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ABSTRACT: In this paper, it is shown that if A is a CSL subalgebra of a von
Neumann algebr and ¢ is a continuous mapping on A such that (m +n + k +
DG(A?) — (mp(A)A+nAp(A) +kp(I)A% +1A%2¢(I)) € FI for any A € A, where F is

the real field or the complex field, then ¢ is a centralizer. It is also shown that if ¢

is an additive mapping on A such that (m+n+k+1)¢(A2?) = me(A)A+nAp(A) +
kd(I)A? 4 1A%¢(I) for any A € A, then ¢ is a centralizer.
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1. Introduction

Thoughout the paper, F will denote the real field or the complex field. Let H
be a complex Hilbert space and £ be a subspace lattice of H. Denote by AlgLl
the algebra of all bounded operators in B(H) which leave every subspace in £
invariant. Dually, for a subalgebra A of B(H), denote by LatA the lattice of all
closed subspaces left invariant under every operator in A. For convenience we
shall disregard the distinction between a closed subspace of H and the orthogonal
projection onto it. A totally ordered subspace lattice is called a nest. If each pair
of projections in £ commutate, then the subspace lattice £ is called a commutative
subspace lattice, or a CSL. If £ is a CSL, whose projections are contained in a von
Neumann algebra N acting on the Hilbert space H, then A = NN AlgL is called a
CSL subalgebra of the von Neumann algebra N.

Let R be a ring or an algebra and ¢ be an additive mapping on R. If ¢(AB) =
¢(A)B (resp. ¢(AB) = Ap(B)) for any A, B € R, then ¢ is called a left centralizer
(resp. a right centralizer). A centralizer of R is an additive mapping which is a left
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as well as a right centralizer. An additive mapping ¢ : R — R is called a left (resp.
right) Jordan centralizer, if ¢(A?) = ¢(A)A (resp. ¢p(A4%) = Agp(A)) for any A € R.
A Jordan centralizer of R is an additive mapping which is a left Jordan as well as
a right Jordan centralizer. An (m,n)— Jordan centralizer is defined in ([16]) as
follows: An additive mapping ¢ : R — R is called an (m,n)— Jordan centralizer if
(m+n)p(A%) = mp(A)A+nAg(A) for any A € R, where m,n € N with m+n # 0.
Obviously, every centralizer is a Jordan centralizer and any Jordan centralizer is
an (m,n)— Jordan centralizer, but the converse is not true in general.

The characterization of centralizers on algebras or rings is a subject in various
areas. Bresar and Zalar ([2]) have proved that if R is a prime ring and ¢ is an
additive mapping on R such that ¢(A42) = ¢(A)A (resp. ¢(A?) = Ap(A)) for
any A € R, then ¢ is a left (resp. a right) centralizer. Zalar([23]) generalized
the result to 2-torsion free semi-prime rings as follows: if R is a 2-torsion free
semi-prime ring and ¢ is an additive mapping on R such that ¢(A4%) = ¢(A)A
(resp. ¢(A?) = Ap(A)) for any A € R, then ¢ is a left (resp. a right) centralizer.
Vukman( [15]) has proved that if R is a 2-torsion free semi-prime ring and ¢ is an
additive mapping on R such that 2¢(A?) = ¢(A)A + Ap(A) for any A € R, then ¢
is a centralizer. Benkovic and Eremita ([1]) proved that if R is a prime ring with
Ch(R) = 0 or Ch(R) > n, where n is a fixed positive integer and n > 2, and ¢
is an additive mapping on R such that ¢(A") = ¢(A)A"~! for any A € R, then ¢
is a centralizer. Vukman and Kosi-Ulbl ([17]) proved that if X is a Banach space
over the field F, and A is a standard subalgebra of B(X) and ¢ : A — B(X) is
an additive mapping such that ¢(A™+" 1) = AMp(A)A™ for any A € A, where
m,n € Z* and then ¢ is a centralizer. Qi etc. ([14]) proved that if A is a standard
subalgebra of B(X) with the identity I and ¢ : A — B(X) is an additive mapping
such that ¢(A™+" 1) — Amp(A)A™ € FI for any A € A, where X is a Banach space
over the field F and m,n € Z*, then ¢ is a centralizer. Yang and Zhang ([22])
proved that, if ¢ : 7(N) — 7(N) is an additive mapping on a nest algebra 7(N),
such that (m + n)¢(APT) = me(A)AP + nAPG(A) or p(A™THL) = AMp(A) A"
for any A € 7(N), where N is a non-trivial nest on H, 7(N) is the corresponding
nest algebra, and m,n,p € Z*, then ¢ is a centralizer. J. Vukman ([16]) proved
that an (m,n)— Jordan centralizer on a prime ring with Ch(R) # 6mn(m + n) is
a centralizer. Li etc. ([12]) proved that a Jordan centralizer on a CSL subalgebra
of a von Neumann algebra is a centralizer.

