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A Takeuchi-Yamada type equation with variable exponents *
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ABSTRACT: We prove continuity of the flows and upper semicontinuity of global
attractors for a Takeuchi-Yamada type equation with variable exponents.

Key Words: Variable exponents, parabolic problems, global attractors, upper
semicontinuity.

Contents
1 Introduction 241
2 Properties on the operator 243
3 Uniform estimates 244

4 Continuity with respect to the initial values and
upper semicontinuity of attractors 249

1. Introduction

The study of the continuity with respect to initial conditions and parameters
is important to verify the stability of a PDE model. Currently, some researchers
investigated in which way the parameter p(x) affects the dynamic of problems in-
volving the p(z)-Laplacian, analyzing the continuity properties of the flows and of
the global attractors with respect to the parameter p(x). B. Amaziane, L. Pankra-
tov and V. Prytula studied homogenization of p.(x)-Laplacian elliptic equations
(see [2]) and B. Amaziane, L. Pankratov and A. Piatnitski studied nonlinear flow
through double porosity media in variable exponent Sobolev spaces (see [1]) where
the authors considered the following initial boundary value problem

we(x)aa—f(t) — div(k(x)Vu |Vu P =2) = g(t,z) in Q
u¢=0 on ]0,t[x900Q,

u(0,x) = up(z) in £,

where Q@ C R™ (n = 2,3) is a bounded domain, @ denotes the cylinder 0, T[x (2,
T > 0 is given, g € C([0,T]; L?(2)) and ug € H?() are given functions. They
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studied the minimization problem for functionals in the limit of small € and obtained
the homogenized functional. We considered in [11] the following nonlinear PDE
problem

{ % (1) — 2 (19 (D@28 1)) = Bluy(t), >0
’U,S(O) = UQs,

under Dirichlet homogeneous boundary conditions, where ugs € H := L*(I), I :=
(¢,d), B : H — H is a globally Lipschitz map with Lipschitz constant L > 0,
ps(z) € CH(I), p; :=essinf py > 2 for all s € N, and p,(-) — p in L=(I) (p > 2
constant) as s — co. We proved continuity of the flows and upper semicontinuity
of the family of global attractors {As}sen as s goes to infinity.

In this work we consider the nonlinear perturbation |u|P+(*)=2y of the p(x)—La-
placian, i. e., we consider the following nonlinear PDE problem

{ 500 - VOOV + Ol = B, >0
R (1.1)

under homogeneous Neumann Boundary conditions, where ugs € H = L?(f),
Q CR"™ (n>1) is a smooth bounded domain, B : H — H is a globally Lipschitz
map with Lipschitz constant L > 0, ps(-) € CY(Q), p; := ess inf p; > p, pf =
ess sup ps < a, for all s € N, and ps(-) — p in L>®(Q) as s - oo (p > 2 and a
are constants). We prove continuity of the flows and upper semicontinuity of the
family of global attractors {Ag}sen as s goes to infinity for the problem (1.1).

In [5], Chafee and Infante considered the equation

(P1) uy = Migy +u — u®,
and Takeuchi and Yamada considered in [14] the following more general equation
involving the p-Laplacian operator
(P2) ur = MJua P ue)z + [ul (1 = [u]"),

wherep > 2, ¢ > 2, r > 0and A > 0 are constants. Note that takingp =q¢=1r = 2,
problem (P2) becomes problem (P1). The authors in [4] proved the continuity of
the flows and upper semicontinuity of a family of global attractors for the problem
(P2) when p = ¢ and p — 2.

Considering the problem

up = /\div(|Vu|p(I)72Vu) + i u(l — |u|T(ﬂﬁ))7
with ¢ = 2 and r(z) := p(x) — 2 > 0, we obtain
(P3) uy = /\div(|Vu|p(z)_2Vu) +u(l— |u|1)(w)—2).
Note that the problem

uy = Miv(|Vul[P®)=2Vu) + u(l — [uP®=2), ¢ >0,
u(0) = wo,
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can be seen as

up — Miv(|Vul[P®=2Vu) + |uP@ 2y = u, t >0,
(1.2)
u(0) = uyg,

and B (u) := wu is a globally Lipschitz map. So, all the results developed in this
paper for an abstract globally Lipschitz external forcing term can be applied to
the Takeuchi-Yamada type equation (1.2). The bifurcation studies of solutions to
problem (1.2) with respect to the parameter A remains an open problem.

