ers )T oy :/ T =1 (274)
0 0 0 0

e" 1

In addition using the identity fol e"?dr = — — — for r # 0 and the asymptotic
rooor

behavior (2.32)-(2.33) we find that

1
Gr = Go+0(3); (2.75)
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where
?(e% —1) 1 0 0
Go = 1 ga —e ) 0 o, (2.76)
0 0 1 0
0 0 0 1

1 1
and O(—) is a matrix where all the entries are of order —. Next, using (2.32),

(2.33) and (2.69), we obtain
Cr = (0,0, =y, =) + O(1). (2.77)
Finally inserting (2.75) and (2.77) in (2.73) we deduce that
el = 72 liel* + O(ugl?) ~ k%, [k] = 0. (2.78)

Similarly, we easily prove that

1 1
[ et [lpalde ~ i ~ K > o
0 0
Therefore, we deduce that
lyellv ~ [kl [k] = oc. (2.79)

Moreover, using the estimations (2.72), (2.78) and (2.79) then from (2.55) we de-
duce
1Tkllsc ~ (K%, [k] — oc.

This completes the proof. O

2.2.2. Observability inequality and boundedness of the transfer func-
tion.

First, since B is a self-ajdoint operator and BB* = B, we rewrite the problem
(2.16) as follows

{Ut(t) + (Ao +aBB)UE) = 0 (2.80)

U(0) = UpeH.
We will establish an observability inequality for the undamped problem correspond-
ing to (2.80) in following Lemma:

Lemma 2.8. Let v > 0. There exist T > 0 and Cp > 0 such that the solution U
of the problem

Ue(t) + AU (t) = 0,
{ (o) A (2.81)
satisfies the following observability inequality
T
| 1B U@t > CrltEy (2.82)

where (D(Ao))" is the dual of D(Ag) with respect to the scalar product in H.
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Proof: Let Uy € D(Ap), then we can write

Uo= > Uid;+ Y USli (2.83)
j€Jo |k|>ko

where {&)J} U {ﬁk} wez, denotes the set of normalized eigenvectors of Ag
j€Jo

[k|>Ko
such that
- o 1 .
(I)j = (yj,Zjan) = —_‘I)j, Vi e Jo (284)
[[©;]2¢
and
~ JURUE 1
U, = (yk, 2k, Uk) = —Ug, V|k| > k. (2.85)
Uk ||5¢
From (2.83) we obtain
Ut)= Y Uje'®;+ Y Uke™ U, (2.86)
Jj€Jo |k|>ko

Consequently, we have

n(t) = y.(1,t) = — Z Ul ety (1) — Z Ube™s', (1), Vt > 0.
j€Jo k> ko

The spectral gap is satisfied by the eigenvalues of Aq because they are simple and
for k large enough, we have p; 1 — py, > ﬁ, in other words, there exists d > 0,
such that )
min  |[A—X]|>d>0.
AN €o(Ao)
A#£N

Thus, using Ingham’s inequality (see [10]), we deduce that there exist 7' > 0 and
cr > 0 such that

| 1B @B = [ Par (287)
0 0
T
- [ o
0

>cr | D UG+ Y 1US Pk (D)
j€Jo |k|>ko

On the other hand, using (2.56)-(2.57) and (2.85) we get

|k|=ko |k|=ko
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Therefore, we deduce from (2.87), Proposition 2.5 and (2.29) that:

T
* j ~ 1
/ 1B U5t > er | YU P10+ > |U§I2IW ~cr||Uoll B ayy -
0 j€do || > ko

The proof of lemma is completed. ]

Next, we introduce the transfer function H:

H:Ci={AeC;R(\) >0} — L(C): X — H(\) = —aB*(\+Ay) " 'B.
(2.89)
Let w > 0, we define the set Cy, = {A € C; R(\) = w}.

Lemma 2.9. (Boundedness of H on C,,)
The transfer function H defined in (2.89) is bounded on C,,.

Proof: First, since Ay generate a Cy-semigroup of contractions, we deduce (see
Corollary 1.3.6 of [15]):

Je, > 0, such that  [[(A+Ag) o < cwy, VA EC,.

Next, combining this estimate with the boundedness of the operators B and B*,
we deduce the boundedness of the function H on C.,. O

Proof of the Theorem 2.4. The polynomial energy estimate (2.20) is obtained
by application of Theorem 2.4 in [2] on the first order problem with Y7 = D(Ay),

X, = (D(Ap)) and 0 = %

2.3. Optimal polynomial decay rate

The aim of this subsection is to prove the following optimality result.

Theorem 2.10. (Optimal decay rate)
The energy decay rate (2.20) is optimal in the sense that for any e > 0, we can not

1
expect the decay rate e for all initial data Uy € D(Ap).
O

To prove this theorem, we need the asymptotic behavior of the eigenvalues of the
operator A,. Let A # a be an eigenvalue of A, and U = (y, z, n) be an associated
eigenfunction, then we obtain A,U = AU. Equivalently, we have the following
system:
Yrxxe — 7)‘2ny + )\Qy =
y(0) = y2(0)

er1) + 32— ya(1)

(2.90)

o ooo
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The general solution of the first equation of (2.90) is given by

4

y(x) = GeliMr, (2.91)

i=1

where
Ri(\) = \/W — 2”2 —L R = R, (2.92)
Rs(\) = \/“ AV Ry = ~Ra(V).

Here and below, for simplicity we denote R;(\) by R;. Thus the boundary condi-
tions in (2.90) may be written as the following system:

1 1 1 1 1

- Ri Ry, R R &
NOCD= 500 &0 B0 a0 ]| |a]| =% @9

hi(A)  ha(X)  hs(\) ha(N)/) \ca

- ~ A
where we have set g;(\) = R; (RZ2 — 7)\2) efti and h;(\) = R; (Ri + \ ) el
—

i = 1,..,4. Since A, is closed with a compact resolvent, its spectrum consists
entirely of isolated eigenvalues with finite multiplicities. Further as the coefficients
of A, are real, the eigenvalues appear by conjugate pairs.