Motivated by these results, we are concerned with an additive mapping ¢ on A,
a CSL subalgebra of a von Neumann algebra, which is not a semi-prime ring. It is
shown that if ¢ is a continuous mapping on A such that (m +n + k + [)p(A?) —
(me(A)A + nAd(A) + ko(I)A% + 1A%¢(I)) € FI for any A € A, then ¢ is a cen-
tralizer (Theorem 3.1). It is also shown that if ¢ is an additive mapping on A
such that (m+n+k+1)p(A?) = mo(A)A+nAp(A) + ko(I)A? +1A%¢(I) for any
A € A, then ¢ is a centralizer (Theorem 3.2). It follows that an (m,n)— Jordan
centralizer on A is a centralizer (Corollary 3.1). Furthermore, it is shown that if ¢
is an additive mapping on A such that (m + n)p(APT) = me(A) AP + nAP¢(A) or
P(AMT L) = AMp(A)A™ for any A € A, then ¢ is a centralizer (Theorem 3.3 and
Theorem 3.4).
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2. Preliminaries: some lemmas

In this section, let A be a unital algebra. We discuss an additive mapping ¢ on
A such that

(m+n+k+10)p(A%) — (mp(A) A+ nAp(A) + ko(I)A? +1A%¢(I)) € FI, (2.1)
that is, for any A € A, there is yu, € F (depending on A) such that
(m+n+k+10)p(A%) = mop(A) A+ nAd(A) + kp(1)A? + 1A2¢(I) + pul,
where m > 0,n >0,k > 0,1 > 0.

Lemma 2.1. Suppose that ¢ is an additive mapping on A as above. Then, for any
A, BeA,

(1)

(m+n+k+1)¢p(AB + BA) = m¢(A)B + nAd(B) + mp(B) A
+nBo(A) + kd(I)AB + k(1) BA + LABS(I) + IBA(I)
+(arp — pa — mp)l;

(2) (m+n+2k+20)p(A) = (m+2k)p(I)A+ (n+ 20) Ad(I) + (pagpr — pa)l.
Proof: For any A, B € A,

(m+n+k+10)p(A+ B)? =m¢p(A+ B)(A+ B)+n(A+ B)p(A+ B)
+ko(I)(A+ B)? +1(A+ B)?¢(I) + pipy gl
= mo(A)A + mp(A)B + m(B)A +m¢(B)B
+ nAp(A) + nA¢(B) + nBo(A) + nBo(B)
+ kp(1)A? + kdp(I)BA + ko (I)AB + ko(I) B>
+1A2G(I)+IABG(I)+IBAG(I)+1B*¢(I)+ a4 1.
On the other hand,

(m+n+k+0p(A+B)*=(m+n+k+1)¢(A> + AB + BA+ B?)

mp(A)A +nAp(A) + k(1) A? +1A%¢(I) + nBo(B)
+meo(B)B + ko(1)B* +1B*¢(I)
+(m+n+k+10)p(AB+ BA) + u + pgl.

Comparing above two equalities, we obtain that

(m+n+k+DS(AB + BA) = mo(A)B + nAd(B) + mo(B)A +nBs(A)
+kS(I)AB + ko (1) BA + LABo(I)
HBAY(I) + (Harp — pa — p1p)l 23)
2.2
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Putting in (2.2) B = I, it follows from p; = 0 that
(m—+n+2k+20)p(A) = (m + 2k)p(I) A+ (n+ 20)AP(L) + (payr — pa)l. (2.3)

d

Lemma 2.2. Let ¢ be an additive mapping on A as above. If Ag € A with Ag ¢ FI
such that Agp(I) = ¢(I)Ao, then iy, 1 — pia, =0 and ¢(Ag) = Aod(I) = ¢(I)Ao.

Proof: Since Agp(I) = ¢(I)Ag, Ad(I) = ¢(1)A2 = Agdp(I)Ag. By (2.3), we have

that
1

o) = oot kv o

(HA0+I - MAO)I

and
1

2\ 2
o(45) = o(DAg + m+n+ 2k + 21

(MAngI - HAg)I-
Hence

m+n+k+1

2y _ r——
(m+n+k+l)¢(A0)*(m+”+k+l)¢(I)A0+m+n+2k+21

(MAngJ - MA%)I-
On the other hand,
(m+n+k+1)p(A5) = mo(Ag)Ao + nAod(Ao) + kd(I1)AG + LAZG(I) + pa, 1

= m(p(I)Ao + m(ﬂAUH - HAO)I)AO

+nAo(p(I)Ag + m(lmo“ — pia)l)
+ k(1) AG + LATO(I) + paa, 1.

m—4+n

Comparing the two equalities, we have that —— "o (uy 1 — pa,)A0 € FI.
Since Ag ¢ FI and m+n >0, py, 7 —pa, =0 and ¢(Ag) = Aop(I) = ¢(1)Ap. O

Lemma 2.3. Let ¢ be an additive mapping on A as above. If P € A with P> = P,
then (1) ¢(P) = Po(I) = ¢(I)P = ¢(P)P = Po(P);
(2) ppyr =pp=0.

