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Sliding window convergence and lacunary statistical convergence for
measurable functions via modulus function

M. Mursaleen and Kuldip Raj

ABSTRACT: In this paper we study the concepts of sliding window convergence for
real valued measurable functions defined on [0, c0) via modulus function. We also
establish some inclusions and consistency theorems for sequential methods along
with examples. Finally, we give a Cauchy convergence criterion.
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1. Introduction and Preliminaries

A function M : [0,00) — [0,00) is said to be a modulus function if it satisfy the
following conditions:

1. M(x)=0if and only if z = 0,
2. M(z+vy) < M(z) + M(y), for all z,y > 0,
3. M is increasing,

4. M is continuous from the right at 0.

It follows that M must be continuous everywhere on [0, 00). The modulus function
may be bounded or unbounded. For example, if we take M (z) = —75, then M (z) is
bounded. If M(x) = 2P,0 < p < 1 then the modulus function M () is unbounded.
For more details about modulus function and sequence spaces one may refer to (
[4], [6], [10], [22], [25], [26]) and references therein.

The concept of statistical convergence was introduced by Steinhaus [28] and Fast
[10] and later reintroduced by Schoenberg [27] independently. In recent years, sta-

tistical convergence was discussed in the theory of Fourier analysis, ergodic theory,
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number theory, measure theory, trigonometric series and Banach spaces, e.g. ([1]-
[3], [16]-[18]) .The corresponding notion of convergence for function of a real vari-
able was established in ([7], [8]) and recently investigated by Morlicz [23] . Fridy
and Orhan ([14], [15]) introduced lacunary statistical convergence, with some of
their result constructing on the work of Freedman et al. [12]. For latest work on
the related topic can be found in [5], [19], [20], [21]. In this paper we encompassed
Fridy and Orhan’s work into more general settings of functions of a real variable
by using an modulus function.

In this article we denote (v,7) as a sliding window pair provided:

(1) v and 7 are both nondecreasing, nonnegative real-valued measurable functions
defined on [0, c0),

(2) v(r) < n(r) for every positive real number r, and n(r) tends to infinity as r
tends to infinity,

(3) liminf,(n(r) —v(r)) > 0 and

(4) (0,n(r)] = U{(y(s) = n(s)] : s < r} for all r > 0.

Suppose I, = (y(r),n(r)] and n(r)—~(r) = u(l.), where u(A) denotes the Lebesgue
measure of the set A.

Let M be a modulus function, p be positive real number then we define the following
definitions:

Definition 1.1. Let (v,n) as a sliding window pair and g : [0,00) — R a measur-
able function. Then:

(1) The function g is N(v,n, M, p) summable to L and write N(v,n,p, M,)—limg =
L(org — LN (v,n,M,p)) if and only if

] 1 Pt —
lim m/lr M(|g(t) — L|)Pdt = 0.

r—00

(2) The function g is statistically (v,n, M,p) convergent to L and we write
S(y,n,M,p) —limg = L(or g — LS(y,n, M,p)) if and only if

. 1 p _
Jim st € s M(lg(e) ~ LI > ) =0

for all e > 0. In this case we write that g is S(v,n, M,p) convergent. We call either
of the methods defined above a Sliding window method.

Definition 1.2. For a sequence (z,), lacunary sequence 6 = {ky} is So—summable
to L provided

1
lim ———{kn—1 <p<ky: Mz, — L|)F >€}|=0

n—oo kn — kn—l
for all e >0 (see[14]).

Note that the averages are taken over the disjoint intervals (k,—1, k»], the preced-
ing definition for statistical (v,n, M, p) convergence does not require the intervals
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(v(r),n(r)] to be disjoint. For instant, if y(r) = 0 and n(r) = r, we have that
N(v,n,M,p) and S(v,n, M, p) are strong Cesaro summability and statistical con-
vergence for measurable functions as consider in [23] and [8].