The study of continuity properties with respect to initial conditions and expo-
nent parameters for the problem u; = )\(|um|p(z)_2um)z + u were already contem-
plated in the papers [10,11].

The paper is organized as follows. In Section 2 we present properties on the
operator and we guarantee existence of global solution and global attractor for
problem (1.1). In Section 3 we obtain uniform estimates for solutions of (1.1). In
Section 4 we prove that the solutions {us} of (1.1) go to the solution w of the limit
problem (4.1) and, after that, we obtain the upper semicontinuity of the global
attractors for the problem (1.1).

2. Properties on the operator

The authors in [13] proved that the operator
Au = —div(|VuP®~2Vu) + [ulP® 2y

where p(-) is continuous in Q and p~ > 2, is the realization of the operator A; :
X — X*, X = Wwhr@)(Q),

Aju(v) == Q|vu(z)|p<z>*2vu(z)-vv(z)dH /Q u(z)|P®)~2u(z)o(z)dz,

ie, Alu) = Aju, if uw € D(A) :={u € X; Aju € H} and it is a maximal
monotone operator in H. Besides, A is the subdifferential of the proper, convex
and lower semicontinuos function ¢,y : H — R U {400} defined by

1 1
—1|Vu p(z)dac—i—/ —|ulP®dz|, ifue X,
o (1) = [/me' | sl e] (2.1)

400, otherwise.

Moreover, we have the following properties on the operator

Lemma 2.1. [15/

+ .
sl if ullyge) < 1 and [[Vullye) <1,

<AU U>X x > 2p}—1 ||u||€(7 ) Zf ||U||p(z) Z 1 and ||vu||p(m) Z 17
Ll *, = — + )

IVullpy + llullpey o o Hlullp@) =1 and |[Vullpe < 1.
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By Consequence 3 in [13], it follows that the equation (1.1) determines a con-
tinuous semigroup of nonlinear operators {Ts(t) : H — H, t > 0}, where for each
ugs € H, t — Tg(t)ups is a weak global solution of (1.1) beginning at wugs. This
semigroup is such that RT x H 3 (t,ugs) + Ts(t)ups € H is a continuous map
and, if ugs € D(A), then us(-) := Ts(-)ugs is a Lipschitz continuous strong solution
of (1.1).

Considering h = 0 and f : R — R Lipschitz in [7] we get F = B: H - H
globally Lipschitz. So, by Theorem 3.3 in [7] we have that problem (1.1) has a
global attractor As.

In order to prove the continuity of the flows (in Section 4) for problem (1.1) we
need the following result:

Theorem 2.2. If p € C'(Q), then C§° () C D(A).

Proof: If p € C1(Q) and u € C§°(Q), then by Theorem 2.6 in [12| we have that
—div(|Vu[P®)~2Vu) € L?(Q). The result follows observing that |u[P(*)=2y € L?(Q)
if u e Cg° (). O

3. Uniform estimates

Recall that we are considering ps(-) € C*(Q) such that 2 < p < p; < pf < a,
for all s € N, and ps(-) — p in L*() as s — oo. From now on, we denote
X, = Whrs@)(Q) and X := WHP(Q). Tt is a known result that X, ¢ H with
continuous and dense embedding (see [9]). Moreover,

Lemma 3.1. There exists a constant K = K (|Q2|) > 0, independent of s, such that
if us € Xs, s € N, then

llus|lm < Kljus|x,, Vse€N.

Proof: We know that if p(z) > ¢(z) then LP(®)(Q) C L1®)(Q) with [[ul4.) <
2(1Q] + 1)|ul[ pz) for all u € LPE)(Q) (see [6]). Thus, if u, € X, C X C H we have

lusller < 2(192 + Dusl,
< 4090+ 1D [lusllp. )
< 402+ 1 (lusllp. @) + 1 Vitsllp. @) = Kllusllx.,
where K = K(|Q|) := 4(]Q| + 1)%. O

We have the following uniform estimates on the solutions of (1.1):

Lemma 3.2. Let us be a solution of (1.1) with us(0) = ups € H. Given Ty > 0,
there exists a positive number ro such that ||us(t)||g < ro, for each t > Ty and
s € N. Furthermore, given a bounded set B C H, there exists D1 > 0 such that
lus(t)lg < Dy for allt >0 and s € N such that ugs € B.
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Proof: It is enough to consider ups € D(A). Let 7 > 0, multiplying the equation
in (1.1) by us(7) we have

Pe (=20, (7, us (7)) =(B(us (7)), us (7).

