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A Numerical Study of RBFs-DQ Method for Multi-Asset Option
Pricing Problems
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ABSTRACT: In this paper, we propose a numerical scheme to solve multi-dimensio-
nal Black-Scholes equation using the global radial basis functions-based differential
quadrature (RBFs-DQ) method. Before applying the method, it is needed to remove
mixed derivatives from the Black-Scholes equation by making an appropriate change
of variables. Then, any spatial derivativeis are approximated by a linear weighted
sum of all the function values in the whole physical domain. In the RBFs-DQ
method the weighting coefficients are computed by RBFs. The method is very easy
to implement and the non-singularity is ensured. The proposed method combines
the advantages of the conventional DQ method and the RBFs. It also preserves
mesh-free feature of RBFs.
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1. Introduction

In the past several decades, financial derivative products have become increas-
ingly important in the world of finance. Options as a kind of important financial
derivatives have a wide range of applications that one of the major concerns in
financial markets is determining the value of options. An option contract is an
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agreement between a buying party (the holder) and a selling party (the under-
writer). The holder of the option contract has no obligation to use his option
contract, whereas the underwriter is obliged to agree with the holder uses the op-
tion contract. Since an investor of options can set the strike price of underlying
assets in advance, these options are powerful tools for hedging risk in financial
market, therefore, the trading volume of options are increasing all over the world.
Options occur in many forms. Examples are vanilla options, barrier options, digital
options and multi-asset options. In this paper, in order to implement the method,
we consider options where the payoff depends on multi underlying assets. Such
option pricing can be modelled by higher dimensional generalization of the original
Black-Scholes equation in which Black and Scholes proposed an explicit formula
for evaluating European call options without dividends [1] and extended in [2]. By
assuming that the asset price is risk-neutral, Black and Scholes showed that the
European call options value satisfies a log-normal diffusion type partial differential
equation (PDE) which is known now as the Black-Scholes equation. If we introduce

the notation, C(s1, s2,- - , 84, t) to represent the option value at time ¢ which stock
prices s1, 82, , 84, then we get the following linear parabolic PDE
d d
oCc 1 0*C aC
— + = 0,088 —— + rs;— —rC =0, 1.1
ot 2 A PTG ; "9s; (L1

known as the Black-Scholes equation for multi-asset option problems. Where
8i,04,p;;, and 1 are respectively, i-th asset price, volatility of the i-th asset price,
correlation between the prices of i-th and j-th assets, and risk free interest rate.
Since then, methods for option pricing have been discovered and improved by many
scholars. Details can be found in reference [3] which is a good review of various
models and applications to the option pricing. According to [4], there have been
numerous attempts to find the analytic form of solutions of the Black-Scholes equa-
tion for various derivative products in financial world. However, it is not easy to
get an analytic form of solution for most of financial derivatives because of the
complexity of the financial product itself and the system of the financial mar-
ket. Therefore, in finance, numerical methods such as finite difference method,
finite element method and Monte Carlo simulation techniques for pricing deriva-
tives problems, cf. [5,6,7,8,9,10,11,12], have been used. As it has been mentioned
in [13], different numerical methods can be applied to price multi-variate deriva-
tives. Higher dimensional generalizations of lattice binomial methods can be used,
cf. [14], where European options based on three underlying assets are solved nu-
merically. Stable higher order methods for the Black and Scholes equation have
been introduced by [15] and [16], mesh-free methods based on RBFs may also
reduce the computational efforts significantly, see [17]. In [4] Jo and Kim com-
bined the operator splitting method with parallel computation technique to solve
the multi-dimensional Black-Scholes equations. Nielsen, Skavhaug and Tveito, [13]
used Penalty methods for the numerical solution of American multi-asset option
problems. Authors [18] proposed explicit Runge-Kutta methods for multi-asset
American options in 2014.
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In this work, the global RBFs-DQ method is utilized for the numerical solution
of multi-asset option pricing problems. As pointed out in [19], the classical form
of the differential quadrature (DQ) method was introduced by [20,21] for the nu-
merical solution of PDEs. The basic idea of the DQ method is that any derivative
at a mesh point can be approximated by a weighted linear sum of all the function
values along a mesh line. The key procedure in the DQ method is the determi-
nation of weighting coefficients for any order derivative discretization. As shown
by [22], when the solution of a PDE is approximated by a high order polynomial,
the weighting coefficients can be computed by a simple algebraic formulation or
by a recurrence relationship. Later, [23]| also showed that when the solution of
the PDE is approximated by a Fourier series expansion, the weighting coefficients
of the first- and second-order derivatives can be computed explicitly by algebraic
formulations. The details of the polynomial-based and Fourier series expansion-
based DQ methods can be found in the book of [24]. The DQ method has been
extensively applied in engineering for the rapid and accurate solution of various
linear and non-linear differential equations [22,23,24,25,26,27,28,29,30]. In general,
the polynomial-based and Fourier series expansion-based DQ methods can achieve
very accurate results by using a considerable small number of grid points. It is a
robust and efficient technique, but the dependency of the method on a mesh leads
to complications. To overcome this difficulty, using advantages of the RBF, [19]
proposed other set of mesh-less methods which is named the RBFs-DQ method,
which combines the mesh-free nature of RBFs with the derivative approximation
of DQ method. It seems that the multi-dimensional polynomial approximation as
the test function may not be a good choice in the DQ approximation. As it has
been shown in [19], RBFs, which have truly mesh-less property and insensitivity to
high dimension, could be a good choice in the DQ approximation. The advantages
of RBFs-DQ method as combination of DQ approximation and RBFs provide an
efficient discretization method, which is a derivative approximation approach and
is mesh-free. In this method, the RBFs are taken as the test functions in the DQ
approximation to compute the weighting coefficients. Moreover, the method not
only inherits the advantages of the DQ method such as high accuracy and efficient
computation, but also owns the merits of RBFs such as mesh-free feature and easy
extension to high dimension.