Let N(v,n,M,p) and S(v,n, M, p) are strong Cesaro summability and statistical
convergence for measurable functions by means of an modulus function. A function
g is statistical convergent to L provided

1
Jim —p(t < v M(lg(t) - L)P > €) =0
for all € > 0. Throughout this paper by S — lim g denote the statistical limit of g.
If (v,n) is a sliding window pair such that there is a function 6 : N — (0, 00) such
that 8(n+1)—0(n) tends to infinity and a sequence (r,,) of real numbers for which,
given s € (rn,mn+1], ~(s) = 6(n) and n(s) = 0(n + 1), then N(vy,n, M,p) and
S(v,n, M, p) will be denoted by So(M,p) and Ny(M,p). Let I, = (0(n),0(n + 1)]
and observe that g is Sp(M, p)— statistically convergent to L if and only if

1
Jim st € s M(lg(t) LI 2 e} =0

for all € > 0. Note that the intervals [,, are pairwise disjoint in this special case. In
keeping with the sequential method, the method Sg(M, p) will be called lacunary
statistical convergence. A similar construction of a pair (y,n) can be used to show
that A—statistical convergence and A—strong summability, as defined in [24], can
be also be viewed as sliding window methods.

The objective of this paper is to introduce a class of summability methods that can
be applied to measurable functions defined on [0, 00) by means of modulus function.
These methods are known as sliding window methods are demonstrated on the
methods of statistical convergence and lacunary statistical convergence by means
of modulus function. We also establish some results for sequential summability to
the setting of real valued functions defined on [0, c0).

2. Correlation between Strong summability and Statistical convergence

In this section we establish relationship between strong summability and statistical
convergence.

Theorem 2.1. Let M be a modulus function and p be a positive real numbers. Let
(v,1m) be a sliding window pair, g be a measurable function and L be a real number.
(¢) If g is a N(v,n, M, p) summable to L, then g is S(v,n, M,p) convergent to L.
(ii) If g is bounded, then g is N(v,n,M,p) summable to L if and only if it is
S(vy,m, M,p) convergent to L.

Proof: Firstly we show that N(vy,n, M,p) — limg = L implies S(y,n, M,p) —
limg = L. For € > 0, we have

1 , | )
7 M)~ D> et 1ot — Ly > o

1
u(1y)
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If g is bounded by B, then we have

1 B
p(lyr) p(lyr)
As the first term of the right-hand side tends to 0 as r tends to infinity, it follows

that S(vy,n, M,p) —limg = L implies N (v, n, M,p) —lim g = L when g is bounded.
O

p(t € I - M(lg(t) — L))" > €) +

» 1
/ITM(|g(t)—L|) it < e u(b)/f edt.

r

Theorem 2.2. Let M be a modulus function and p be a positive real numbers.
If g is S(v,m, M,p) convergent to L, then there is a measurable set A such that
S(v,m, M,p) —limx, =1 and lim M(g(t) — L)Px 4(t) = 0.

Theorem 2.3. Let M be a modulus function and p be a positive real numbers. Let
(v,n) be a sliding window pair. Then there is a measurable function g that is not
S(v,n, M,p) convergent.

Proof: We construct a set A such that its characteristic function, i.e., a function
that only takes the value 0 or 1, is not S(v,n, M, p) convergent. Let 71 be given
and set A1 = (y(r1),n(r1)]. As Ay is bounded, there is an ro > r1 such that for all
s > ro we have that

1
n(ls N Ay) < gN(IS)-
Set Ay = (y(r2),n(r2)]\A1. Proceed inductively: given r,_; and A, ;1 select r,
such that s > 7, implies that u(ls N U}:ll Aj) < (ze=r)u(ls) and set A, =
(Y(rn),n(rn)\U;Z; A;. Observe that

plle, A > (1= ().

