Bol. Soc. Paran. Mat. (3s.) v. 86 2 (2018): 33-55.
©SPM -ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.v36i2.30581

Existence of Entropy solutions for some nonlinear elliptic problems
involving variable exponent and measure data

Taghi Ahmedatt, Elhoussine Azroul, Hassane Hjiaj and Abdelfattah Touzani

ABSTRACT: In this paper, we examine the existence of entropy solutions for some
nonlinear p(z)—elliptic equation of the type:

Au —div ¢(u) + H(z,u, Vu) =

where A is an operator of Leray-Lions type acting from Wol’p(z)(ﬂ) into its dual.
The strongly nonlinear term H is assumed only to satisfy some nonstandard growth
condition with respect to |Vu|. We assume that ¢(-) € C°(IR, RY) and u belongs
to ME(Q).
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1. Introduction

Let 2 be a bounded open subset of IRY, (N > 2). Boccardo has studied in [13]
the existence of entropy solutions for the problem:

—div a(z,u, Vu) = f —div ¢(u) in £, (1.1)
u=0 on 09, ’

where f € LY Q) and ¢(-) € (C°(IR, RY), no growth hypothesis is assumed on
2 hence the term div ¢(u) may be meaningless, even as a distribution for u €
"(Q), r > 1. He proved the existences of solutions Ty (u) € Wy **(€) such that

ueWO’q(Q) f0r1§q<p:%.
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Boccardo, Giachetti, Diaz and Murat have studied in [14] the following nonlinear
elliptic problem

—div a(x,u, Vu) — div ¢(u) + g(x,u) = f in Q, (1.2)

u=0 on 0%, '
where g(z,-) satisfying some growth and sign conditions and f € WLy (). they
proved the existence of renormalized solutions and some regularity results, (see
also. [6,12,16]).
Aharouch and Bennouna [3] have studied the quasilinear unilateral problems of
the type:

—div (a(z,Vu)) = f in €,
{ u=0 on 0%, (1.3)

where f € L'(2). They have proved the existence and uniqueness of solutions in the
framework of Orlicz spaces WLy (Q2) without any restriction on the N —function
M of the Orlicz spaces, (see also [10,11]).

In [20], Porretta has proved the existence of solutions for the strongly nonlinear
elliptic problem:

{ —div a(x,u, Vu) + H(z,u,Vu) = p in (1.4)

u=0 on 09,

with H(x,u, Vu) satisfying some growth condition without any sign condition, and
the data p is a nonnegative bounded Radon measure on 2.

Recently, variable exponent Sobolev spaces have attracted an increasing atten-
tion of many researchers, the impulse for this mainly comes from their applications
in various fields, as in image processing (underline the borders and eliminate the
noise) and electro-rheological fluids (see for example: [15,21]). In [9], Bendahmane
and Wittbold have proved the existence and uniqueness of a renormalized solution
to the nonlinear elliptic equation:

—div (|Vu|p(m)72Vu) =f in Q (1.5)
u=0 on 09, '

where the right-hand side f € L'(Q), the exponent p(-) : Q + (1,+00) is contin-
uous. Sanchén and Urbano have studied in [22] the quasilinear elliptic problem:

—div(a(z,Vu)) = f in €,
u =20 on 09,

with f € LY(Q). They have proved the existence and uniqueness of renormalized
solution. Moreover, they have shown some regularity results. For other interesting
existence and regularity results, we refer to [1,2,4].

In this paper, we consider the strongly nonlinear p(x)—elliptic problem:

Au —div ¢(u) + H(z,u,Vu) = f —div F in  Q, (1.6)
u=0 on 0%, '
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where ¢(-) € (C°( IR))Y, the right-hand side is assumed to satisfy f € L'(Q) and
F e (LPO()N.

This paper is organized as follows: We introduce in the section 2 some assump-
tions on a(xz,s,§) and H(z,s,&) and some important lemmas useful to prove
our main result. The section 3 will be devoted to show the existence of entropy
solutions for our problem (1.6). In the section 4, we prove that entropy solutions
are also renormalized solutions, and we give an example.