Proof. If P =0 or P = I, the result is trivial.
Let P be a non-trivial idempotent, that is, P # 0 and P # I. By (2.1),

(m+n+k+10)o(P) =me(P)P +nPp(P) + k()P +I1PH(I) + pupl. (2.4)
By (2.3),
(m+n+2k+20)¢(P) = (m + 2k)¢(I) P + (n+ 20) PO(I) + (ppip — pp)l, (2.5)
Multiplying (2.4) by P from the left and the right sides, gives that

(k + )P$(P)P = (k + 1) Po(I)P + pupP. (2.6)
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Multiplying (2.5) by P from the left and the right sides, we have that

1

Po(P)P = Po()P + oo

(Hpyr — pp)P. (2.7)
By comparing (2.6) with (2.7),
(m+n+2k+20pup = (k+0(ppyr — pip)- (2.8)
Multiplying (2.4) by P from the left side gives that
(m+n+k+1)Pp(P)=mPo(P)P+nPo(P)+ kPo(I)P +1Pp(I)+ upP,
that is,
(m+k+1)Pp(P) = mP@(P)P + kPo(I)P + IPp(I) + ppP.

It follows from (2.7) that

m

(m+k+D)PG(P) = (m+k)PO(D)PHPHD)+ (e

(psr—pp)+pp)P.
(2.9)

Thus

(m+n+2k+20)(m+k+1)Po(P)=(m+k)(m+n+2k+20)Po(I)P
+l(m+n+2k+20)Po(I) + (m(pupr — pp) + (m+n+ 2k + 20 up) P.
(2.9)
Multiplying (2.5) by P from the left side, yields that

(m+n+2k+20)PP(P) = (m~+2k)PH(I) P+ (n+20)PH(I)+(ppyr—pp)P, (2.10)
Comparing (2.9)" and (2.10), we obtain that

(-4 b4 1) (m+-28) PO(T) P+ (n-+20)(m-+ k1) PO+ (4 b4 1) (s — )P
— (m+ k)(m +n + 2k + 20 PSI)P + l(m +n + 2k + 20) P(1)
+(m(ppyr = pp) + (m+n+ 2k + 20)pp)P.

It follows from (2.8) that (m +k +1)(up ; — up)P = (m(upyr — pp) +(m+n+
2k +2l)up)P and
Po(I) = Po(I)P. (2.11)

It follows from (2.9) that

1

Po(P) = Po()P + ———————

(Hpyr — pp)P. (2.12)
Similarly,
o(I)P = Po(I)P (2.13)

and
1

A = D ok v ol

(kpyr — np)P. (2.14)
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(2.11) and (2.13) yield that ¢(I)P = P¢(I). And

¢(P)P = P¢(P) = Po(P)P (2.15)
by (2.12) and (2.14). By Lemma 2.2 and ¢(I)P = P¢(I), it follows that ¢(P) =

¢(I)P = P¢(I) and pp,; — pp = 0. And by (2.8), pp =0 and ppy; = pp = 0.
Identity (2.4) yields that

6(P) = $(I)P = PY(I) = Po(I)P = Po(P)P = $(P)P = P4(P).

Lemma 2.4. Let ¢ be an additive mapping on A as above. If A, P € A with
P? = P, then (1) ¢(AP) = ¢(A)P + u(AP)I — n(A)P,
(2) $(PA) = PH(A) + p(PA) — p(A)P, where p(A) = torra (Havr — Ha)-

Proof: By (2.3),

_ m+2k n+21
P(AP) = #;CWMI)APJF #;CWAPQS(I) m(lmpu pap)l

m+2k n+21[
:(MW )A mAﬂﬁ(I))P m(ﬂAPH tap)l

= ¢(A)P + p(AP)I — p(A)P

Similarly, ¢(PA) = Pp(A) + (PA)I — p(A)P. O

Lemma 2.5. Let ¢ be an additive mapping on A as above. If A, P € A with
P? = P, then

G(PAP) = $(PAP)P = PH(PAP) = P¢(PAP)P.

Proof: If P =0 or P = I, the result is trivial.
Let P be a non-trivial idempotent, that is, P # 0 and P # I. It follows from
Lemma 2.4 that

$(PAP) = ¢(PAPP) = $(PAP)P + u(PAP)I — u(PAP)P, (2.16)
$(PAP) = $(PPAP) = P$(PAP) + u(PAP)I — f(PAP)P. (2.17)
Comparing (2.16) and (2.17), we have that
Po(PAP) = ¢(PAP)P, (2.18)
It follows from Lemma 2.1(2) that

(m4+n+2k+20)p(PAP) = (m+2k) (1) PAP+(n+21) PAPS(I)+(tip aps i —ipap) .
(2.19)
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By Lemma 2.3, we have that ¢(I)PAP = ¢(P)PAP, PAP$(I) = PAP¢$(P) and
wp = 0. Putting PAP for A and P for B in (2.2), we have that