Now set A = U;’il Asj_1. Note that if n is odd, then

1 1 1
(I, NA) > I, NA)>1— ——
I e TS N T

and if n is even

n

2
1
,U(Irn n U Agjfl) < 3—n

j=1

1
p(lr,)

u(Ir, MA) =

w(1y,)

Define g by g(t) = x4(t) and select € such that 0 < e < 1. The above calculation
shows that

1
lim ————u(t € I, M (lg(t) = 1])P > €) =
1m M(Im,l)“( € Ly, (lg(t) NP >e)=0

and that )

n M(ITZn)

pu(t € Iy, : M(|g(£)])" = €) =0
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and thus, g is not S(vy,n, M, p) convergent. O

Next we show that in general S(v,n, M,p) convergence is stronger than ordi-
nary convergence and that S(v,n, M, p) convergence does not imply N(vy,n, M, p)
summability.

Theorem 2.4. Let M be a modulus function and p be a positive real numbers.
Let (y,n) be a sliding window pair. Then there is a function g such that limg g(t)
does not exist and S(v,n, M,p) —limg = 0 and an unbounded function h such that
S(y,m, M,p) —limh =0 and N(v,n, M,p) —limh does not exist.

Proof: First we suppose that 0 < liminf,(n(s) —v(s)) = b < co. Select a sequence
(sj) that is increasing to infinity and

1. s> s; implies that n(s) —y(s)) > b — %,

2. n(sj) —~v(s;) < 2band

3. n(s5) <(sj41)-

Note that the last choice is possible since n(s;) — oo as j — 00, 1(s;) — v(s;)
is bounded as function of j and hence y(s;) — oo as j — oo. Also let §; be a
sequence of positive numbers decreasing to 0 and such that (6; +9;4+1)\(b— Jl) =0
as j — o0o. Set H; = (v(j),7(j) + ¢,] and define the function ¢g by g(t) = 1 for
t € |J. H; and 0 otherwise. Note that lim, g(¢) does not exist.

We show that S(v,n,M,p) —limg = 0. Let € [s;,s;11) and note that v(s;) <
~(r) < n(r) <n(s;+1) and hence for € > 0,

{te I M(lg()) > ¢} € H; U Hysy.
As W(Hj UHj11) =0, 4+ 041 and p(l) >b— %, it follows that

1 1
u({t e I Mg = }) = (65 + 8541\ (b ),
n(ly) J
which tends to 0 as j tends to infinity. It follows that S(v,n, M,p) — limg = 0.
Similarly we can show that S(~,n, M,p) —lim h = 0 for any function h that has its
support contained in | J ; Hj;. Now define a function h by

= {001 150000005

Observe that since for any L there is a J such that j > J implies

1 n(s;) , ) j
17 Ly MOHO) = 0P s ) +2) = 1

which tends to infinity as j tends to infinity. Hence N (~,n, M,p) —limh = 0 does
not exist and S(y,n, M,p) —limh = 0. Next we consider the case liminf,(n(s) —
v(s)) = oo. Select a sequence (s;) increasing to infinity such that n(s1) > 1,
n(sj+1) > 2n(s;) and r > s; implies that n(r)—y(r) > 27. Set K; = (n(s;)—1,1(s;)]
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and define the function g by g(¢t) = 1 for t € Uj K; and 0 otherwise. Note that
lim; g(¢) does not exist. We now demonstrate that S(v,n, M,p) —limg = 0. Let
r € [s;,5;41) and € > 0. Note that n(r) < n(sj41) implies that
j+1
{tel: M(g(t))Pdt > e} c | J K,
=1
and hence u(t € I, : M(|g(t)|)? > €) < j + 1. Since pu(I,.) > 27, it follows that
J+
e € 1 Mg 2 ) < L

1
p(1r)
which tends to 0 as j tends to infinity. Hence S(v,n, M,p) — lim g = 0. As before,

S(y,m, M,p) —limh = 0 for any function that has its support contained in U K;.