<%us<7>, us<7>> — (B oy (s (7)) s ()

Given Ty > 0, if ||us(7)

lp. @) = 1 and [[Vus(7)|[p,(z) = 1 then by Lemma 2.1, we
obtain
1d ) 1 % L 1g
gl = === llus(Mllx, + 1B s () allus(7) ]
1

< g lus I, + Lllusllir + Collus(r)ll

%+ Cillus(D%, + Callus(7)]

< *Fﬂus(Tﬂ X
where Cyp = [|[B(0)||lg > 0, C; = LK? and Cy = CoK, with K the constant
independent of s of Lemma 3.1. We have Cs = 0 if, and only if, Cy = 0.

Now, we consider € > 0 arbitrary, o := &, é + % =1 and % + 1% = 1. Then
using Young’s inequality we obtain

1 1

1d ) L1 1
sl < (= gamrtae @) k(5

7 (

Cryo 1 Cayy
a G)er’(e))'

1
e

B(0) # 0 (Cy # 0) and for the case B(0) = 0, choose ¢y > 0 sufficiently small so

1
Now, choose ¢g > 0 sufficiently small so that =ef + %eg < 2a in the case

that e < —. So, in both cases, we obtain
a0 2a

| =

1
us()x, + Cs,

lus (D17 < =551
2

DN | =
S

t

where C3 = C3(L, K, €9) > 0 is a constant. So,

1d 1
L L )y <~ K ) +

Let I, := {7 € (0,00); |[us(T)||p.(z) > 1 and |[[Vus(7)|[p, () > 1} and y, : I, —
R, ys(7) := ||us(7)||% satisfies the differential inequality

KPP

() +2Cs,

Ys(T) < —
Therefore, from Lemma 5.1, p. 163 in [15], we get

1
20 KP

2/p e
lus(E < (2°CGE?) T + |5 0 - 2T 7 =K VT = T
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Similarly for each of the cases: [[us(7)||p,(z) > 1 and [|[Vus(7)||p, @) < 1;
[[ts (M)l lp. @) < 1T and |[Vas(T)]p, @) 2 1 [[s(T)llp, () <1 and [[Vus(7)][p, @) < 1,
we obtain constants, Ko, K3 and K4 such that

ps(z)

lus(T1F < Ki,¥ 7 > To,

for i = 2, 3,4 respectively. So, taking rg := max{Kl1

/27K21/27K§/2,Ki/2} we obtain
us(T)|er <70,V 7 >To, s €N,

and the first part of the lemma is proved.
The second part of the lemma follows from the Gronwall-Bellman Lemma. O

Remark 3.3. The constants ro and D1 in the Lemma 3.2 depend neither on the
initial data nor on s.

Corollary 3.4. There exists a bounded set By in H such that As C By for all
s e N.

Lemma 3.5. Let us be a solution of (1.1). Given Ty > 0, there exists a positive
constant ry > 0, independent of s, such that

us @l x, <71,
for every t > T1 and s € N.

Proof: Let ug be a solution of (1.1) and consider 7y > 0. Take Ty € (0,T1).
Considering ©p,(x) @S N (2.1), using the definition of subdifferential and Uniform
Gronwall Lemma (see [15]), we obtain

Pp. () (Us(T)) < 77,

for all 7 > Ty and s € N, where 1 = 71(T4,To, L, 19), with rg as in Lemma 3.2.

Therefore
1 ‘ ps (@) / 1
—— |Vug(T,x de + | ——
/Q Ps (x) ( ) Q Ps (‘T)

for all 7 > T} and s € N. So, considering p (v) := [, [v(z)

P=(*) . we have

ps (Vus(7)) + ps (us(7))<ar, (3.1)

forall 7 > T} and s € N. If 7 > T} and ||us(7)|
analyze:
Case 1: If || Vus(7)

x, > 1 then we have four cases to

llp. (@) = 1 and [Jus(7)||p, (z) > 1 then we know that

.
IV (P ) < po(Vus(r)) < Vs (D,
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and
bo pt
||US(T)||pS(I) < ps(us(r)) < ||U’5(T)||p3(l)'

Since p < p; < pT < a, we obtain by (3.1)
lus ()] x, < (ar)"/?.