2(m +n+ k+D$(PAP) = (m +n + k + )$((PAP)P + P(PAP))
= m$(PAP)P + nPé(PAP) + nPAP(P) + md(P)PAP

+2k¢(I)PAP + 2IPAPO(I) + (tpapip — Hpap — Hp)l (2.20)
= (m +n)PG(PAP) + (m + 2k)$(I)PAP

+(n+20PAPY(I) + (tpapsp — Hpap)l-

By (2.19) with (2.20),

2(m+n+k+1)(m +n + 2k + 21)p(PAP)

= (m+n)P((m + 2K)6(1) PAP + (n+ 2) PAPS(I) + (ipap- 1 — fipap)])
+(m +2k)(m +n+ 2k +20)p(I)PAP + (n+ 2l)(m +n + 2k + 21) PAP¢(I)
+(m+n+2k+20)(kpapsp — hpap)l

=2(m+2k)(m+n+k+1)p(I)PAP +2(n+2l)(m+n+k+1)PAP¢(I)

+(m+n+2k+20)(kpapyp — wpap)l + (m+n)(papir — HPAP)P-( )
2.21
It follows from (2.19) that

2m+n+k+1)(m+n+ 2k + 20)p(PAP)
=2(m+2k)m+n+k+10)p(I)PAP +2(n+2l)(m+n+k+1)PAP¢(I)

+2(m+n+k+1)(ppapsr — mpap)l.
(2.22)
Comparing (2.21) and (2.22), we have that

(m+mn+2k+20)(upapip — tpap)l + (m+n)(ipapir — Hpap)P
(2.23)
=2(m+n+k+1)(ppapsr — bpap)l.

Multiplying (2.19) by P from the left and the right sides gives that
(m+n+2k+20) PO(PAP)P = (m+2k)¢(I)PAP+(n+20) PAPG(1)+(ttpap i1 —Hpap)P.

(2.24)
Multiplying (2.20) by P from the left side yields that

2(m+n+k+1)Po(PAP)P = (m+n)Po(PAP)P + (m + 2k)p(I)PAP
+(n +20)PAPO(I) + (papyp — Hpap)P.

It follows that

(m+n+ 2k + 20)P$(PAP)P = (m + 2k)¢(I)PAP

+(n+20)PAPG(I) + (tpapyp — Hpap)P-
(2.25)
Comparing (2.24) and (2.25), we have that

HpApP+pP — Bpap = HpApP+1 — HpAPp: (2.26)
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It follows from (2.23) and (2.26) that (m+n)(upapp—tpap) = 0. Since m+n > 0,
Wpapsp — Mpap =0 and

tpapyp — Hpap = tpapyr — Hpap = 0. (2.:27)

By (2.20) and (2.27),

2(m +n+k+1)$(PAP) = (m+n)P¢(PAP) + (m + 2k)¢(I)PAP

+(n 4 20)PAP(I). (2.28)

By (2.19) and (2.27),
(m + n+ 2k + 20)¢(PAP) = (m + 2k)p(I)PAP + (n + 20) PAPH(I).  (2.29)
Combating it with (2.28), we have that (m + n)¢(PAP) = (m +n)P¢(PAP) and
$(PAP) = P$(PAP) = $(PAP)P = P¢(PAP)P. (2.30)

d

3. Generalized Jordan centralizers on CSL subalgebras of von
Neumann algebras

In this section, we discuss an additive mapping ¢ on A, a CSL subalgebra of
a von Neumann algebra, such that (m +n + k + 1)¢(A%) — (mep(A)A +nAg(A) +
ko(I1)A% + 1A%¢(1)) € FI for any A € A, where F is the real field or the complex
field. The main result is as follows:

Theorem 3.1. Let N be a von Neumann algebra on a Hilbert space H, and let £
be a CSL, whose projections are contained in N, and A = NN AlgL be the CSL
subalgebra of the von Neumann algebra N. If ¢ : A — A is a continuous mapping
on A such that

(m+n+k+10)p(A?) — (mp(A)A + nAp(A) + kp(1)A* +1A%¢(1)) € FI

for any A € A, where m,n,k,l > 0 with mn # 0, then ¢ is a centralizer. That is,
d(A) = o(I)A = Ad(I) for any A € A.

The proof of Theorem 3.1 will proceed through several lemmas, in each of which
we maintain the same notation.

Proposition 3.1 ([12]). Suppose that A = NN AlgL is a CSL subalgebra of
the von Neumann algebra N. Let Q1(H), or Q1 simply, be the orthogonal projec-
tion onto the linear span of the set {PAPJ‘:L' . Pel, AcA, z¢€ H}; and let
Q2(H), or Qo simply, be the orthogonal projection onto the linear span of the set
{PJ‘A*PZL' : Pel, AceA, z¢€ H}, and Q = Q1(H)V Q2(H). Then

(1) Q1, Q2 and Q € L'NN C A, where L' is the commutant of L. And Q1
commutes with Qs, and Q, Qi € LatA. Furthermore, Q+-AQ = QAQ* = 0 for
any A € A, so that A = QAQ ® QTAQ*.