2. Essential assumptions and some technical Lemmas

Let ©Q be a bounded open subset of IRY (N > 2), we say that a real-valued
continuous function p(.) is log-Holder continuous in € if

C — 1
p(z) —ply)| £ —m Ve,y € Q such that |z —y|< =,
ple) )| € o 7~y <5
with possible different constant C. We denote

C4 () = {log-Hélder continuous function p(-) : Q — IR such that

1<p- <py <N},
where
p— = min{p(z) /x € Q} and p+ = max{p(z) /x € Q}.

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions u : 2 — IR for which the convex modular:

Pp(a) (W) = /Q ufP™) da

is finite, then

defines a norm in LP() () called the Luxemburg norm. The space (L) (), ||| 5(.))
is a separable and reflexive Banach space, and its dual space is isomorphic to

/ 1 1
LP()(Q) where — + —— = 1. The generalized Holder type inequality:
p(z)  p'(x)
[ dal < =+ ol o] 2.)
wo dz| < (— + —)||ullpey 1Vl ey )
0 p— () p(OIYIp’ ()

for all u € LPO)(Q) and v € L' () (Q).
The Sobolev space with variable exponent WP()(Q) is defined by:

WPO(Q) = {u e LPO(Q) and |Vu| € LPO(Q)},
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which is a Banach space equipped with the following norm:
lull1,pey = lullpey + 1Vullpe-

The space (W1PO)(Q), || +||1,() is a separable and reflexive Banach space. We de-

fine Wol’p(z) (Q) as the closure of €5°(R2) in WP()(Q). For more details on variable
exponent Lebesgue and Sobolev spaces, we refer the reader to [5,9] and [17].

Remark 2.1. Recall that the definition of these spaces requires only the measura-
bility of p(+), while the Poincaré and the Sobolev-Poincaré inequality are proved for
p(+) log-Hélder continuous, (see [17,19]).

Let p(-) € C(€)). We consider a Leray-Lions operator A from W, 7" () into
its dual W—12'()(Q), defined by the formula

Au = —div a(z, u, Vu), (2.2)

where a : Q x IR x RN + IR is a Carathéodory function satisfying the following
conditions:
la(@, 5,€)] < B (K () + [s|P) 7 4 [¢[P=) ), (2.3)
G(ZC, Sag) : 6 > a|€|p(z), (24)
(a(2,5,6) —a(2,5,9) - (€ =) >0 forall €£E in RY,  (2.5)
for a.e. z € Qand all (s,¢) € R x IRY, where K (z) is a nonnegative function lying
in LF')(Q) and a, 8 > 0.
The nonlinear term H (x, s, ) is Carathéodory function which satisfies:

[H (@, 5,8)| < folw) +b(|s|)|€["), (2.6)
with b(-) : IR — IR is a continuous positive function that belongs to L!(IR) N
L*(IR), while fo(-) € LY(Q).
The aim of this paper is to study the existence of solutions for the strongly nonlinear
p(x)—elliptic problem:

{ Au — div ¢(u) + H(z,u,Vu) = f —div F in

u= 0 on 012, (2.7)

where f € L'(Q) , ¢(-) € C°(R, RY) and F e (LP' () (Q))V.

In order to prove our main result, we will require the following lemmas :

Lemma 2.2. (see [7]). Let g€ LPV(Q) and g, € LPO)(Q) with ||gy]|,) < C for
1< p(x) < 0.

If gn — g a.e. in S, then g, — g in LPO)(Q).

Lemma 2.3. (see [25]). Let Q be a bounded open subset of RN (N > 1). If
u € (Wol’p(z)(ﬂ))N, then

div udx = 0.
Q



EXISTENCE OF ENTROPY SOLUTIONS FOR SOME NONLINEAR ... 37

Lemma 2.4. (see [5]) Assuming that (2.3) — (2.5) hold and let (up)nen be a
sequence in Wol’p(x)(ﬂ) such that u, — u in W, " z)(Q) and

/Q(a(:c,un, Vuy,) — a(z, up, Vu)) - (Vu, — Vu) de — 0, (2.8)

then u, — u in Wol’p(z)(ﬂ) for a subsequence.