The organization of this paper is as follows. In Section 2 we describe RBFs-DQ
method for partial derivatives approximation. In Section 3 we apply the method
on multi-dimensional option pricing problems by applying Theorem 3.1. Stability
of the method to solve multi-asset option pricing problems is studied in Section
4. In the Section 5, the numerical example for two-asset option pricing with this
method is given. Finally, Section 6 is dedicated to a brief conclusion. Note that
we have computed the numerical results by Matlab programming.

2. RBFs-based DQ method

In this section, we present the global RBFs-DQ method in detail. In the fol-
lowing, we give the details step by step.
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2.1. Radial basis functions

In the past decades, the interpolation theory of RBF has undergone intensive
research, and nowadays RBFs play an increasingly important role in the field of
reconstructing functions from multivariate scattered data. In general, the interpo-
lation theory of RBF can be described as follows: If an unknown function f(X)
is only known at a finite set of centers X;,i = 1,..., N, the approximation of a
function f(X) can be written as a linear combination of N, RBFs

N
f(X) = ZAW(X, X)) +(X), XeQcRY, (2.1)

j=1

where N is the number of data points, X = (x1,2a,...,24), d is the dimension of
the problem, \’s are coefficients to be determined and ¢ is the RBF. Also, Eq.
(2.1) can be written without the additional polynomial 1. The success of RBF
interpolant is due to its excellent performance. Based on numerical experiments,
[31] gave a comprehensive review on the interpolation methods for scattered data.
From the numerical tests, Franke found that RBFs performed better than other
tested methods regarding accuracy, stability, efficiency, memory requirement, and
simplicity of implementation. Among the tested RBFs, multi-quadrics (MQs) yields
the most accurate results. MQ-RBFs can be written as

p(X, Xj) = 50(7’]') = TJQ' + C?a (2.2)
where r; = |X — Xj| is the usual Euclidean distance and ¢; is a shape parameter
(for generality, it is written with a variable shape parameter c;) and given by the
practitioners. It is noted that the shape parameter plays a very important role
in the MQ formulation. Its value determines the fundamental shape of the basis
function. These effects were initially observed for scattered data interpolation, but
we will see that they also occur in the numerical solution of the PDEs. Thus, the
problem of how to select a good value for the parameter c is a key question. Several
methods for selecting ¢ for the M(Q interpolants in the two-dimensional case were
suggested in the literature. [32] used ¢ = 0.815d where d = 1/N vazl d; and d;
is the distance between the i-th node and its neighboring node. The parameter
d is replaced by D/v/N in [31], where D is the diameter of the minimal circle
enclosing all supporting points and suggested to use 1.25D/ VN. Optimization of
shape parameter and its distribution are still active research field. If 1/)3 denotes the
space of d-variate polynomials of order not exceeding ¢, and letting the polynomials
Py,---, P, be the basis of 1/)3 in R, then the polynomial ¢(X) in Eq. (2.1), is
usually written in the following form