j=1
Define the function h by h(t) = j(n(s;) — v(s;)) when ¢ € K; for some j and 0
otherwise. Observe that for any L there is a J such that 7 > J implies

1 n(s5) » 1 n(s;) ,
M(Ia(t) = L dtZ—/ M(|h(t) — L|)Pdt > j — 1.
M(Isj) [y(sj) (| ( ) |) M(Is]') n(s5)—1 (| ( ) |) J

Hence N(v,n, M,p) — limh does not exist and S(v,n, M,p) —limh = 0. O

Next we compare sliding window methods to statistical convergence. The next
examples establishes that in general statistical sliding window convergence is not
equivalent to statistical convergence.

Example 2.5. Let M be a modulus function and p be a positive real numbers.
Let (v,n) be a sliding window pair and a bounded function g with the property that
g is S(v,m, M,p) convergent but neither strongly Cesaro summable nor statistical
convergence. Let M = I (identity) and p = 1. By using an inductive argument we
constructed sliding window pair to generate a sequence (ap). Let ay =1 and select
as such that

i(a —a1)>1 1
a9 2 ! 2
and ag such that
1 1
a—g(ag—al) < 5

Proceeding inductively: if n — 1 is odd, select a,, such that

1
(agj — agjfl) >1-— E

S

an

'Mm;

1

J

and if n — 1 is even select a, such that

n—1
2

1 1
Z(%‘ —agj-1) < e

Ap — Ap—
n n3j:1
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Define the sliding window pair (y,n) using the function y(t) = az, and n(t) = aznts
fort € (n,n+ 1] and the function g by g(t) =1 fort € (an—1,a,] when n is even
and 0 otherwise. We establish that the function g is S(v,n, M,p) convergent to 0
by observing, that for s € (p,p+ 1] and € > 0, we have that

1 2p42 — A2p i1 1

S — 7(S)u(t €l M(lg(0)))P =€) = s 213

which tends to 0 as s hence p tends to infinity. Recall that strong Cesaro summa-
bility and statistical convergence correspond respectively to N(~',n',M',p") and
S, n',M',p") convergence when M'(r) = I(identity), p' = 1, 7'(r) = 0, and
7' (r) = r for all positive real r. First we establish g is not strongly Cesaro summable.
Observe that
2p P
L g(t)dt = L Z(agj — agj_l) >1— i

a2p Jo a2p “—

1 2p+3 1 p+1 1
t)dt = Ao — a2i—1) <
— e s 2 ) < g

which tends to 0 as p tends to infinity. Hence g is not strongly Cesaro summable.
As g is bounded, it follows from Theorem 2.1 that g is not statistical convergent.

Lemma 2.6. [9] Let V = (0,v] be an interval and let W = {U, : z € Z} be a
collection of half-open, half-closed intervals such that V. = \J{U, : z € Z} and
there is a b > 0 such that b < p(U,) for all z € Z. Then, for any € > 0, there is a
finite, disjoint subcollection {Uy,.....,U,} of U such that

Lemma 2.7. [9] Let (v,n) be a sliding window pair.

1. IfQ < r, then (n(Q),n(r)] C U{Ls : Q <s <r}.

2. If Q s sufficiently large and € > 0, then there is a finite disjoint subcollection
{Is,} of {I, : Q < s <r} such that

Note that example 2.5 shows that it is necessary to assume that the function is
convergent with respect to both methods.

Theorem 2.8. Let M be a modulus function and p be a positive real numbers. If
g is statistically (y,m) convergent and statistically convergent, then S(v,n, M,p) —
limg =95 —limg.
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Proof: We assume without loss of generality, that g is a function such that S(v,n,
M,p) —limg = 1 and S — limg = 0 and derive a contradiction. First select @
such that s > @ implies that pu(t € I, : M(|g(t) — 1])? > 2) < (§)u(Is) and hence
u(t € I s M(g(O)P > 1) > (L) — (3)(L,) = (3)p(L,). Since n(r) — oo, we may
select R > Q such that r > R implies 2% < L.