Proposition 2.11. There exists a positive constant ¢ such that any eigenvalue A
of Ao satisfies
0< R <e

Proof: Obviously, we already know that the real part of any eigenvalue of A, is
positive, so we only have to prove that it is upper bounded.

Let A # « be an eigenvalue of A, and U = (y, — Ay, y.(1)) an associated eigenvector
such that ||U||sc = 1. Multiplying the first equation of the system (2.90) by 7 and
integrating by parts yields

A
Iyl + Nyl + 3=y (D" = 0. (2.94)

-«
Next, set A =« +1v, u € R} and v € R. A straightforward computation gives

A w(u—a)+ov? v
= 7
A—a  (u—a)+02  (u—a)? 40

(2.95)

then the imaginary part of the equation (2.94) gives

(20l - =Sl VP ) o =o. (2.96)
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Assume that v # 0 then

o u2+v2

NP = 4 o)l = 5o e (D

If w = R(N) is not bounded and since |y,(1)]* < ||U||% = 1, it follows from the
previous identity that for u large

1
201,12 _ (L~
APyl = O(-).

Consequently (2.94) implies

1
ol + e (DF = 0(),
then )
1013 = lwllf + Ml + v (D] = o(=),

which is not possible. Therefore, for u large enough, we deduce from (2.96) that
O

$(A) = v = 0. Finally, taking the real part of the equation (2.92) with v = 0, we
obtain

2 201,112 u 2
D =0.
Il + ol + 2y (1)
Hence the contradiction with ||U||%; = 1 if u is large enough. ]

In the following proposition we study the spectrum of A,:

Proposition 2.12. (Spectrum of Ag)
There exists k1 € N* sufficiently large such that the spectrum o(Ay) of Aq is given

by:

O'(.Aa) :50U51, (297)
where
oo ={kj};c;, 01= {)\k}ufé% , ooNar=10 (2.98)
— RO

and J is a finite set. Moreover, A\ is simple and satisfies the following asymptotic

behavior
Ak (%JF%ﬂL%Jrg) gcTe +0(%)’ 299
where 2
o 2y —1— 2\/;_ytanh(’77§) (2.100)
2vam
and

2(—1) 4y —2 — \/ytanh(y"7)
= 73 1 + 3 :
~v2 cosh(y~ 2 )2 2y

(2.101)
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Proof: The proof is divided into three steps. Step 1 furnishes an asymptotic de-
velopment of the characteristic equation for large A. Step 2 uses Rouché’s theorem
to localize high frequency eigenvalues. In step 3, we perform a limited development

stopped when a non zero real part appear.
Step 1. First, We start by the expansion of R; and Rs when |[A\| = oo

1 1 1
Ri=—+——+0(—
PR 29802 S
and
Ry = MA— —— +0(%)
° 273 A3

Next, using (2.102) and (2.103), we find the asymptotic behavior of

B = (~VA¥ - 5+ o7 ) ¥ 4 0(3)

2’}/2 27%
N S TS B PR
B0) = (V¥ - 5~ 57 ) €7 05
(2 oL
g3(A) = __,y+_2 eV’ + (X)

and

Similarly, we get

VU TV z

~ 1 1 o) - 1

ho(\) = — -1+ — — = 7+ 0(—5),

= (14 5= =5 ) o)

~ 1 1— 127+ 8y* Aa 1
h3()\):(7)\2+(—ﬁ+\/§))\+ 52 vl )e‘ﬁ’\-i-O(X)

and

~ 1 171277872\/'_}/04 _ 1
ha(N) = (A% 4 (=——= — V7)A VA ).
i) = (4 oz = v PO

(2.102)

(2.103)

(2.104)
(2.105)

(2.106)

(2.107)

(2.108)
(2.109)

(2.110)

(2.111)

Combining (2.102)-(2.111) and (2.93), we can write the system (2.93) as follow:
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)

)

OPTIMAL
where N () is given by
1 1 1 1
1 ~ 1 ~ 1
Pi+0(55) P+0(3) P3+0(57) P1+0(57)
N(A): 1~ 1 _1 o~ 1 ~ 1 ~ 1 ’
eﬁPer()(X e ﬁPﬁO(X e\F’APﬁ—O(P) e*W*P8+O(F)
S%ﬁg—‘rO(—) 67%ﬁ10+0(§) eﬁkﬁu —‘rO( e_ﬁAﬁm—l—O(
where
~ 1 1 ~ 1 1
P=—+ , =—— = , =7 -
' NGl 27%)\2 ° Nai 273)\2 VI ’y%
Py=—-\/7+ ?—f\rﬁfi+ ! Pf\/_AQfo !
4 — Y ’7%, 5 — Y 272 9 E] 6 Y 272 27%
o AL LA _1(1+1+a)
7 \/'_Y 272; 8 \/"_)/ 2725 9 \/"—Y \/"—Y \ )
~ 1 1 «Q
Fam (L2
AUTTA TR
~ 1
P11=7A2+( +\F) +———+\Fa
\/_
and
P )\ + i — 3 —
12 =7 2\/_ 0 52 2y V.
Then, after some computations, we find the following asymptotic development of
fA) =det N(\)
FO) =N + M AN) + X H() + 00, (2.112)
where
fo(\) = —44? cosh( )cosh(\/_)\) (2.113)
F) =hy) sinh(ﬁm, (2.114)
where
1
=2~ ((1 —27) cosh(\/_) + 2,/ysinh(— )) (2.115)

hy) =
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and
f2(A) =8 — day? cosh(\%) cosh(y/7A) + lz(7) sinh(y/7A), (2.116)
where
1 1 4 . 1
I2(7) = (10 — %) cosh(ﬁ) + (47 — ﬁ) smh(\—ﬁ). (2.117)