H(X) = Z«siPi(XL (2.3)

where m = ((g!quijf))!!). To determine the coefficients (A1, Aa, -+, An) and (£, &5, -,

&), extra m equations are required in addition to the N equations resulting from
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the collocating Eq. (2.1) at the N points. This is ensured by the m conditions for
Eq. (2.1),

N
S ONP(X)=0i=1,---,m. (2.4)
j=1

2.2. DQ method for partial derivative approximation in multi-dimension

In this section,we explain the method to approximate the spatial derivative
in two-dimension. However, the method can be generalized for multi-dimensional
cases.

We note that the basic idea of the DQ method is that any derivative can be
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Figure 1: A structured mesh for two-dimensional problem

approximated by a linear weighted sum of function values at some mesh points.
We can keep this idea but release the choice of function values along a mesh line in
the conventional DQ approximation. In other words, for a two-dimensional problem
shown if Fig. 1, any spatial derivative is approximated by a linear weighted sum of
all the function values in the whole two-dimensional domain. In this approximation,
a mesh point in the two-dimensional domain is represented by one index, k, while in
the conventional DQ approximation, the mesh point is represented by two indexes
i,7. If the mesh is structured, it is easy to establish the relationship between i, j
and k. For the example shown in Fig. 1, k can be written as k = (i — 1)Ny +
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j,t=1,2,....Ny;j = 1,2,..., Na. Clearly, when i is changed from 1 to Ny, and
j is changed from 1 to Ny and k is changed from 1 to N = N; X Ny. The DQ
approximation for the n-th order derivative with respect to =, %, and the m-th

order derivative with respect to vy, % at (zy,yi) can be written as

of N

Fpr Tk YR) = S i f(wa ), (2.5)
s=1

omf AN

oym (xkvyk) = Zwl(c,s) f(xsvys)' (26)

s=1
In [19], Shu et al. employed this technique and made a novel and effective algorithm
for the use of RBFs to solve the PDEs. Instead of using polynomials for determining
coeflicients, they applied RBFs as test functions.

In the following subsection, we will show that the weighting coefficients in Eq.
(2.5) and Eq. (2.6) can be determined by the function approximation of RBFs and
the analysis of a linear vector space.

2.3. RBFs-DQ approximation

In this subsection, we will use the MQ-RBFs as test functions to determine the
weighting coefficients in the DQ approximation of derivatives for a two-dimensional
problem. However, the method can be easily extended to the multi-dimensional
case as it is dimension-independent, and other RBFs can also be used as test
functions.

Suppose that the solution of a PDE is continuous, which can be approximated
by MQ-RBFs, and only a constant is included in the polynomial term v (z,y). So,
for a two-dimensional case, Eq. (2.1) can be reduced to

f(z,y) ZZAjsO(I(w,y) — (5, y)]) + e (2.7)

To make the problem well-posed, one more additional equation is required. From
Eq. (2.4), we have

N N
Jj=1 J=1,j#i

Substituting Eq. (2.8) into Eq. (2.7) gives

N

flay) = > Nlely) = (@5,u:)) — e(|(@,y) = @i y)) + 1. (2.9)
J#i,gyi=1

The number of unknowns in Eq. (2.7) is reduced to N. When no confusion rises,

u can be replaced by \; and Eq. (2.9) can be written as
N

Fay) = Y Nlel@y) = @y —e(l(@y) = (zy))) + A (2.10)