Case 2: If ||Vus(7)||p,(2) > 1 and [|us(7)|p,(z) < 1 then we know that

”ps ||ps

- +
IVus (P15 oy < £s (Vs (7)) < [[Vus()]y

pa(a)’
and N B
sy < puus(m)) < a7
Using (3.1) we obtain in this case
lus(m)llx, < (ary)V? + (ary)V/e.

Case 3: If ||Vus(7)||p, () < 1 and ||us(7)|p,(z) > 1 then we know that

+
IVus (Pl oy < £s (Vs (7)) < [[Vus(r)

pa(a)’
and B .
g (P ) < pulats(7)) < (D)
Then, by (3.1) we have that
lus(7)l|x, < ()" + (@r1) /7.

Case 4: If ||Vus(7)|p, ) < 1 and [lus(7)||p, z) < 1, then

+
IVus ()l 0y < ps(Vus(7)) < [[Vus(7)]

Py
ps ()’
and " -
s (I 0y < palus(0)) < lus(D)IE7 -
Using (3.1), we obtain
lus(m)llx. < (ary)V/e.

So considering 71 := max{1, (aﬂ)% + (ar1)Y*} we conclude that

llus(T)||x, <r forallT >T; and s € N.

Corollary 3.6. a) There exists a bounded set B in X such that A; C BS.
b) Let us be a solution of problem (1.1). Given Ty > 0 there exists a positive
constant ro, independent of s, such that

l[us (D)l x <2

forallt>T) and s € N.
c) A= U,enAs is a compact subset of H.
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Proof: a) It follows from Lemma 3.5.
b) By Lemma 3.5 there exists r; > 0 such that
lus(®)|x, < Vt>T1, seN.

Thus

lus@®llx = IVus@llp + llus@l,<209] + 1) (I[Vus(t)
= 2(1Q + Dfus @l x. < 2(1Qf + 1)1

pe(@) T [us(®)llp ()

for all t > Ty and s € N and the result follows with ro := 2(|Q2| + 1)71.
¢) By b) there exists a bounded set By in X such that A, C B; for all s € N.
Since X C H with continuous and compact embedding, the result is proved. O

Proposition 3.1. Let us be a solution of (1.1) with initial value ugs. If there is
C > 0 such that ||ugs||x, < C for all s € N, then given Ty > 0 there exists a
positive constant Ry such that ||us(t)||x, < Ra, for all t € [0,T1] and s € N. In
this case we can consider T7 = 0 in Lemma 3.5.

Proof: Given Ty > 0, if us is a solution of (1.1) then using the identity

o 11:0) = 9 (121, 2 1)

and Lemma 3.2, we obtain
Pp.(2)(Us(T)) < 9y () (0s) + C1 11, for all 7 € [0,T1],s € N,
where C; > 0 is a constant. Now, as |lups||x. < C for all s € N we obtain that

Pp. () (U0s) < C for all s € N. So, the result follows as in the proof of Lemma 3.5.
g

Corollary 3.7. Let us be a solution of (1.1) with initial value wugs. If there is
C > 0 such that ||ugs||x., < C for all s € N, then given Ty > 0 there exists a

positive constant Ry such that

lus (8)1x < B,

for allt € [0,T1] and s € N.

Proof: Since [Jus(7)||x < 2(|Q+1)||us(7)||x, for all s € N, the result follows from
Proposition 3.1. O
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4. Continuity with respect to the initial values and upper
semicontinuity of attractors

In this section we prove that, given T' > 0, the solutions us of (1.1) go to the
solution u of

{ %7;( ) — div(|Vu(t)|P=2Vu(t)) + [ulP~2u = B(u(t)), t >0,

w0(0) = uo, (4.1)

in C([0,T]; H) and, after that, we obtain the upper semicontinuity on s in H of
the family of global attractors {As C H;s € N} of (1.1) at p.

Lemma 4.1. Given T > 0, M := {us : s € Nyus is a solution of (1.1) with
us(0) = ups and ugs — ug in H, as s — +oo} is relatively compact in C([0,T); H).

Proof: We observe that it holds:

i) For each s € N the function [0,7] > ¢ — B(us(t)) € H is in L'(0,T; H).
Moreover, {B(us(t))}sen is uniformly bounded in L*(0,7%; ) and consequently
uniformly integrable in L1(0,7; H).