3. Main results

Definition 3.1. A function u is called an entropy solution of the strongly non-
linear p(z)-elliptic problem (2.6) if u € ‘J'é’p(z)(Q), H(z,u,Vu) € L'(Q) and

/ a(x,u, Vu) - VI (u —v) dx + / o(u) - VIp(u —v) d
Q Q
+ | H(z,u, Vu)Tip(u—v) de < [ fTi(u—0) dx—i—/ F-VTi(u—v) dz,
Q Q Q
(3.1)
for every v € Wol’p(z)(ﬂ) N L>®(Q).

Theorem 3.2. Assuming that (2.3) — (2.6) hold, let f € L'(Q) and ¢(-) €
C°(IR,IRN), then the problem (2.7) has at least one entropy solution.

3.1. Proof of Theorem 3.2

Step 1: Approximate problems Let (f,)nen be a sequence of smooth functions
such that f,, — f in L1(Q2) and |f,| < |f|. We consider the approximate problem

{ Au,, — div ¢, (up) + Hy (2, up, Vuy,) = f, —div F

s 3.2
un € Wy P(), (3:2)

with ¢,,(s) = ¢(T(s)) and H,(x,s,&) = Th(H(z, s,§)), In view of [5] there exists
at least one weak solution u,, € Wol’p(m)(ﬂ) of the problem (3.2).

Step 2: A priori estimates Let n be large enough (n > k), we define

B(s) = 2 /0S b(|7]) dr.

«

Note that, since the function b(-) is integrable on IR, then 0 < B(oo) =

2 [T
— / b(|t|)dt is a finite real number and since b(-) € L>(IR), then Ty (u, )eP 1) €
@ Jo

Wy P ().
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Taking T}, (uy)e? () as a test function in (3.2), we obtain
/ a(Z, Un, Vi) - VT (up)eP 14D dg (3.3)
Q

2
Q

+ /Q b, (Un) - V(Th(un)eBUen Dy da + /Q Hy (2, tg, Vg ) T (g ) eB0n D) da:
- / FoT(n)eB0n)
Q
+/QF V(T (up ) By da. (3.4)
Using (2.6), we have
/QHn(:C,un,Vun)Tk(un)eB(|“"'|) dz < keB(>0) /Q | fo(x)| dx
19 P ) T 0D

and using of Young’s inequality, we have

/QF V(T (un)ePU Dy de = [ F-VTi(up)eBUeD dz

Jr/‘tF'Vunb(|un|)|Tk(un)|eB(|un) da
Q
S Cl/ |F|p,(z)eB(‘un|) dl'
Q ’

+Co [ |FIP @b(|unl) [Tk ()| eBunD daz
+5 [ VT PO B0 g

Q
+ Jo [VunP@b(|un) [Ti(un)| eB0en D) da.

Therefore, thanks to (2.4) we obtain
a/ |VTk(un)|p(I)eB(|“"‘)dz+2/ [Vin [P@b(|tn]) [Th ()] €Z0nD da:
S Q

+/ O (Un) - V(Tk(un)eB(‘“"
Q

+02/ B @b((un]) [T ()] Bl d$+%/ VT 1) [P Bl g
Q Q

) da <keP (£ + | foll) +Cr [ [FP e d
Q

+2/ [V [P0 ) [T ()| B0 D da,
Q
since eBUunD) > 1 we conclude that

%/ VT () P& d:c+/ by, () - V(Th (e da < kCs. (3.5)
Q Q
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We set
/ 6, (T)B(I7) | Th(7)[eBU™D dr and / ¢, (1)eBUTD
then ®,, (1), U (Th(un)) € (WeP™(Q))N. In view of the Lemma 2.3, we obtain

/ G (un) - V(Tk(un)eB(lunl)) dr = / ¢n(“n)b(|“n|)|Tk(un)|€B(‘un|) -V, dr
Q Q

+/ ¢n(Tk(un>>eB(|Tk(un)|) VT (un) da

Q

Z/div Py, (un) dx+/ div W, (T (uy)) da
Q

Q

(3.6)
Thus, in view of (3.5), we obtain
IV T (un)llyy < / VT (1) |P@®) dx + 1 < kCy,
Q
then )
||ka(Un)Hp(~) < Csk?- forall k>1, (3.7)

with Cs is a constant that does not depend on n and k. According to the Poincaré’s
inequality and (3.7), we have

k meas{un| > k} :/ |Tk(un)|dx§/ (T ()| d
{lun|>k} Q

1 1
< J— _ ’
< (p, + (p,)i)Hal (-)llTk(Un)Hp(-) (3.8)
<2 C (meas(Q) + 1) P~ || VT (un)|lp()
< Cgkr-.