J#i,Gi=1
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By setting g;(z,y) = ¢(|(z,y) = (z;,4;)) —o((z,y) = (wi, yi)]),J = 1,- -+ i—1,i+
,N, Eq. (2.10) can be further written as

zy) = Y, Ngi(z,y) + A (2.11)
=1

Eq. (2.11) constructs an N-dimensional linear vector space VY. A set of base
functions in VY can be taken as ¢; = 1,q; = g;(z,y) = o(|(z,y) — (z;,9;)]) —
o(l(x,y) — (i), =1,--+,i— 1,04+ 1,--- ,N. From the concept of linear in-
dependence, the bases of a vector space can be considered as linearly independent
subset that spans the entire space. From the property of a linear vector space, if all
the base functions satisfy Eq. (2.5) and Eq. (2.6), so does any function in the space
V¥ represented by Eq. (2.11). There is an interesting feature. From Eq. (2.11),
while all the base functions are given, the function f(x,y) is still unknown since
the coefficients \; are unknown. However, when all the base functions satisfy Eq.
(2.5) and Eq. (2.6), we can guarantee that f(z,y) also satisfies Eq. (2.5) and Eq.
(2.6). In other words, we can guarantee that the solution of a PDE approximated
by the RBF satisfies Eq. (2.5) and Eq. (2.6). Thus, when the weighting coefficients
of DQ approximation are determined by all base functions, they can be used to
discretize the derivatives of a PDE. That is the essence of the RBFs-DQ method.
Using the idea of DQ method, the weighting coefficients of the n—th order partial
derivatives can be determined by substituting all the base functions g1, gz, - , qn,
into Eq. (2.5), as

o" qz :E“yz Zw(n)gr —0, (2.12)

0"q;(xs, yi) (n). . o
— o szk’ Gi(@h ), 5 =1,2,--+ N, j #1i. (2.13)

For the given i equation system (2.12) and (2.13) has N unknowns with N equa-
tions. The matrix form for the weighting coefficients can be written as

a, " = QW™ (2.14)
where
a™ =0 q(ziy)  9"qia(@iyi) 0" (i yi) 3”‘1N(5€i,yi>]T
g ’ oxm T ozn ’ oxm ' ozn ’
r 1 .. 1 7
Q1($1,y1) q1($NayN)
Ql=| ¢-1(z1,11) -+ g-1(zN,yn) |,
giv1(z1,y1) -+ g (TN, YN)
gy (z1,91) - an (TN, YN) i
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and

)

W = e e T
Therefore, the coefficient vector Wz(n)”” can be obtained by
W = Q) g, (2.15)

Then, the coefficient vector Wg")” can be used to approximate the n-th-order
derivative in the = direction for any unknown smooth function at node i. Clearly,
there exists a unique solution only if the collocation matrix [Q] is non-singular.
The non-singularity of the collocation matrix [Q] depends on the properties of
used RBFs. [33] proved that matrix [Q] is conditionally positive definite for MQ-
RBFs. This fact can not guarantee the non-singularity of matrix [Q]. [34] showed
that cases of singularity are quite rare, and not serious objection to a valuable
numerical technique. In a similar manner, all the base functions are substituted
into Eq. (2.6) to approximate the m-th-order derivative in the y direction for any
unknown smooth function at node i. For MQ-RBFs, ¢;(z,y) can be written as

qj(z,y) = \/(fc — )2+ (y —y;)? + ¢ — \/(fc — )2+ (y—yi)?+¢, (2.16)

where second- and higher-order derivatives of ¢;(x,y) can also be obtained by
differentiating Eq. (2.16). One of the most attractive properties in the above
method is that the weighting coefficients are only related to the test functions and
the position of the collocation points.

3. Global RBFs-DQ method for multi-dimensional Black-Scholes
equation

In this section, first we will introduce the variable transformations s; = e”* and
C(81y -y Sas t) = V(x1,...,24,t). By this change of variable Eq. (1.1) becomes the
parabolic PDE with constant coefficients as

% 1,0V
Z pljo—l J a ax] + ;(T - io—i)axi —rV = 07 (31)

1]1

as Eq. (3.1) satisfies the conditions of the following theorem, we can remove the
crossing terms

0%V
pz] 010] a a 7& .7?
then we can apply the RBFs-DQ method to option pricing.
Theorem 3.1. Consider the second-order equation

Z AjjUg,z; + Zazum + agu = 0,

7,j=1
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assuming that the mized partial derivatives are equal, we may as well assume that
ai; = aj;, by making an appropriate change of variables, we can write the top-order
term szzl Qijlg,z; S ZZ:1 AUy, 2, , Where the coefficients dy, are the eigenvalues
of the n x n matric A = (a;j).