n(r)
Let 0 <e< %, be given and using Lemma 2.7 select a finite disjoint collection of

intervals {I;: Q < s; <rji=1,..... n} such that

n

Now
p(t<n 2o > 2) = Yulte n mgony > 1)
> (%)Zn:u(ls)
> (3 (5 - -9

Since € < 1—12, we have

1
——u(t <) Mgy > 7) >
n(r) 4
Consequently, the statistical limit of g is not equal to 0 which contradicts the
hypothesis on g. O

Theorem 2.9. Let M be a modulus function and p be a positive real numbers. Let
(v,m) be a sliding window pair. The following are equivalent:
(1) If a function g is statistically convergent, then g is statistically (v,n, M,p)
convergent.

T en(r)
(2) lim inf MOt

Proof: Firstly, we need to show (2) implies (1). By hypothesis we have lim inf %

> 1 which yields that there are positive numbers ) and § such that » > @ implies
that 2" > 1+ §. Note that

()
B =2 )
n(r) n(r) ~ 1+46
and hence
1 1) 1
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Now let € > 0 and r > @ be given. Observe that

St Mot~ L) 2 ) 2 —esu(t e 1y M(lo(t) ~ Ly = )
4]

1
Z ¥ o) — A0

It follows that if S —limg = L, then S(vy,n, M,p) —limg = L. Next we show
n(r)
(1)
such that S —limg = 0 and S(a,b) — lim g does not exist. We start a number of

u(t €1 : M(lg(t) — L)P > e) .

(1) imply (2). Let us assume that liminf = 1 and construct a function g

increasing sequence (r;) such that r; — oo and % — 1 as j — oo. We define
J

€j by ZEZ; = 1+ ¢;. Note that lime; = 0 and ~(r;) = (ZE:ZJ)) also observe that

n(rj) — oo as y(r;) — co. We construct a sequence of disjoint intervals ((v,,,n,,])
as follows. Set v, = «(r1) and n; = n(r1). Next select s = r; for some j > 1 such
that

Ui

€1
W S Tre
Set v = 7(s) and ny = n(s). If v,,_; and n,,_; have been selected, we choose s = r;
for some j such that v(s) > n,_; and nn"(;)l < 7= Set v,, = 7(s) and n,, = n(s)
Define g by g(t) = 1if t € (v,,,n,,] for some n and 0 otherwise. First we establish
that S —limg = 0. Let 0 < ¢ < 1 and r € (0, 00). Observe that if r € (n,,_;,7,] for
some n then

and y(s) > 7.

1 1 n—1
—u(t<r Mg =€) = =D ,-7)
=1
1 = 1
< Z(n] 77]’)4’—(777171 777171)
Mn-1 j=1 Mn—1
S MNn—2 + €n—1 €n—2 €n—1

< +
Np—1 1+e€,-1 l+e,-0 1+e€,
which tends to 0 as n tends to infinity. Next suppose that r € (v,,,,,] for some n.
In this case

n—1

1

1 1
u(t<riMg@) Z¢) ==Y =) +~r=7)  (2D)
j=1
<ot oIy,
Vn r
Now, since 7,, = 11—; and r <1, we have that
en—1(1+¢€,) €n

nn—l ,Yn
2 < —(1+4+e)+(1——) <
@)= M, (+en)+ nn) L+en—1 1+eny



170 M. MURSALEEN AND KULDIP RAJ

which also tends to 0 as n tends to infinity. As
o1
lim —u(t <r:M(g®)]P > 6) = 0.
o

for all € > 0, we have that S — lim g = 0. Now note that, by construction

1
Nn = Tn

u(rn <t <my: Mg 2 5) =1

for all n, hence the S(v,n, M, p)—lim g is either not equal to 0 or does not exist. By
Theorem(2.8), since S —limg = 0, if S(vy,n, M, p) —lim g exists then S(v,n, M,p)—
lim g = 0. Hence S(v,n, M,p) —lim g does not exist. O

Theorem 2.10. Let M be a modulus function and p be a positive real numbers.
Let (v,n) be a lacunary sliding window pair. The following are equivalent:
(1) If a function g is lacunary statistically convergent, then g is statistically con-
vergent.