Using the same argument in ([22], Proposition 5.1), we can prove that (uy), is a
Cauchy sequence in measure, then there exists a subsequence still denoted (uy,)p
such that

Uy — u  a.e. in €

3

we conclude that

{Tkwn)wk(u) i W, (Q) (3.9)

Ti(un) — Ti(u) in LPO(Q) and a.e. in Q.

Step 3 : Strong convergence of truncations. In the sequel, we denote by
gi(n), i =1,2,... various real-valued functions of real variables that converge to 0
as n tends to infinity.
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Let h > k > 0 and by := max{b(s) : |s| < k}, we define ¢, (s) = sexp(ys?) with

v = (2£)? it’s clear that

We set,

(3.10)

M = 4k + h, Zn = Up — T (up) + Tp(wn) — Ti(u) and W i= Top(2n).

Taking ¢y (wy,)eBU%) as a test function in (3.2), we obtain

/ a(‘r) Un, vun) . antp;c(wn)eB(Wnl) d,T
Q

2
«

+_/ a(:z:, Un,, vu") ’ vun b(|un|)<Pk(wn)51gn(un)eB(|“”|) dx
Q

+/ On(un) -V (y(wn)e PV dar + / Hy (2,1, Vit )y (wn)e P00 da
Q Q

< /an@k(wn)eB(‘“”l) dx + /Q F - Vg (wy)eBUunD doy

2
2 [ 1BV 19 0] bllunl) log ()] €20 da.
a Jo

(3.11)

Since ¢y, (wy,) has the same sign as u,, on the set {|u,| > k} and using (2.4), we get

2
2 [ et Vua) - T Wual) oyl signa, 20D do
Q

2
> =2 [ e, Tun) - Tunblfunl) [o(on)] 200D do
{lun|<k}

e
+2 |V“n|p(m)b(|un|) lor (wn)] eBunl) gy,
{lun|>k}

Also, using (2.4), (2.6) and Young’s inequality, we obtain

‘/ Hn(x,un7V’un)gpk(wn)eBﬂun‘)d:c
Q

b(|un
S/ a(x, Uy, V) - VUHM|¢k(wn)|eB(\un\) dr
{lun|<k} «

+ / (Ve b([un]) o (wn)] €20 da
{lun|>k}

+/ | fol |<Pk(wn)|€B(|u"|) dx.
Q

(3.12)

(3.13)

(3.14)
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In addition,
2
«

< / a(x, Un, V) - Vuy,
{lun|<k}

1F 9] bl 94 0n)] 200D o
Q
b))

AN B(‘un‘)d
20 | pu(wm)le v
+/ V[P ()] [op(wn)] B0 da
{lun|>k}
+07/ IFIP@ b(Jun )] [ (wn)] B0 da. (3.15)
Q

We have wy, = Ti(un) — Ti(u) on {|u,| <k}, and Vw, =0 on {|u,| > M}.
Thus, using (3.1) — (3.1) we obtain

{un|<k}

+/ a(x, Tpr (un), VT (ur)) - ancpﬁc(wn)eB(‘“"D dx
{k<|un|<M}

b

@ S{Jun|<k}

SeB(OO)/Q (|fn| + |f0|)|90k(wn)|d$+/QF.an¢§c(wn)eB(|un|) du
[ ) Va0
Q

4 [ EP b ueon)] P00 da, (3.16)
Q

a(xaun; Vun) -Vu, |(pk(wn)| eBunl) go

Concerning the second term on the left-hand side of (3.1) and denoting y, =
(, Thr (un), VT (uy,)) we have

/ a(yn) - ango;(wn)eB(lu"l) dx
{k<|un|<M}

a(yn) V(= T (1) + Ti(tn) = T () )y (wn)e P 1) d

/{k<|un|§M}ﬁ{lzn|§2k}

> Pl (2%) / la(yn)| |V T ()| de, (3.17)
{k<|un|<M}

since (|a(z, Tar(tn), VTar(tn))|)n is bounded in LP'()(€2), then there exists 1 €
LP0(Q) such that |a(x, Tas(wn), VTar(un))] — 10 in LP'O)(Q). Therefore,