Therefore, the multi-dimensional Black-Scholes equation transformes into

d
oU ou . 0°U
- :E:{aia_§_+bia—§2}—rUzDU, (3.2)
i=1 g i

The domain is discretized by taking N knots according to the method used in
previous section and we would like to discrete the Eq. (3.2) with respect to time.
We introduce a weight § and apply the 6 implicit scheme to the problem as

oU Un o Unfl ~ ~
>k k= (1-0)DU|4, ) +0DU|q

e = TRy (3:3)

n—lan)

Denote U|(tn,x L) = U +, where represents the approximation of the function value

U at knot k, x, = (£F,...,€%), and the time t,,. By applying the RBFs-DQ method,
Eq. (3.2) can be rewritten in a discrete form as follows:

N
(14 (1= OADT? + (1 — ) At{— Z{az Zw( g g, Zw,ﬁ’siﬁy}} -

1 i 1 i -1
(1 — AT — 0Nt~ Z{alZwkjg U]" +b; Zw e Ui,
i=1 j=1
where £k = 1,2,..., N and w,(ci-)gi and w,(ci-)gi represents the computed weighting
coefficients in the DQ approximation.

4. Stability of the method

In this section, we study the stability of the implicit finite difference method
described above. Let us assume that U be exact and U is the numerical solution of
equation (3.3). Note that the discrete equations in the last section can be rewritten
as the following form

I+ (1-60)AtD]U, = [I - 0AtD]U,,_;. (4.1)
So we can write Eq. (4.1) as
U, = [I+ (1 -60)AtD] I - 0AD|U,,_; = EU,_,, (4.2)

where

—T—Z{al E(l)} +b{[ ] [ ]552)}T}
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is an N x N matrix determined by descretized form of Eq. (3.2) and

[Q]ggﬂ _ [qgj)si : qu)si7 L ,q%)si],j 1.2

The scheme for initial value problem is stable if and only if there exists a positive
constant C independent of the mesh spacing and initial data such that

1Tl < ClIToll,n — oo, At, Ax — 0,

If E depends on n we get a product of the operators at each time level. Taking a
norm . . 3
U]l = [E"Uo|| < [[E"[|[[Uoll, n — oo, At, Ax — 0,

Therefore, the numerical scheme is stable if and only if there exists a positive
constant C' such that

IE"|| < Cin — oo, At, Ay — 0,

Since p(E) as the spectral radius of E provides a lower bound to any matrix norm,
for the scheme to remain stable, we should have p(E) < 1 or equivalently we can
say that

1—0Atnp

| 1+ (1 —0)Atnp
which holds for np are located in the right half plane, where np are eigenvalues of

the matrix D. Inequality (4.3) also shows that stability of the scheme, in the case
of RBFs with shape parameter like MQ, depends upon shape parameter.

| <1, (4.3)

5. Numerical computation of two asset European option

For two-dimensional option pricing under Geometric Brownian motion frame-
work, consider the PDE (1.1) with d = 2 and the final time condition for European
call is

C(s1,s2,T) = max(mazx(s1, s2) — E,0), (5.1)

where F, T are exercise price and maturity time. The following boundary condi-
tions are imposed
C(sT9% 55, T) = s7%% — Be~ (Tt (5.2)

C(s1, 8597 T) = 5% — Be (T4, (5.3)

where s, s5'** are respectively maximum of s;, maximum of s,.