(2) If Q # I, then Q+AQ™ is a von Neumann algebra on Q+H.
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In the sequel of this section, let A be a CSL subalgebra of a von Neumann
algebra N. We choose an arbitrary non-trivial projection P in (A N Lat(A))(2
LU{Q,Ql}) And let P, = P, P, = PJ‘, then P, P e A and P,AP; = 0 for
anyAG.A. SOA:P1AP1+P1AP2+P2AP2. Let 'All :Pl.A.Pl,.AlQ :Pl.APQ,
Ao = PoAP,. Then A = A1 ® A1z @ Asgg is the Pierce decomposition of A. Let
¢ be an additive mapping on A such that

(m+n+k+1)p(A%) — (mp(A)A + nAp(A) + k¢(I)A® + 1A*¢(I)) € FI,
that is, for any A € A, there exists p4, € F, depending on A, such that

(m—+n+k+1)p(A%) = mp(A)A + nAp(A) + k() A® + 1A% G(I) + pyl,
where m > 0,n > 0,k > 0,1 > 0.

Lemma 3.1. (1) If A;; € Aij, then ¢p(Ai;) € Aqj, where 1 <i < j <2;
(2) p(A12) = A1ap(I) = ¢(1) A1z = A126(Po) = ¢(Pr) Asa.

Proof: By (2.30),
d(Ais) = (P Ay P;) = Pip(P Ay Py) Py € Ay (i = 1,2)

Let Ajp = PAPL. Since Ajo = P — (P — PAP') is the difference of two idempo-
tents, it follows from Lemma 2.3 that

d(A12) = (1) A1z = ¢(I)PrA12 = ¢(P1) A1z € Ajo,

P(A12) = A1ag(I) = A1 Pad(I) = A126(P2) € Ara.

Lemma 3.2. Forany A€ A, B € A, Aij € Aij, Bij € Aij (1 <i <5< 2),
(1) ¢(A11Bi2) = ¢(A11)Br2 = And(Bi2).

(2) p(A12B22) = ¢(A12)Baz = A12¢(Ba2).

(3) #(AB12) = ¢(A)B12 = Ap(B12) = ¢(I)AB12 = AB12¢(I) = Ap(I)Bia.
(4) ¢(A12B) = ¢(A12) B = A120(B) = ¢(I)A12B = A12Bé(I) = A12¢(1) B

Proof: (1) By (2.2),

(m+n+k—+1)¢(A11Biz + BiaA11) = mé(A11)Biz + nAi16(Bi2)
+mo(Bi2) A +nBiag(Ann) + kd(I) A1 Bia + ko(I)Biz A (3.1)
A1 B12d(I) + 1B12A11d(I) + (4, 151, — Hayy — Hpip) -

Since Bi2 A1 = 0, ¢(312)A11 € A12A1; = 0 and Blg¢(A11) € BioA11 = 0, it
follows that

(m4+n+k+1)p(A11B12) = mo(Ai1)Biz + nA¢(Br2)

3.2
+ho(I)A11 Bz + 1A Biad(I) + (Bay, 15, — Hay, — KByl (82)
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Multiplying (3.2) by P; from the right sides, using the fact that ¢(Bi2), ¢(A11B12) €

Arz. yields (pa,, 1B, —ta,, —Hpy,)Pr=0and py g, —ta,, —Hp, =0. Since
Bis € Ao, it follows from Lemma 3.1(2) that

¢(B12) = ¢(I)Br2 = B124(1). (3.3)
Since A1 B2 € Aqo,
¢(A11B12) = (1) A11 Bra = A B12¢(I) = A11¢(Bi2), (34)
Combining it with (3.2), we have that m@(Ay, Bia) = me (A )Bia. Since m # 0,
¢(A11)Bi2 = Au1 B12¢(I) = ¢(A11B12) = Au1d(B1z) = ¢(I) A1 Bia.  (3.5)
(2) By (2.1),

(m+n+k+1)¢(A12Baa + BasA12) = me(A12)Baa + nAi2¢(Baz)
+m@(Baz)A12 + nBaap(Ar2) + k(1) A12Bas + k(1) Baa Ara
+1A12Bo2¢(I) 4+ 1B A120(I) + (14,4 Byy — HAry — HByy) s

Using the fact that ¢(Baz2)A12, Baap(A12) € AxpAi12 = 0, yields that

(m +n+k+ l)¢(A12BQQ) = m¢(A12)BQ2 + nA12¢(B22)
+k¢(I)A12Baz + 1A12Bo2d(I) + (11 a,4-Boy — Bar, — HByy)L-

Multiplying (3.6) by Pi from the right side, we have that (p,,,,p,, — #a,, —
Kpy,)Pr=0and piy, 5, — ta,, — Hp,, = 0. It follows from Lemma 3.1(2) that
$(Ar2) = ¢(I) A1z = A12¢(I) and

@(A12Ba2) = A12Basd(I) = ¢(I)A12Baz = ¢(A12)Baa.
Combining it with (3.6), we have that ng(A12Baz) = nA12¢(Ba2). Since n # 0,
¢(A12Ba2) = ¢(A12)Bas = A12¢(B22) = ¢(I)A12Baz = A12B22¢(I). (3.7)

3) Let Byy = PBP*. Then ABj; = PAPBP* € Ajy. It follows from Lemma
3.1(2) that ¢p(AB12) = ¢(I)AB12 = AB12¢(I) = Ap(Bi2). It follows from (1) that

(3.6)

#(AB12) = (PAPPBP*) = ¢(PAP)PBP .