As the real part of A is bounded, then the functions ]71 are bounded for i € {0, 1, 2}.
For convenience we set

= OIS @jgm
A A2

1
A3

+0(=). (2.118)

Step 2. We look at the roots of S. Tt is easy to see that the roots of fvo are simple
and given by:
zr =iag, kEZ (2.119)

where «y, is defined in (2.30). Then, with the help of Rouché’s theorem there exists
k1 large enough such that for all |k| > k; the large eigenvalues of o(A,) (denoted
by A\i) are simple and close to z. More precisely, there exists k1 € N* large enough,
such that the splitting of o(A,) given in (2.97)-(2.98) holds and we have

A =i +o(1), |k — oc. (2.120)
Equivalently, we can write

m €, =0. (2.121)

A = tay + €g, i
|k|—o0

Step 3. Determination of ¢,. First, using (2.118) and the identities (2.113)-
(2.116) we have

0=S(\g) = —47° cosh(%) cosh(v/YAk) + h(y)sinh(v3) | 8

+ — 2.122
Ak A7 ( )

4ay? cosh( ) cosh(VAAL)  1y(y) sinh(y/FAe) 1
~ - + ; +0(=5).
)‘k )‘k )‘k
On the other hand, using (2.121) we find
cosh(y/ ) = i(—1)*/Fer + O(e}) (2.123)

and

sinh(y/A\k) = i(—1)" + O(€?). (2.124)
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Then, substituting (2.123) into (2.113) and (2.124) into (2.114) yields

Folhw) = —417%(—1)%0511(%)6,6 +O(e) (2.125)
and
AO) = i(=D*(y) + O(). (2.126)
Similarly, we get
Fo(he) = 8 — diay? cosh(%) + Vi(=1)Fla(y)er + O(e). (2.127)

Now, using (2.121), (2.126) and (2.127) we get

A _ (=DFh(y) €k
= e TOG) (2.128)

and

V3 cos L —1)F
Aow s fantesh(ooD

€k
= —— O(=). 2.129
Next, substituting (2.125), (2.128) and (2.129) into (2.122) yields
s 1 (=D*h(y) 8
0 = —diy2(—1)F h(— - — 2.130
iz (—1)" cos (\/’_Y)ek+ - o2 ( )
1
4042'7% cosh(—)(—1)¥
N (ﬁ)( ) s
ai k7
Therefore
8 _ =D L () o c
€ = —— 2k o -+ O0(). (2.131)

_élz"y%(fl)’c cosh( ’YT‘% k

L)
ﬂ
Moreover, substituting (2.30) and (2.115) into (2.131) then a long computation
gives

(D FE o 1
€ =1 (E—l—ﬁ) +W+O(ﬁ) (2.132)
where D and E are given in (2.100)-(2.101). Finally, substituting (2.132) into
(2.121), we directly get (2.99). O

Numerical validation. The asymptotic behavior of A\, in (2.99) can be numeri-
cally validated. For instance, with a = 1 and v = 2 then from (2.99) we have

1
lim E*R(\g) = F(z 0.101321).

k——+oo
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The table below confirms this behavior.

k 100 150 200 250 300 350 400 450 500
k*R(\1,)[0.100312[0.100647]0.100816[0.100917]0.100984]0.101032[0.101068|0.101096/0.101119

Figure 1: Eigenvalues of A; with v =2

In addition, figure 1 represents some eigenvalues in this case. Note that for a scale
reason three eigenvalues (with a small imaginary part) do not appear in the previous
figure. Their approximated value are

0.13825 £11.30223, and 0.54640.

Proof of Theorem 2.10. Let € > 0 and set | = ﬁ First, for |k| > k1, let Ay be an
€

eigenvalue of the operator Ao and Uy € D(Ao) the associated normalized eigenfunction.

Moreover, we introduce the following sequence

B =—=S(\), [kl = k1.

Next, using (2.99), we have

(118, + Aa)Ur = (i By + M) Uk (ﬁ +o

€1

2 )) Uk, VIk| > ko.

Therefore 1

=2y (s @
72168 + Aa)Usll3c ~ — X ——, V|k| > ko.
s kT+e
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Thus, we deduce
lim 83 *|(é8,,1 + Aa)Ukllsc = 0.

k—+oo

Finally, thanks to Theorem 2.4 in [5], we deduce that the trajectory e™*e Uy decays slower

1 .
that —— on the time ¢ — 4+-00. Then we cannot expect the energy decay rate e
t2—21

]

3. Rayleigh beam equation with only one dynamical boundary control
force

In this section, we consider the Rayleigh beam equation with only one dynamical boundary
control force:

Ytt — YYzatt + Yzaoza = O7 O<a< 1, t > 07

y(0,t) = y=(0,¢) =0, t>0,
veo(1,1) —0, £>0, (3.1)

Yoo (1, 1) — Yyzee(1,8) —€(t) =0, t>0,

§(t) —ye(1,t) + BE(2) =0, t>0.