Indeed, as [} [|B(us(6)|mrdt < f; (Ll|us(t)] -+ B(0)] rr)dt the result follows from
Lemma 3.2.

ii) The operator A%, A%u = —A, u + |[uP*®~2y, is a maximal monotone
operator in H, A%u = &pps(z)(u) is the subdifferential of the convex, proper
and lower semi continuous non negative map ¢, (,) and NsD(pp, () = H since
X, C X, C X, for all s.

iii) For each u € NsD(p,, (,)) there exists a constant k = k(u, p,a, [2]) > 0 such
that wps(x)(u) S k, Vs € N.

In fact, if u € ﬂsD(tpps(I)) = NsX, then for all s

LIVl + Il ) » 3 1Vl ) < 1 and ully, oy < 1
o) < %(mn: 0 + lull m) if |Vl (o) > 1 and [Jul, () < 1
L (Ivul?: o+l m) if |Vl (o) < 1 and [Jul, ) > 1
LIVl gy + 1l ) - B 1Vl ) > 1 and ully, oy > 1

3 (IVullp, oy + lully, ) ) » 3 1Vl @) < 1and [Jullp, @) <1
) (9l I ) Pl 2 1 and o < 1
| s (vl P2 Fllullp, ) ) » i IVllp @) < 1 and [Jullp,@) =1

3 po(@y T lullp oy ) 5 I VUllp, @) = T and [Jullp, @) = 1

%[2(|Q| + DI (IVulf + ull)
< ) 22001+ DI Vullp + (19 + DJPfJull?}

2

1

2

{2
{[2(2l +1)] IIVUHPH (12l + 1)1 flulls
2(1e1+ 1)) (HWIIPH\UH )
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So ¢, ((u) < k for all s € N, where & is the maximum between the values
20|+ 1)P ([ Vullp + [lullp), 20~ QD) Vullg+28~ (19 +1)7[[ulf, 2271 (|20+
DPIVuly + 207 (0] + D2 fulls and 212 + 1) (IVullg + [[ulz).
iv) Let M (t) := {us(t);us € M} and let {S*(¢)} be the semigroup generated by
A% in H. For each ¢t € (0,7] and h > 0 such that ¢ — h € (0,T], the operator
Ty : M(t) — H defined by Thus(t) = S°(h)us(t — h) is compact. Moreover, M (0)
is relatively compact in H once ugs — ug in H.

Thus, by Theorem 3.2 in [8], M is relatively compact in C([0,T]; H). O

Theorem 4.2. For each s € N let us be a solution of (1.1) with us(0) = wugs.
Suppose that there exists C' > 0, independent of s, such that ||ugs|x, < C for all
s € N and ups — ug in H as s — oo. Then, for each T > 0, us — u in C([0,T); H)
as s — oo where u is a solution of (4.1) with u(0) = ug.

Proof: By Lemma 4.1 M is relatively compact in C'([0,T]; H). So, {us} converges
in C([0,T]; H) to a function v : [0,T] — H. Proposition 3.6 in [3] implies that

1 1
Slus®) = 8l% < Sllusr) — oli% (42)

+ / (Bus(t')) + Ap_ ) (9) — 9P 20, u(t') — p)at’

for every ¢ € D(A*) and 0 <7 <t <T.
Now, the idea is to take the limit as s — 0o (ps — p) on the last inequality.
Since us — w in C([0,T]; H) and B is globally Lipschitz, we have that us — u
and Bowugs — Bow in C([r,t]; H) and, consequently us — u and Bougs — Bou
in L?(7,t; H), VO <7 <t <T. Then,

<B OUs — haus - 9>L2(T,t;H) — <B ou— hau - 9>L2(‘r,t;H)

for all 0, h € H.
_ Now consider € C§°(Q2) C D(A*) C H arbitrarily fixed and let h := —A,(0) +
|0|P=20 € H. From (4.2)

1

_ 1 _
S s =13 < 2

= ) —B %+ / (Blus(t')) — o us(t') — B)dt! (4.3)
. / ot Ay (B) — (B O20, u () — .