By Lemma 3.1, ¢(PBPt) € A, ¢(PAP) € Ay, ¢(PAPL) € Aja, and
¢(PHAPL) € Agy. Therefore,

#(A)Bia = ¢(A)PBPL = ¢(PAP)PBP++¢(PAP+)PBPL +¢(P+AP+)PBP*
= ¢(PAP)PBP* = $(APBP') = $(AB;2)

It follows that
¢(AB12) = ¢(A)Bia = Ap(Bi2) = ¢(I)AB12 = AB12¢(I) (3.8)

for any A, B € A.
(4) The proof is similar to the proof of (3). O
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Lemma 3.3. For any A, B € A,
(1) (#(AB) — Ap(B))Q1(H) =0, (¢(AB) — ¢(A)B)Q1(H) = 0.
(2) Q2(H)(#(AB) — Ap(B)) =0, Q2(H)(¢(AB) — ¢(A)B) = 0.

Proof: (1) Let T € A, P € £. Tt follows from Lemma 3.2 that

$(AB)PTP+ = $(APBPTPL) = $(A)PBPTP* = ¢(A)BPTP*+

— Ap(PBPTPL) = Ap(BPTP) = Ap(B)PTP* (3.9)

for any A, B € A. So that (¢(AB) — A¢(B))PTP*+ = 0 and (¢(AB) —
#(A)B)PTP+ = 0. Tt follows that
(¢(AB) — Ap(B))Q1(H) =0, (¢(AB) — ¢(A)B)Q1(H) = 0. (3.10)
(2) Similarly, for any T'€ A, P € L,
PTPT¢(AB) = ¢(PTP-AB) = (PTPLAP'B) = PTPLAPL$(B)

= PTP-A¢(B) = ¢(PTP+A)B = PTP+¢$(A)B. (3.11)

Thus PTP*(¢(AB) — A¢(B)) = 0 and PTP*(¢(AB) — ¢(A)B) = 0. Thus
Q2(H)(¢(AB) — Ap(B)) =0, Q2(H)(¢(AB) — ¢(A)B) =0. (3.12)
O

Lemma 3.4. If Q1(H) V Q2(H) = I, then ¢ is a centralizer, that is, $p(A) =
Ad(I) = ¢(I)A for any A € A.

Proof: Let Q1 = Q1(H), Q2 = Q2(H) for simplicity. By lemma 3.2(3), for any
Ace A, TeA Pel,

H(APTPL) = (1) APTPL = ¢(A)PTPL = APTPL¢(I) = Ap(I)PTP+.

It follows that ¢(I)AQ1 = ¢(A)Q1 = Ap(I)Q1. Since Q1 € A is an idempotent, we
have that A¢(1)Q1 = AQ1¢(I) and ¢(I1)AQ1 = AQ1¢(I). Tt follows from Lemma
2.2 that ¢(AQ1) = ¢(1)AQ1 = AQ1¢(I) for any A € A. And
P(Q1AQ1) = ¢(I)Q1AQ1 = Q1AQ16(I). (3.13)

If Q1 (H) v Qa(H) = I, then Q{ Q> = Q- and

Q1 (9(AB) — ¢(A)B) = Q1 Q2(4(AB) — ¢(A)B) =0
and

Q1 (0(AB) — A¢(B)) = Q1 Qa2($(AB) — A(¢(B))) = 0
for any A, B € A. In particular, Qi ¢(A) = Q1 ¢(Al) = Q1 A¢(I), Qi p(A)

Qi o(NA = ¢(I)Q1 A, so Q1 Ap(I) = ¢(I)Qi A. By Lemma 2.2, ¢(Q1 4)
Qi A¢(I) = ¢(1)Qi A and

$(Q1 AQ1) = QT AQ1o(I) = o(1)Q1 AQy - (3.14)
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Since Q1 AQT = Q1 —(Q1—Q1AQ7) is the difference of two idempotents, it follows
from Lemma 2.3 that

(Q1AQ1) = Q1AQT (1) = H(1)Q1AQy - (3.15)
By (3.13), (3.14) and (3.15),

P(A) = d(Q1AQ1 + Q1AQT + QT AQT)
= ¢(Q1AQ1) + ¢(Q1AQT) + d(QT AQT)
= Q1AQ10(I) + Q1 AQT o(I) + QT AQT ¢(I)
= ¢(1)Q1AQ1 + ¢(1)Q1AQT + ¢(I)QT AQT
= Ag(I) = ¢(I)A.

d

Lemma 3.5. Let A; be a von Neumann algebra and ¢ : A1 — A1 a continuous
mapping such that

(m+n+k+1)p(A%) — (me(A)A+ nAp(A) + ko(1)A* + 1A%¢(1)) € FI

for any A € Aq,where m,n, k,l >0 with mn # 0. Then ¢ is a centralizer, that is,
O(A) = o(I)A = Ad(I) for any A € A;.