/ la(z, Tas (un), VT (un))| [V Tk (w)| dz — P |[VTg(u)| dz = 0,
{k<|un|<M} {k<|u|<M}
(3.18)
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as a result,
/ a(z, Tog (tn), VT (un)) - Ven@h (wn)eBU D dz > e (n).  (3.19)
{k<lun|<M}
Then, in view of (3.1), we obtain

{lun|<k}

_4bk

@ J{lun| <k}

< e [ (1fal + 1ol lerlon) i+ [ F - Vi (wn)eB 0 do
Q Q

- / b (1tn) - V (1 (wn )P i
Q

a(‘rEa Un, vun) . Vun |(pk(wn)| eB(lunD dx

+Cr [ R bun)] oulion)] 20D do +ea(n) (3.20
Q
Now, we will study each term on the left-hand side of (3.20).

First estimate :
Denoting y, = (2, Tk (un), VTi(un)), we have

/ a(yn) - (VT (tn) — Vi (1))@ (wn)eP 0D dy
{lunlgk}
- / (alyn) — alz, Ti(un), VTi(w))) - (VTi(un) — VTi(w))h (wn)e? 1V da
Q
+/ (e, Ti(un), VTi(w)) - (VT (1) — VT (1))l (wn)e P10
Q
[ ) VI (e d (3.21)
{lun|>k}
For the second term on the right-hand side of (3.21), we have

’/Qa(z,Tk(un),VTk(u))~(VTk(un)fVTk(u))go;(wn)eB““"') dz

< ¢} (2k)eB ) ., la(z, Ty (un), VT (w)| |VTk(un) — VTi(u)| dz.

Applying the Lebesgue dominated convergence theorem, we have Ty (u,,) — Tk (u)
in LPO(Q), then a(z, Ty (un), VIk(v)) = a(z, Ty(v), VI (u)) in (LP O (Q))N, and
since VT (up) — VTi(u) in (LP)(Q))N, we deduce that
can) = [ e, Ti(un), VT 0)) - (VTi(tn) — VL)) im0 do — 0,
Q
(3.22)
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as n — oo. Concerning the last term on the right-hand side of (3.21), similarly
to (3.18), it is easy to see

e4(n) :/ a(z, Tr(tn), VIk(un)) - VT (w)@), (wn)eBUunD de — 0, (3.23)
{lun|>k}
as n — oo. It follows that
/Q (a(yn) — a(z, T (un), VTk(u))) - (VT(upn) — VTi(u))e) (wn)eB(‘“"D dx

- /{ [<k} a(yn) - (VTk(un) — VTk(w)) @k (wn)eP 14D dz + 5 (n).

(3.24)
Second estimate :

For the second term on the right-hand side of (3.20), we have
4by,

O S un | <k}

e i (alyn) — a(a, T (un), VTk(w)) - (VTi(un) — VT3 (w))| g (wn)[eP04D da

a(yn) - VT (un)|op(wn )B4 D) da

(0%

+4—bk a(x,Tk(un), VTk(u)) . (VTk(un) — VTk(U))|<,0k(wn)|€B(|u"|) dx

@ Ja
4b
= | alun): VT () oy (wn) [P0 da. (3.25)

Similarly to (3.22), we prove that

e6(n) = /Q a(x, T (un), VI () - (VT (un) — VT (w)) ey (wn) |2 D dz — 0.

(3.26)
For the last term on right-hand side of (3.25), the sequence (a(x, Ty (un), VI (tn)))nen
is bounded in (LF'C)(Q))N, then there exists ¢ € (LF'O(Q))N such that
a(z, Ty (un), VT (u,)) — € in (LPO(Q))V, and using the fact that
VTi(u) ok (wn)] = VTi(u) |y (Tor(w— Th(w))| in (L)Y,

and since 0 < k < h, then
e7(n) = / a(x, Ty (un), VI (un)) - VIk(u)| ey (wn)| dz
Q

. /Qg VT () (Ton (1 — T ()] daz = 0. (3.27)