: n(r)
(2) lim sup Sy < oo

Proof: Since (v,7) be a lacunary sliding window pair, there is a function 6 : N —
(0, 00) such that f(n+1)—6(n) tends to infinity and a sequence (r,) of real numbers
for which, given s € (ry,, n41],7(s) = 0(n) and n(s) = 6(n + 1). First we establish

that (2) implies (1). Suppose that Sy — lim g = L and that lim sup,. "g g < 0, i.e.,

there is an H > 0 such that O(Z(Jr )1) < H for all | € N. Throughout the proof we let
I = (0(1),0(1 + 1)]. Let €,6 > 0 be given. Select N such that n > N implies that

p(t e T MQo(0) = LI > €) < ulh) g

and Q such that [ > @ implies that (N + 1) < 292 Now let | > Q and s €
(6(1),6(1 + 1)]. Now that

0<—u(0<t<s: Mllg) — LI > ) (2.2)
< ﬁﬂ(o <t<Oi+1): M(jg(t) — L|)? > e)
and setting J; = {t € I, : M(|g(t) — L|)? > €}, we have that
0< % (0<t<9(l+1 M(|g(t) — L|)p26) (2.3)
. ! (N+1) 1 ¢
:G_(UJ+ U ) T)-f—m ZM(Ji)'
i=N—+1 1=N+1
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Note that for i > N, u(J;) < (357)u(L;) and p(I;) = 6(i + 1) — 0(i). Thus,

O(N +1 1 0 - j
%erﬁi_%lw(wl)_e(l))

ON+1) 0(+1) 8
< _
= T e 2

56
< = _—

- 2+H2H
_—

(23) <

As 6 > 0 was arbitrary, it follows that S —limg = L. Next we need to show (2)
implies (1). Let Sg(M,p) be a lacunary method such that

. 0(l+1)
hms%p 10

We will construct a function g such that Sg —limg = 0 and S — limg = L does

not exist. By assumption, there is a subsequence [, such that %j)l) > y for each

y. Set J, = (0(ly),20(l,)] and define g by g(¢t) = 1 if t € J, for some y and 0
otherwise. Note that pu(J,) = 0(l,) and (I, + 1) > y6(l,). Let € > 0 be given and
suppose that 0(q) < s <6(¢+ 1). If ¢ =1, for some y, then

1 J 0
m”(t <L : M{g@))” 2 6) ~0lg Jﬂ)q) 0g) ~ Olg+ 1()(1) 0(a) @4
Now note that 8(I, + 1) > yd(l,) yield that (1, + 1) — 6(l,) > (y — 1)6(l,) hence
if ¢ =1, then (2.4) is less then ﬁ, which tends to 0 as ¢ tends to co. Also note
that if ¢ # [, for all y, then ,u(t < Iy: M(lg®)])P > e) = 0. Hence Sp —limg = 0.
Next observe that for 0 < e <1,
6(ly) 1

p(0< < 200,) : Mg 2 ) 2 g5 = 5

1
260(l,)

and hence Sy — limg # 0 or does not exist. As before, Theorem 2.8 yield that
S — lim g does not exist. |

3. Cauchy Criterion for S(v,n, M, p)—convergence

In this section we make an effort to establish Cauchy criterion for S(v,n, M, p)-
convergence and a criterion for two sliding window methods to be equivalent for
bounded functions.

Definition 3.1. Let (v,n) be a sliding window pair. The function g is said to
be S(v,m, M, p)-Cauchy if for every r > 0 there is an element t, € I, such that
lim, g(t,) exists and

. 1 P _
lim mu(lﬁ € I M(lg(t) — g(t)])? > ) =0
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for all e > 0.