Proof: Since a von Neumann algebra is the norm-closure of the subalgebra gener-
ated by the idempotents in it, the result follows from lemma 2.3. O

Proof of Theorem 3.1 By Proposition 3.1(1), we have that A = QAQ &
Q+AQ*. Let ¢y, ¢, be the restriction of ¢ on QAQ, Q-AQ* respectively. By
Lemma 2.5, we have that ¢#(QAQ) = Qo(QAQ)Q and #(QLAQ) =
Qro(QAQH)Q*L. So that ¢, is an additive mapping from QAQ to itself, and
¢, is an additive mapping from Q+AQ* to QL AQL. Since QA?Q = QAQQAQ
and Q- A2Q+ = QTAQTQAQ™L, ¢y, ¢, both satisfy the equality: (m +n + k +
D6,(A2) — (s, (A)Ai Ay (A7) + ki, () A2 +1426,(1,)) € FI(i = 1,2) for any
A € QAQ and Ay € QLAQT, where I} = @ is the identity element of QAQ and
I, = Q* is the identity element of Q- AQ". Since

QAQ = {T € QNQ : (Q — QP)TQP =0 for any P € £} = QNQ N Alg(QXL),

we have that QAQ is a CSL subalgebra of the von Neumann algebra QNQ@. For
any P e £, Ac A and x € H, we have that QAQ+ = 0 and

PAPYtz = QPAP 2z = PQAP' 2z = PQA(Q — QP)x = QPA(Q — QP)z.

Since
Qi(H) =span {PAPtz: PeL, AcA, z€H}

and
Qu(QH) =spam {QPA(Q — QP)z: PcL, AcA, z€H},



THE CHARACTERIZATION OF GENERALIZED JORDAN CENTRALIZERS ON ALGEBRAS 237

we have that Q1(H) = Q1(QH) and Q2(H) = Q2(QH). Tt follows that Q1(QH) V
Q2(QH) = Q is the identity element of QAQ. All the conditions for Lemma 3.4
are satisfied, so we have that ¢, is a centralizer on QAQ.

Since ¢, is a continuous mapping on the von Neumann algebra Q+AQ* such
that (m+n+k+1)¢y(A%)— (mdy(A)A+nAdy(A) + key(12)A* +1A%¢y(I2)) € FI
for any A € QTAQ™*, ¢, is a centralizer by Lemma 3.5. It follows that ¢ is a
centralizer, that is, ¢(A4) = ¢(I)A = A¢(I) for any A € A. O

Theorem 3.2. Let N be a von Neumann algebra on a Hilbert space H, and L be
a CSL, whose projections are contained in N. And let A = NN AlgL be the CSL
subalgebra of the von Neumann algebra N. If ¢ is an additive mapping on A such
that

(m+n+k+1)p(A?) = mo(A) A+ nAp(A) + ko(I)A% + 1A%¢(I)

for any A € A, where m,n,k,l > 0 with mn # 0, then ¢ is a centralizer. That is,
P(A) = p(I)A = Ap(I) for any A € A.

In order to prove Theorem 3.2, we need a Lemma.

Lemma 3.6. Let A be a unital C*-algebra with the unity element I. If ¢ : A — A
is an additive mapping on A such that (m+n+k+1)p(A?) = me(A)A+nAp(A)+
ko(I1)A% + 1A%¢(I) for any A € A, where m,n,k,1 > 0 with mn # 0, then ¢ is a
centralizer. That is, $(A) = ¢(I)A = Ad(I) for any A € A.

Proof: By the condition of the Lemma,
(m+n+k+1)p(A%) = mo(A) A+ nAd(A) + k(1) A + 1A2¢(I) (3.16)
for any A € A. Putting A+ I for A in (3.16), we have that
(m+n+ 2k + 20)p(A) = (m + 2k)p(I) A + (n + 21) Ap(I). (3.17)
By (3.16),

(m+n-+k-+1)(m+n+2k+20)p(A?)
=m(m+n+ 2k + 21)p(A)A + nA(m + n+ 2k + 21)p(A) (3.18)
+k(m +n+ 2k + 20)p(I1)A% + 1(m + n + 2k + 21) A%¢(I).

By (3.17) and (3.18),

(m—+n+k+1)(m+n+2k+20)p(A?)
= m((m+2k)p(I) A+ (n+21)Ap(I)) A+nA((m+2k)d(1) A+ (n+20) A¢(I))
+k(m +n+ 2k 4+ 20)¢(1)A? 4+ L(m + n + 2k + 21) A%$(1)
= (k(m+n+k+1)+m(m+2k))d(I)A% + (I(m + n + 2k + 21)
+n(n+ 20))A%¢(I) + (m(n + 21) + n(m + 2k)) Ap(I) A.
(3.19)
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On the other hand, putting A2 for A in (3.17), we have that

(m+n—+k—+10)(m+n+2k+20)p(A?)