First, let y and £ be smooth solutions of system (3.1). We define its associated energy by:

B0 = 5 ([ (o Al + e ) + O ) (32

A direct computation gives

d _ 2
B = —BIEWF <0,

Then the system (3.1) is dissipative in the sense that its energy E(t) is a nonincreasing
function of the time variable ¢. Let @ € W. Integrating by parts, we transform (3.1) into
a variational equation:

1 1
/ (Yt @ + VY211 P )dx + / Yoo Paadxr + EP(1) = 0. (3.3)
0 0

According, we define the continuous operator B as follows:
BeL(C,V), <BED >, ,=b(1), VE€C, Ve V. (3.4)
Assume that Ay € V', then we can formulate the variational equation (3.4) as:
Y+ C ' Ay+C ' BE =0, (3.5)

where the operators A and C' are defined in (2.9) and (2.11). Now define the energy space
H =W x V x C endowed with the usual inner product and where W and V are given
in (2.4) and (2.5). Next, we introduce the linear unbounded operator Ao and the linear
bounded operator B as follows:

D(Ao) = {(y,2,6) €H; € W and Ay € V'}, (3.6)

—z
AU = |C ' Ay+C'Be |, U= (y,2¢) € D(A), (3.7)
—2(1)
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and 0
BU=(0|, U=(yz¢eH (3.8)
4

Then, denoting by U = (y, y¢, &) the state of the system (3.1) and define .;[5 = Ao+ BB
with D(Ag) = D(Ap), we can formulate the system into an evolution equation
{Udﬂ—%ﬁgU@) = 0

U(0) — Upet. (3.9)

It is easy to prove that 7‘/2[5 is a maximal dissipative operator in the energy space I,

therefore it generates a Cp-semigroup (e‘mﬁ)tzo of contractions in the energy space H
using Hille-Yosida’s theorem (see Pazy [15]). In addition, it is easy to show that an
element U = (y,2,£) € D(Ag) if and only if y € H*(0,1) N W, 2 € W and ya(1) =
0. In particular, the resolvent (I 4+ Ag)~" of —Ag is compact in the energy space .
Consequently, the spectrum of Ag (respectively Ag) consists entirely of isolated eigenvalues
with finite multiplicities. Moreover, since the coefficients of Ag (respectively Ap ) are real,
their eigenvalues appear by conjugate pairs.

Theorem 4.2 of [16] shows that the semi-group of contractions (e™**);>¢ is strongly
asymptotically stable in the energy space H, i.e. for any uog € H, we have tiirgloo He_muo ||§(

0 if v > 7, where /7, sinh™'(,/7,7). Using a numerical program we find
Yo = 0.45001246517627713.

Moreover, from Theorem 4.3 of [16] there exists a infinite numbers of 0 < v < ~, such that
the operator Ag has eigenvalues on the imaginary axis and therefore for which problem
(3.1) is not stable. Further, we know that the Rayleigh beam is not uniformly expo-
nentially stable neither with one boundary direct control force (see [16]) nor with two
dynamical boundary control (see [21]). Then, we look for a optimal polynomial energy
decay rate for smooth initial data.

3.1. Analysis of eigenvalues and eigenvectors of the operator flg for >0

In this subsection, we study the eigenvalues and the eigenvectors of the operator ﬁg for
B > 0. First, let A # 8 be an eigenvalue of the operator .;[5 and U = (y, z, &) be
an associated eigenfunction, then we have ./T.@U = AU. Equivalently, A\ and y verify the
following system:
Yzzzxr — 'Y)‘ancx + >\2y = 07
Yors(1) = N ye(1) = T=7v(1) = 0, (3.10)

Y(0) = y2(0) = yza (1)
The general solution of the system (3.10) is

Il
e

4

y=>_ (N, (3.11)

=1

where R;()\), i =1,..,4 are given in (2.92). Next, using the boundary conditions, we may
write the system (3.10) as follows:

Mg(X)- C(A) =0, (3.12)



OprTIMAL ENERGY DECAY RATE OF THE RAYLEIGH BEAM EQUATION 157

where
1 1 1 1
Ri(\ Ra(A Rs(A Ra(A
Mg(A) = R%()\)iR)l(A) Rg(A)iR)Z(,\) Rg(A)iR)g,(A) RE(A)(eRl(A) ; (3.13)
T1,5(N) T2,5(N) T3,5(N) Ty5(N)
.
c) = cz(A)
C4(A)
and where

Tis(A) = (Ri(A)B' —YNRi(\) — ﬁ) R,

Remark 3.1. First, like we did in Proposition 2.11, we find that the real part of any
eigenvalue \ of Ag is bounded, i.e.

Je>0, Vreoa(ds), 0<RO) <c

Neat, let \° be an eigenvalue of Ao and U° = (y°,2°,6% ¢ D(flo) an associated eigen-
vector. Then, like we did in Proposition 2.5, we can easily prove that A\° is simple and
& #0.

]

Next, we study the asymptotic behavior of the eigenvalues of the operators .;[5 in the
following proposition:

Proposition 3.2. (Spectrum of Ag)
Let B > 0. Then there exists kg € N* sufficiently large such that the spectrum o(Ag) of
Ag is given by

U(.AB) =og0Uo0ops1, (3414)
where

op0 ={ksi}jes,» 081 ={Xsn} rez , opoNos1 =0, (3.15)
|k|>kg

where Jg is a finite set and \g i is simple and satisfies the following asymptotic behavior:

(355 + tanh(=)) 2(—1)* E | F
Mg = i ak— =l 3 Sy g (=) +—=+—= (3.16)
vE ou 72 cosh(=)ap X% %
8 1 1
1 X_4+O(_4)7
7r4cosh(ﬁ) k k
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with
o l<c7r+ ™
E = =+t
VY o2vY
E = tanh(i):ifi<1+l+—>tanh(—)2
3y% v v o292
1 1 1
+— tanh(—) + — + —,
N5 (v) vt
(—1)k [ 6 1 1
F = (24 — + =) tanh(—)—
'y%:osh(%) 2 VY
—3(1+tanh(—)2):|
vz
Proof:

(3.17)

(3.18)

(3.19)

The proof uses the same strategy than the one from Proposition 2.12. For the sake

of completeness, we give the details. For simplicity, we denote R;(A) by R;.