We claim that f: (h+ Ay (2)(0) — 0P ®) =20 uy(t') — 0)dt’ — 0 as s — +o0. In

Ds (@)
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fact, for each ¢’ > 0

[t B, ) (0) = (0179720, u (&) — )]
0) -

[(h,us(t ) (= ps(m)( )+ |9|ps(m) 2?, Us(t/) *§>|
< / ‘V?‘Ikl B |V§ ps(ac)le |V (t')| da +/ ‘ |V§|p B |V§ ps(m)‘ e
+/ (‘ |9‘p 1 ‘9 ps(z)— 1‘) |Us( |d$+/ ’ ‘9| ps(m) d.

Since ps(x) — p for all z € I it follows by Dominated Convergence Theorem

that
/ [|vo" v
Q

|

_ On the other hand, considering Q:={recQ:0x) #0},Q ={zecQ:
|0(z)| < 1}, Qo := {2z € Q: |0(x)] > 1}, and using the Mean Value Theorem we

obtain
e 1\) |us<t’>|dx=/ (N

L=

ps(m)‘dm — 0 as s — oo,

and

HPS(I)’d:E—>O as § — 00.

ps(z)— 1‘) |U5(t/)|d$

< /“9‘7—(51) ’9‘ ‘ (@) — p) Jus(t )|d$
< [ w ()] ) ) )] do
(o

+/ W‘lln (18] (s ) = p) s ()

where p — 1 < 7(s,2) < ps(z) — 1 <a—1. As 0 € C5°(Q) there exist Kz > 0 such
that |0(x)| < Ky for allz € Q. So by the continuity of the functions g, : [0, K7] — R
given by

_J w*lnw if w e (0, K]
ga(w)_{ 0 if w=0,

for « = p—1,a — 1, we conclude that

(|1 =o
< 1ps = plloe [/ﬂ e +/Mﬁ|us(t/) Ps@dz]

< Hps_pHoo |:/ Cqs(z)dx+_/ |us(t/)|l?s(m) d$:|
Q 2 Ja

s(z)—1
") (¢ o < e = pll [ € luslt) o
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where ¢,(-) is such that p#(z) + y = 1, V x € Q. By Proposition 3.1 there exists

qs (:n
a constant C' > 0 such that [, lus(#)[P* ) dz < C for every ¢ € (7,t) and s € N.
As 1 < gs(z) < 2 we obtain that

[l o

as s — oo. Using the same arguments as above it follows that

/ (| 1vo1"" - |vo
Q

Jus(t')] dz < |[ps = pllocC — 0

)

[Vus(t')|de — 0 as s — oco.

ps(z)—1 D

Thus
t p— pa— — pa— p—
/ (h+ Dy, (0)(0) — [0]P= 726, uy(t') — O)dt’ — 0 as s — +o0.
So, taking the limit in (4.3) as s — oo, we obtain

Slu@) =0l% < Slu(r) —0l% (4.4)

for every 6 € CEQ)and 0 <7<t <T.

Now, we use a density argument to conclude that « is a solution of (4.1). Let
0 € D(AP) € WIP(Q), APu := —Apu + |u[P~2u. So, there exists a sequence
{0;}jen C C5°(Q) such that [|6; — 0|y — 0 as j — oo and consequently
10; —0llm — 0 as j — co. By (4.4),

1 _ _
Flu® =0l < Sllu) - 6;l%

t
+ [ B + AT - T () - T)ar
for every j € Nand 0 < 7 <t < T. Obviously, %|lu(t) — 0,1} — |ju(t) — 0]|% as

j — oo and i|ju(r) — 0,]% — ||u(r) — 0]|% as j — co. With some computations
and using the Dominated Convergence Theorem we obtain

(B(u(t) + Ap(0;) = 10;1"20;, u(t) = 0;) — (B(u(t) + Ay (0) — 0720, u(t') - )

as j — o0o. So, taking the limit with j — oo, we obtain

— 1 —_
) =0lE < Sllu(r) - 0l%

+/ (B(u(t")) + Ap(0) — 10|70, u(t') — 0)dt’
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for every 0 € D(AP) and 0 < 7 <t < T. Thus, Proposition 3.6 in [3] implies that
u is a solution of (4.1). O

Thus, following the same arguments as in Theorem 6 in [11] we conclude:

Theorem 4.3. The family of global attractors {As; s € N} associated with prob-
lem (1.1) is upper semicontinuous on s at infinity, in the topology of H.

10.

11.

12.

13.

14.

15.
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