— (m -+ k+D)(m+ 2k)6(1) A + (m+ 0+ k + (0 + 20 42(1). 320

Comparing (3.19) with (3.20), we have that (mn + ml + nk)p(I) A2 + (mn + ml +
nk)A%2¢(I) = 2(mn+ml+nk)Ap(I)A. Since (mn+mli+nk) # 0, p(I)A%+A2¢p(I) =
2Ap(I)A, that is, [[¢(]), A], A] = 0. Then we have that ¢(I)A = Ap(I).

Indeed, let A(A) = [p(I),A] (A € A), where [A,B] = AB — BA is the
commutator. Then A is an inner derivation on A, and [A(A), A] = 0 for any
A € A. In particular, [A(A + B),A + B] = 0 for any A,B € A. Tt follows
that [A(A),B] + [A(B),A] = 0. In the identity, putting ¢(I) for B, we get
that [A(A),¢(I)] = 0, that is, A%2(A) = 0 for any A € A. For any A, B € A,
A%(AB) = A?(A)B+2A(A)A(B) + AA%(B) and A?(AB) = A%(A) = A*(B) = 0.
So we have that A(A)A(B) = 0 for any A, B € A. Thus A(A)A(DA) = 0 for
any D € A, that is, A(A)A(D)A + A(A)DA(A) = 0. So that A(A)DA(A) = 0.
Since D is arbitrary, we have that A(A)AA(A) = 0. By the truth that every unital
C*-algebra is a semi-prime ring, we have that A = 0, that is, ¢(I)A = A¢p(I) for
any A € A. By (3.17), ¢p(A) = ¢p(I)A = Ap(I) for any A € A. O

Proof of Theorem 3.2 By Propositon 3.1(1), A = QAQ®QTAQ" . Let ¢y, ¢
be the restrictions of ¢ on QAQ, Q+AQ™ respectively. By Lemma 2.5, ¢(QAQ) =
QI(QAQ)Q and ¢(QLAQY) = QHo(Q+AQH)Q*. So ¢, is an additive mapping
from QAQ to QAQ, and ¢, is an additive mapping from Q+AQ* to Q+AQ™ .
Since QA%2Q = QAQQAQ and Q+A%2Q+ = QTAQ+Q+AQ*, ¢, ¢, both satisfy
the equality: (m+n+k-+1)p,(A?) = me,;(A;)Ai+nA;p; (A;)+ke; (1) A2 +1A2¢,;(1;)
for any A; € QAQ and Ay € QAQ™*, where I} = Q is the identity element of
QAQ and I, = Q' is the identity element of Q- AQ". Similar to the proof of
Theorem 3.1, ¢, is a centralizer on QAQ.

Since ¢, is an additive mapping on the von Neumann algebra Q+AQ* such
that (m +n + k + )¢y (A%) = moy(A)A + nApy(A) + ko (I2)A? + 1A%¢py(15) for
any A € QL AQ™, it follows from Lemma 3.6 that ¢, is a centralizer. Therefore, ¢
is a centralizer, that is, ¢(A) = ¢(I)A = A¢(I) for any A € A. O

Corollary 3.1. Let N be a von Neumann algebra on a Hilbert space H, and L
be a CSL, whose projections are contained in N, and A = NN AlgL be the CSL
subalgebra of the von Neumann algebra N. If ¢ : A — A is an additive mapping on
A such that

(m -+ n)$(A%) = mo(A)A + nAG(4)

for any A € A, where m,n > 0, then ¢ is a centralizer. That is, ¢(A) = ¢(I)A =
A¢(I) for any A € A.

The following theorems characterize the generalized Jordan centralizer. Zhang
etc. ([22]) have proved them for the nest algebra. They are also true for the CSL
subalgebra of a von Neumann algebra.
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Theorem 3.3. Let N be a von Neumann algebra on a Hilbert space H, and L
be a CSL, whose projections are contained in N, and A = NN AlgL be the CSL
subalgebra of the von Neumann algebra N. If ¢ : A — A is an additive mapping A
such that

(m+ )o(APH) = mo(A) AP + nAPG(A)

for any A € A, where m,n >0, p € Z%, then ¢ is a centralizer. That is, p(A) =
d(I)A = Ap(I) for any A € A.

Theorem 3.4. Let N be a von Neumann algebra on a Hilbert space H, and L
be a CSL, whose projections are contained in N, and A = NN AlgL be the CSL
subalgebra of the von Neumann algebra N. If ¢ : A — A is an additive mapping
such that

G(A™FHL) = Am(A) A"

for any A € A, where m,n are two positive integers, then ¢ is a centralizer. That

s, p(A) = ¢(I)A = Ap(I) for any A € A.
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