Step 1. First, using the expansions (2.102) and (2.103), we find the following asymptotic

behavior:

and

RieR‘l = <7)\2 + L +

Similarly, we get

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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and
A 1 1 1 1 1
Tsa(A) = | =4 = -1+ [——5 +— -8 3.27
pal) Vo272 < 23 2y3 8yt B) A (3.27)
PR B SO S U W VS EY
+ < e R +4875> AQ} eV 4 0(53)-
Combining (2.102)-(2.103), (3.20)-(3.27) and (3.13), we can write
1 1 1 1
1 1 1 1
Q1+O(F) Q2+O(F) q3+0(p) q4+0(p)
o L o L :
greY "+ (F) gse + (F)

Ms(N)=| 1 L 1
qseﬁ'f'o(y) goe W+O(F)

i 1 - L 1 1 1
goe¥7+0(3z)  awe V7 +0(57) q11€ﬁA+O(F) q2e” V7 +0(3)

where
1 1 1 1
= = ’ T ’ A - ’
W= ATy BT T e BTNy
1+(1 1)1 71+( 1 1)1
%*7 27% ,73 )\27(16 27% 73 )\25
9 A n 1 1 (1 n 1 )1 2+ A n 1 1
gr = 9N — 5o =T g5 T 48 = —
' 207 82 v syE  agy i A 2,7 82 7
1 1 1
( 5 z)_a
8y2  48y2 A
1 1 B 2 1 B
= /AN - — — = /N - — - — —1—=
q9 ﬁ 2’72 + 27% )\7 q10 ﬁ 2,72 27% )\7
1 1 1 1
)]

and
ALy +
2= Nal 272 27% 27% 87%
Y S R S S S
+( A T e 4875) X
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Then, after long computations, we find the following asymptotic development of
fa(A) = det(Mp(N)):

FaN) = N fo(N) + M FL(N) + X fa(N) + N2 fa3(0) + Afsa(N) +O(1),  (3.28)

where

Fo(N) = Lo() cosh(yFA), Lo(7) = 47 cosh(\%), (3.29)

f1(A) = Ly () sinh(y/7A), Li(y) = =27 (COSh(\/_ + 2ﬁ51nh(ﬁ)) , (3.30)

f2(v) = =8+ La(7y) cosh(\/7N), (3.31)
La(y) = (% - 8> cosh )+ (— + 47\/_> smh(ﬂ)
f8.3(A) = Lgsc(y cosh(ﬁ)\) + L3s(7y) sinh(y/7N), (3.32)
Lgsc(vy) = 4B4% sinh(ﬁ),
Lis(y) = — (2 + %) Sinh(%) - (ﬁ 27\/_ + 4\/_) cosh(ﬁ), (3.33)
and
f5.4(A) = Lac(7) cosh(y/7A) + L 45(7) sinh (/7 4), (3.34)
Laic(y) = (3,1; - 2; + 27% - \1/%> smh(\/lﬁ) (3.35)
2 13 1 1

+ <; + 22 + ﬁ) cosh(ﬁ),

Lgas(y) = -4 <cosh(\/_ + 7 smh(\/_ > (3.36)

Since the real part of A is bounded, the functions f;, i € {0, 1,2, 3,4} are bounded.
For convenience we set

fs(N) HQ) | O | fasN) | faald)
= —r = A B )
Sﬂ()‘) )\5 fO( ) + 2\ )\2 )\3 + )\4
Step 2. We look at the roots of Sg. It is easy to see that the roots of fy are simple
and given by:

+ 0(%). (3.37)

e ()

Then, with the help of Rouché’s theorem, there exists kg € N* large enough, such
that V|k| > kg the large eigenvalues of Ag (denoted by Ag ) are simple and close
to zg, i.e.

A = tag +og(l), |k| = oc. (3.38)
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Equivalently we can write

Ag g = tay + , li =0.
B,k = L Cﬁ,k |k|lglooCﬁ,k

161

(3.39)

Step 3. Determination of (g ,. First, using (3.37) and the identities (3.29)-

(3.36) we have

Ly () sinh(\/7As,x)

0= Sﬂ()\,&k) :LO(’Y) COSh(ﬁ)\&]J + /\g .

N =8+ La(7y) cosh(y/7As,x) N Lp 3c(7y) cosh(y/7As.x)

)\2 )\3
B,k B,k
L3s(y)sinh(y/YAg,k)  Lac(y) cosh(\/YAg k)
+ 3 + 4
Ak A5k

L as(y) sinh(y/7As,k) 1
K il +0(55-)
Bk B,k

+

On the other hand, using (3.39) we obtain
cosh(y/Agk) = i(—1)" sinh(v/7Cg k)

WCE

i(—1)" VCsk + 9 + O(C%,k) ,

Sinh(ﬁ(ﬁ,k) = i(—l)k COSh(ﬁCﬁ,k)

2 2 4
i(—1)* (1 + %2‘”“ +21 éﬁ”“ +0(C§7k)>

and
Similarly we get

3 :_3*3—zl+0(a—’)

and

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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Then, substituting (3.41)-(3.46) into (3.40) and after some computation yields

iLO(*y)\/iCﬁykanﬁ oty )c L (:> +ZL1( >c k+7L1( ><M+ (3.47)
8(—=1)%  16i(—1)* L ~L ,c(v) Lss

(ai) N Z((lg ) Cﬁ,kfl ;?)CM Al 55 Cos— Zé7)+

1 L 1

) 4 ofCha) + o) ol ) =0

Next, using (3.47) we find the first development of ¢, s given by

iL1(v)

Cop = m +esn (3.48)