In this case, the variables transformation are s;1 = e*, so = e¥ and C(s1, $2,1) =
V(z,y,t). Under this change of variables the two-dimensional Eq. (1.1) in which
d=2 becomes

oV 0?vV 1 282V
— +poi102 +

1 ,0°V 1, 0V 1, 0V
—a
ot oxdy = 2 ' Ox2

50'2 ay2+(7"*§0'1)%+(7’ 20'2)6—y77"‘/:

(5.4)

+
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Now we can remove the crossing term poios aa 5y . In this way, we apply character-

istic line to remove mixed derivatives in Eq. (5. 4) by considering its characteristic
equation for the above PDE [35] as

d aa—i—\/ -1) o
ay _ poi1o2 5(0° 2p+ /—1pr

dx

where 7 = «/—1. Thus we observe the following relation between spatial variables
z and v,

o1y — oopr — iog\/1 — pPx = .

Let £ = o1y — (02p)x,n = —02+/1 — p?x, and V(z,y,t) = U(&,n,t) then

ov._oU 9¢ | oU On ou 50U

[ . 17 _
9r C0or T opox . Tor TV,

ov._oUud oudy _ OU
dy  9cay  amoay lac

Further, we have

o2V, L0 U 02U
— = 2 1— 2(1 - p?)=—
gaz =T g TRV g, tosl =G
0%V 02U 02U
= — I /1 — 2
0x0y 7102p ol 7172 p 0&on
02V L0
a7 o
Hence
1 L,V 2V 1,0V 1, , L, U QPU
5712 +po 1<T2aa T3 232250102(1—/))(8—52"'8—772)7
and
1 oV 1 oV 1 1 ou
(=5 G + =585 = —(roen— gotoun—rau+ ol e

1 ou
—(rogy/1—p? — 50%02\/1 - p2)6—77.
Thus, the Black-Scholes equation in (5.4) ransformed into

ou  oUu  oU 0*U | 9°U
- o +b—+c(— +

5 9% T o 2) rU =0, (5.5)
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where
a=—(rogp — 50?02/} —roy+ %Ugal),
—(roa/1—p? - %Ufﬂzv 1—p?),
¢ = 303031~ p2)

where the mixed derivative term vanishes. Eq. (5.5) can be rewritten in a discrete
form as follows:

(1+ r(l — ) AT + (1 —0)At

{— azwkl)ﬁUZn bzw(l)nUnf Zw &Un+zw(2)nUn _

(1— r@At)U;H - 9At

N
{ azw](cl)EUzn 1 bzw](cl)nUZn 1 Zw( )ﬁUn 1+Zwl(j)n01n—1)}

=1

where i = 1,2, ..., N. For illustration of the accuracy of the proposed method, let
51 € [e735 €], 5o € [e735,eY], and @ = 0.5. To study the behavior of the method,
different structured and random mesh sizes are used for the point distribution in
¢ and 7 direction with shape parameter ¢ = 1.25(D/v/N) as selected by Franke
(1982), where D is the diameter of the minimal circle enclosing all supporting
points. Fig. (2) and Fig. (3), show that our scheme can provide reasonable
approximations for Stulz method [36] which provides a closed form solution. The
root-mean-square-error (RMSE) defined by the

N
1 .
RMSE = —\| > (Ul — U}

num. ) ’
=1

where Ugy,. is the solution by Stulz Method, Upyum. is solution by numerical ap-
proximations. As p(E), the spectral radius of matrix E, is equivalent or less than
unity in each simulation, it guarantees the stability of the method.

6. Conclusion

In this paper, A mesh-free RBFs-DQ method is presented and used for numer-
ical solution of multi-dimensional Black-Scholes equation. In our approach, any
spatial derivative is approximated by a linear weighted sum of all the function val-
ues in the whole physical domain. The weighting coefficients in the method are
determined by RBF approximation and linear vector space analysis. The proposed
method is similar to finite difference schemes in the sense of derivative approxima-
tion. Numerical results showed that our RBFs-D(Q scheme is an efficient approach
for solution of multi-asset option pricing.
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Figure 2: Comparison of two-asset option pricing results by RBFs-DQ method and
Stulz method with different structured mesh sizes and parameters £ = 10,r =

0.05,01 =0.22,05 = 0.14,p = 0.5, T = 0.5 (year) and 100 time steps
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Figure 3: Comparison of two-asset option pricing results by RBFs-DQ method
and Stulz method with different random mesh sizes and parameters £ = 12,7 =

0.05,01 = 0.15,02 = 0.15,p = —0.01, T'= 0.25 (year) and 100 time steps
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