Theorem 3.2. Let M be a modulus function and p be a positive real numbers. Let
(v,n) be a sliding window pair and g be a measurable function. Then S(y,n, M, p)—
lim g exists if and only if g is S(y,n, M, p)-Cauchy.

Proof: First we establish that S(v,n, M, p)-convergent functions are S(~, n, M, p)-
Cauchy. Let g be a function such that S(y,n, M,p) —limg = L and j € N. Set
K'={0<t<oo:M(g(t)— L|)? <j~'} and observe that

1 j
(m)u(b NK’) —1

as r tends to infinity for each 7 € N. Hence there is an increasing sequence of
indices Ry < Ry < ........ such that r > R; implies K7/ N1, # 0, Let t, € I, N K7 for
R; <r < Rjiy. It is clear, by construction, that lim, M (|g(¢,)—L|)? = 0. Now note
that if M(lg(t) — g(t,)])? > ¢ and M(lg(t,) — LI)” < 5, then M(jg(t) — LI)? > &
and hence {t M(|g(t) — g(t)])? > €} € {t : M(|g(t) — L|)? > €}. Select J such
that 1 < § and let § > 0 be given. Next select R’ such that 7 > R’ implies that

(|g( 2)— L|)p < < and u(t < I : M(lg(t) — L)P > 5) < 6u(1,). It follows that

1
u(1)

u(t e 1 M{lg(t) = g(t)))" = €

1 ) - €
< M(L«)M(t €1, : M(lg(t) — L|)P > 2) <6
and hence g is S(v,n, M, p)-Cauchy.
Conversely, suppose that if g is S(v,n, M, p)-Cauchy, (¢,.) as given in the definition
and lim, g(t,) = L. Let R’ such that » > R’ implies M (|g(t,) — L|)? < 5. Note that

< M(IT)u(t €1, : M(lg(t) — L)P > e)

u(tel M(lg(t) = g(t,))" > 5 )
I

for » > R’. Hence lim, (% (t < I : M(lg(t) — L)P > e) = 0 and thus,
S(v.m, M,p) —limg = L O
Theorem 3.3. Let M be a modulus function and p be a positive real numbers.

Let (v,m) and (v',n') be two sliding window pairs and g be a bounded measurable
function. If there is a B > 0 such that

() =~ (8)] + [n(t) —n'(t)] < B

for all t and limg(n(s) — v(s)) = oo, then g — LN (v,n, M, p) if and only if g —
LN(',n',M,p) and g — LS(v,n, M,p) if and only if g — LS(v',n', M, p).
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Proof: By Theorem 2.1, it suffices to demonstrate that g — LN (vy,n, M, p) if and
only if g = LN(v',n’, M, p) and then it suffices to consider the case L = 0. First
we establish that

1 ') » 1 n(r) )
m/ﬂﬂ M(|g(t)])Pdt — o0 Lo M(|g(t)])Pdt (3.1)
—r 0asr — 0.
Note that
31 o 1 ’Y(T)M AV dt n(r)M .
(1) = M)( ., gD —/M (19 )
w(l) — p(Il) 1 n(r) )
! ( WD) )M(m [ Mlgtolyar

Now suppose that M(|g(t)])? <V for all ¢ > 0. Then

L ([ Mo [ magorar) < o (i - @1t - o)
— M(|g(t)])Pdt— M(|g(®)]|)Pdt | < Y(&) =7 @) +In(E)—n (¢
M(I{“) v (r) n’(r) :u’(IaI")

BV
< —
n(1})
and "
() — p(Il 1 T BV
)~ ) Mlg@lyde < 2o
(1} wr) Sy p(17)
Since lim, u(I]) = oo, both terms tends to 0 as r tends to oco. It follows that
g — ON(v,nm, M, p) if and only if g — ON(v',n/’, M, p). O
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