1
where eg 1 = Olg(?). Then, inserting (3.48) in (3.47) we obtain
k

8i(—1)*
e = ———— +e€p2 3.49
ST ALema (349

1
where eg o = Oﬂ(;). Substituting (3.49) into (3.48) yields
k

_ iL1(7) 8i(—1)*
Cﬁ,k - \/,7[@(7 \/_LO( + €3,2- (350)
Next, inserting (3.50) in (3.47) we obtain
€g,2 = ,LC?—B]: +es,3 (3.51)
where
1
Q1 = HI30) [—VALI(7) = 3Lo(1)LE(7) + 3v/¥Lo(v) L1 () La(7) (3.52)

=3VALG () L3s ()]

1
and where eg 3 = Og(—7). Then, substituting (3.51) into (3.50) yields
p,

_iLi(y) 8i(—1)F iQy
Cﬁ,k = WLO(V)ak + \/’VLO(’Y)C@ + az +e3,5. (3.53)

Later, inserting (3.53) in (3.47) we obtain

) 1
€3 = ? + - + Ol(a—i), (354)
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where
_1\k
@ j(La) [2VALo(ML2(7) = VALI(3) = 6Lo(1) L1 (7)) (3.55)
and
Qps = Lgae(MI1(7) = Lo(y) Lpas(v) .

VLG
Then, substituting (3.54) into (3.53) yields

_iLi(y) 8i(—1)* Q1 Q> Qss £
ok = ALomar T vataar *ap tlaf el Tl 90

Moreover, using (3.29)-(3.33) and (3.36), then from (3.57) and after long compu-
tations we obtain

- 7(% +tanh(%)) 2(—1)* £ F
C,@,k = 1 3 T3 h(- a; " %
o V2 cos (W)ak k k
8 1 !
— X — +o01(—),
md cosh(%) Kt 01(k4)

where F and F are given in (3.18) and (3.19) respectively. Finally inserting the
previous identity in (3.39) we directly get (3.16). O

Graphical Interpretation. Figure 2 represents the eigenvalues of Ay and Ay for s=1
and v = 10.

Note that for a scale reason seven eigenvalues do no appear in the previous figure.
Their approximates values are

0.0152039 £+ 5.589177, 0.0402791 &£ 3.3494%, 0.138254 £+ 1.302237 and 0.546406.

From Proposition 3.2 we denote that

Dpe = (Ys,ks —A8,kY8,ks Y5,k (1)) (3.58)

is the eigenvector associated with the eigenvalue Ag i, of high frequency, and by {®5 ;. },-7°
the Jordan chain of root vectors associated with the eigenvalue g ; of low frequency (®o ;i
are in fact eigenvectors of Ag) . Thus we obtain a system of root vectors of :

{Ps.ks |kl > ks U{Dp 0, 1 <1< mgy, j€ Js}. (3.59)

Now, we solve the problem (3.10) for A = A\g (for 8 > 0) and we give a solution up to
factor in the following proposition:

Proposition 3.3. For 8 > 0 and |k| > ks, a solution yg . of the problem (3.10) with
A = Mg,k satisfies the following estimations:

2

cosh(

Em o(1) # 0, llys.xlw ~ [k*, llys.kllv ~ K], [k] o0 (3.60)
\/,‘_/

yge(l) = —

and we deduce that
1B,k llac ~ [k[*,  |k] = oo (3.61)
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Figure 2: Eigenvalues of A; (in blue) and Ao (in red) with =1 and v = 10

Proof: For simplicity, in this proof we denote Ag by A and yg,i by yr. For g > 0,
A = A and |k| > kg, solving (3.10) amounts to find a solution C'(\;) # 0 of system (3.12)
of rank three. For clarity, we divide the proof to several steps.

Step 1. Determination of y,. Since we search C'(A;) up to factor we choose c4(A\) = 1,
the possibility of this choice will be justify later. Therefore (3.12) becomes

c1(Ak) + c2(Ak) + es( M) = 1,
Ri(Ak)er(Ak) + Ra(Ak)e2 (M) + Rs(Aw)es(Ax) = —Ra(\n),
R2()efr PR ey () + R2(Ak)ef20) ey (A )+ R2(Ap)eFeOR) = —R2(\,)eFan).,
Next, using Cramer’s rule, we obtain
b b b
c1(Ae) = _17 c2( M) = —27 c3(Ag) = —3, (3.62)
b4 b4 b4
where
b1 =2R; (Ax)R3(Ag)? sinh(R3(Ax)) — 2R3 (Ax)® cosh(R3(Ar)) (3.63)
+ 2Ry (Ae)? Ry (A )e M%)
bo =2R1 (M) R3(Ag)? sinh(R3(Ax)) + 2R3(Ak)?) cosh(Rs(Ax)) (3.64)
— 2R (M) Ra(Ar ) 0),
bg =2R1(>\k)2R3(>\k) sinh(R1 ()\k)) — 2R1(>\k)3 COSh(Rl(Ak)) (365)

+ R ()\k)RS(Ak)2€_R3(/\k)
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and
by =2R1(Ax)’ R3(A\g) sinh(R1 (Ax)) + 2R1 (Ax)® cosh(R1(Ar)) (3.66)
- Rl ()\k)R3(>\k)2€R3(/\k)4

First, we study the behavior of b;. Inserting (2.102) and (2.103) (with A = Ax) in (3.63)
we find after some computations

by = —2¢7 \ cosh(y/FAk) + (1 + 20/7)AZ sinh(y/FAx). (3.67)
Now, using the asymptotic behavior (3.16) we find
i(—1)"(1 + 2,/7 tanh(-%)) 1
cosh(\/7Ak) = = YAk O(),
293 Ay, Ak (3.68)

sinh(\/7Ax) i(—1)F + O(A_l,%)'

Then, inserting (3.68) in (3.67) we find again after some computations

) 1
b = 2/7i(—1)" (1 - tanh(ﬁ)) Ar + O(\g). (3.69)
Similarly long computations left to the reader yield
by = 2i(—1)* /5 <1 + tanh(i)) A2 4 O(M), (3.70)
\/,7
bs = —27i(=1)* A2 + O(\p) (3.71)
and
by = —2/7i(=1)* AL + O(\p). (3.72)

Remark that by # 0 provided we have chosen kg large enough, for this reason our choice
ca(Ar) = 1 is valid. Substituting (3.69)-(3.72) into (3.62), we deduce

1 1 1 1
M) = —1+tanh(—) + O(—+—), M) = —1 —tanh(—) + O(-+—), 3.73
() anh(72) + O([5p), e (=) + O, (373)
1
C3()\k) =1 +O(m) and C4()\k) =1.
k
Finally we have found that a solution of (3.12) has the form:
1
C(Ak) =Co+ O(—), (3.74)
Ak
where ) .
Co = (—1+ tanh(—), —1 — tanh(—), 1, 1). 3.75
0= (ﬁ) (ﬁ) ) (3.75)

Note that the corresponding solution yi of (3.10) is given by:

4

gk = Y ci(Ak)e ). (3.76)

i



166 D. MERCIER, S. NICAISE, M. A. SAMMOURY AND A. WEHBE

Step 2. Estimate of yx(1). From equation (3.76), we have
ye(1) = Cl()\k)@RlO\k) +02(>\k)6R2(>\k) —I—CS()\k)eRB(Ak) + 04()\k)€R4(Ak)7

where we recall that for i € {1,2,3,4} R;

—

i) are given in (2.92) and ¢; satisfy (3.73).

Therefore using the series expansions (3.16) and (2.102)-(2.103) for A = A, we easily find
2
ye(1) = 77}1(L +o(1) # 0. (3.77)
cos ﬁ)

Step 3. Estimates of ||yx|lw and |lyx|v. We start with
2 ! 2
llywllw :/ [Yr,wa|“da (3.78)
0

4 4 1 _ _
= Z Zci(Ak)Ri()\k)Q </ €Ri(/\k)x€Rj(Ak)xdm> ¢ (Ar)Rj(Ak)?
0

i=1 j=1

= CLGrCr

where

1 -
Gk = </ e(Ri(/\k)+Rj(/\k))xdm> and Where Ck = (Ci()\k)Ri(Akf)i:l,“AA
0 1<4,j<4

First, using (3.16), then from (2.102) and (2.103) we can write Ri(Ax) and R3(\x) as
follows

Ry ()\k) =q + 171, (379)
where .
1 1 ¥2 1
Ggp=—=+4+0(=5), m=————+0(=%)
VT 2 cosh(%))\z A3
and
R3(Ax) = g3 + irs, (3.80)
where B
2 1
w=1L+0(5), =i +O00)
k k

Then, the fact that R2(Ax) = —Ri1(Ax) and Ra(Ax) = —Rs(\x) and using the asymptotic
behavior (3.79)-(3.80) we directly find

1 - 1 -
/ e(B1(AR)+R2 (M) g0 / e(F2(AR)+R1 (M) g0
0 0

1 -
_ / RENCNSEL Fove) P
0

1
1

:/ e(R4()‘k)+R4()\k))zdm:1+O(_4).

0 Ak

Moreover, using the asymptotic behavior (3.79)- (3.80) we find that Gy, is given as follows:

1

Gk:GOJrO()\
k

)s (3.81)
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where Gy was defined by (2.76) and O i is a matrix where all entries are if order i
A A

Next, using (3.73) and (3.79)-(3.80) we ollgtain *
Cr = (0,0,7A2,7A2) + O(1). (3.82)
Finally, using (3.81) and (3.82) then from (3.78) we deduce
lyelli = 7*[Ael* + O(A”) ~ [kl K] = oo. (3.83)
Similarly, we easily prove that
||yk||2L?(0,1) ~1, Hyk,zHiZ(o,l) ~ [k[*, |k = oo

Therefore, we deduce that

lysllv ~ |k[, |k = oo (3.84)
Finally, using the estimations (3.77), (3.83) and (3.84) then from (3.58) we deduce (3.61).
This completes the proof. O

3.2. Riesz basis and polynomial stability with optimal decay rate

Our main result is the following optimal polynomial-type decay estimation.

Theorem 3.4. (Optimal energy decay rate)

Assume that B> 0 and that v > ~y,. Then, for all initial data Uy € D(ﬁg), there exists a
constant ¢ > 0 independent of Uo, such that the energy of the problem (3.9) satisfies the
following estimation

c
B < S0l s, (3.85)

Moreover, the energy decay rate (3.85) is optimal.
O

First, we prove that the set of the generalized eigenvectors associated with ﬁg forms a
Riesz basis in 3 in the following proposition:

Theorem 3.5. The set of generalized eigenvectors associated with a(flg) forms a Riesz
basis of H.

Proof: First, since Ao is a skew-adjoint operator, its set of normalized eigenvectors form
an orthonormal basis in 3. Next, we prove the following property:

+o0o
Z 195, — Po,kllsc < +o0 (3.86)
k=max{ko,kg}
where
= ~ ~ = 1
Dok = (Upks 26,5, Ep.1) = mém V|k| > kg, (3.87)
and
= -~ - = 1
Dok = (Yo,ky 20,65 €0 k) = —m——Pok, V]k| > ko. (3.88)

|Po,k ||2¢
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We first estimate
85,6 — okl = 1Ts.r — Joklliv + 2.6 — Zokll¥ + €50 — €0l (3.89)

For clarity, we divide the proof into several steps.
Step 1. Estimate of ||§s.r — Jo.x|[fy- First, since ||$o x||sc ~ |k|* then from (3.87) and
(3.88) we obtain

~ - 1
15,5 — Yo,k llw ~ Wﬂyﬁ,k — Yokl |w- (3.90)

Next, using (3.76) we obtain

gﬁ,k,zz - :U(()),k,xac ~ |k|2 (Rl(A/J‘ k)CIO‘B k) Fixsp)e _ R%(Ao,k)cl(Ao,k)eRl(Ao’k)z)

|k|2 (Rl(AB k)c2(As,k)e RI(AB”“M—Rf(Ao,k)@(Aoyk)e_Rl(Ao’k)m)

1
I/’€|2

|k|2 <R3(>\6 k)ca(Ag,k)e RS(AB”“M—R§(Ao,k)&l(Aoyk)e_RS(Ao’k)x) ‘

+ 7 (B Ow0)es (s )™ 7 — RE o )ea (Mo, )e™ 07

For simplicity we denote ¢;(Agx) by ¢* and ¢;(Xox) by ¢F for i € {1,2,3,4}. Then, a
direct computation gives

16,k — Toklliv S Jo+ Jo + Js + Ja (3.91)
where
J1 = L ' R% >\,6’,k — R% )\o,k 2 C?’k 2 eRl(AB’k)I 2dIE 3.92
k[ Jo
|k|4/ IRE Qo) Plel™ — e e o7 Pda

o [ IR QI e — ey,

J2 = W/ |RT (Agk) — R (o) cs ¥ e a2 gy (3.93)
T
|k|4/ B2 (Mo.i) 2|0 Ple P _ g=RaGom)e gy

Js = k_/ |R3(Ask) — R3(Nok)|*|cy F P e8P 2 dg (3.94)

[

# g [ RO = 4Pl O s
0

—

1
+W/O |R2 (Ao x) P[0 F 2eRsPam) _ gRsom)zy 2 gy
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and
1 ! 2 2 2 R3 (A 2
o= W/ |R3(As.k) — R3(No.i)[*le” 2000072 dg (3.95)
0
1 [t _ N
s ot [ ROl = Qe 00
0
1 [t R «  _nR .
g [ IR QoI 00— o,
0

Now, using (3.16) ,(3.73) and the asymptotic behavior (2.102)-(2.103) for A = A\g, and
for A = Ao, we find the following equivalences:

1
Ri(Msk)> — Ri(how)® ~ T
1
Ri(A Ry(A
eP1(As.k) _ gR1(Xo,k) ~ W’ (3.96)
1
Ak Ok ~ T
and 1
Rs(Ag,k)” — Rs(Mok)®  ~ e
eRs(pp)z _ oR3(Mop)z ﬁ7 (3.97)
1
Bk Ok 1
s s Ik
Since ¢ ~ 0 ~ ef1O88)T  R2(X\g 1) ~ 1 and using (3.96) then from (3.92) we obtain
1 [t 1t 1 [t 1
LN——/——m+——/——m+——/——m~—f (3.98)
[kl* Jo |KI® k|* Jo [K[? [kl Jo [k |k[
Similarly, we get
1
Jo ~ —. 3.99
2 |]€|8 ( )

In the same way, since ci® ~ 3% ~ ef3P8.6) ~ 1) Ri(Ag.)? ~ |k|? and using (3.97) then
from (3.94) we obtain

Jg o /1 L goy L /1|k|2dm+ L /1|k|2dac ! (3.100)
3~ — N —_ —_ ~ — .
k[* Jo |K[S &[* Jo [&[* Jo |k|?

Similarly, we get

1
Ja~ s 3.101
4 e ( )
Finally, using (3.98)-(3.101) then from (3.91) we deduce
- 2 1
HWx*yvaiﬁP- (3.102)

Step 2. Estimates |25 — 20.x]|7 and |ZM —Eo’k|2. First, since ||Po x|loc ~ |k|*> and
using (3.87)-(3.88) we obtain

1

mﬂ%*%%- (3.103)

20 — 2RIV ~
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Then, using (3.58) we obtain

> =~ 1
28,6 — Zoklly  ~ WH)\B,kyB,k — Xowvorl (3.104)
! [Ao.k|?
< WIAM — X0k’ llys.klld + I lys.e — yoll3-
; 1

Now, since |Ag,r — Ao,k| ~ T and ||lys.pllv ~ [k|? we get

1 2 2 1
TR A ~ B 3.105
|k|4| g — Aokl ys.xllv T ( )

Next, using the same strategy as in Step 1, we find after long computations that
lys.. = yorllv ~ 1. (3.106)

Then inserting (3.105)-(3.106) in (3.104) and the fact that |Xox|> ~ |k|* we deduce
1

IZ8. — ZollV S ek (3.107)
Similarly, we can easily find that

: = 1

€.k — fo,k|2 S e (3.108)

Step 3. Finally, inserting the estimations (3.102), (3.107) and (3.108) into (3.89) we

obtain

- 1
@51 — PokllFe < e’

and consequently

Z ||5B,k — 50,1@”?( < +o0.

k=max{ko,kg}

Therefore, using a clarified form of Guo’s Theorem (see [9, Theorem 6.3] and [1, Theorem
1.2.10]) we deduce that the set of generalized eigenvectors associated with o(Ag) forms a
Riesz basis in H. |

Proof of Theorem 3.4: First, using (3.16) we have R(\x) ~ ki Next, from Theorem

T
3.5 we know that the set of generalized eigenvectors associated with O'(ﬁg) form a Riesz
basis in H. Then, applying [14, Theorem 2.1]) (see also [13] and [20]) we deduce the
optimal polynomial energy decay rate (3.85) for smooth initial data.
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