By combining (3.25) — (3.27), we deduce that

4bk (alyn) — a(@, T (un), VIi(w))) - (VTk(wn) — VTi(w))|og(wn)|e? ) dz

a Jo
_ 4by

@ {|un\§k}

a(yn) - Vi (un)l @y, (wn) 1D do + eg(n),
(3.28)
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where y,, = (, T, (un), VTk(u,)). Using the fact eZ(un) > 1, the relations (3.20),
(3.24) and (3.28) allows us to write

| (@lom) = ale Tetua). L) - (VTk(un) = VL) (o) = ")) da

<P [ (1l +1l)lor(onl do+ [ P Vonghlun)e? D do
= | onlun) - V(pplwn)eB D) do
e /Q FI @ b(Junl) |9y (wn)] €205 da + g (n). (3.29)
For the third term of equation (3.29), we have
[ o) V(eulion)e D) do = [ 6,(Tar ) - Vo)1) da
+%/ﬂ¢"(“") - Vg, b(|un|) @k(wn)sign(un)eB(lu"‘) dx. (3.30)

For the first term on the right-hand side of (3.30), since ¢, (Thr(un)) = ¢(Tar(ur))
for n large enough (n > M), then

/Q 60 (Tar(un)) - Vool (wn)eB10D do
- O(Thr (1)) - Vo (w — Th (0) @ (Tan (u — Th(w)))eB1D do (3.31)

as n tend to infinity.
t

Taking ¥4 (t) = / (1) (T = Th(T))X {h<|r|<2k+h} eBUTD dr then Wy (u) € (Wol’p(’)(ﬂ))N.
0
In view of Lemma 2.3, we obtain
S(Tar () - @3, (Ton (u = T (w))) - Vg (u = Tiy(u) )1 d
Q
= [ T ()= Talw) - Va0 d

= / div ¥y (u) dx = 0.
Q

Concerning the second term on the right-hand side of (3.30), we have

o G (Un) - Vg b(|un|)<pk(wn)sign(un)eB(‘“"|) dx
= /Q%(Un) VT (un) b([un]) @4 (T (un) — Ti(w)) sign(un,) eI dz (3.32)

[ ) Vunblfun]) o) 20D
{lun|>k}
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It’s clear that

lim [ ¢, (wn) - VTi(un) b(Jtn]) o (Th(wn) — Th(w)) sign(uy,) e?unD dz =0,

n—oo Q
(3.33)
Concerning the second term of the right-hand side of (3.32), we set

Us(s) = /O S (B[t [@1 (Lo (t =T (t) + T (8) = T (w))) eIV x gy it (3.34)
then Wy(uy,) € (Wy P (Q))N, and in view of Lemma 2.3, we find

/ 6, (1) - Vaunb([tim]) |0 (60n)] €208 dgr = / div Ws(uy)dz = 0. (3.35)
{lun|>Fk} Q

As a result

e10(n) = /Qqﬁn(un) -V (pp(wn)ePUu DY da, (3.36)

Now, since f, — f in L'(Q) and ¢ (w,) — 0 weak—x in L>°(Q) as n and h
tend to infinity, then

(il 1) le(wonl do = 0 and. [ PP bijus]) [ouon)] €200 do 0.

(3.37)
Also, we show (see Appendix) that

/ F - Vwngh(wn)eBlv D de — 0 as n,h— oo (3.38)
Q
By combining (3.29) and (3.36) — (3.38) and letting h tend to infinity, we get

lim [ (a(z, Ti(un), VIk(upn))—a(x, Tk (un), VIi(w))) (VT (un) — VT (u))dz = 0.

n—oo 9]

In view of Lemma 2.4, we deduce that
Ti(un) — Tr(w) i Wy (@), (3.39)
Vu, — Vu a.e. in Q.

Step 4 : The equi-integrability of H,(x,u,,Vu,) In order to pass to the
limit in the approximate problems, we shall show that H,(z,u,, Vu,) tends to
H(x,u, Vu) strongly in L'(2). By using Vitali’s theorem, it suffices to prove that
Hy,(z, un, Vuy,) is uniformly equi-integrable.

By taking T} (un — Th(un))eB0%nD as a test function in (3.2), according to (2.4)
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and (2.6), we obtain

0‘/ |Vun|P(w)eB(\un|) dr
{h<|un|<h+1}

—|—2/ |Vun|p(m)b(|un|)|T1(un — Th(un))leB(\un\) da
+/ G (un) - V(Tl(un — Th(un))eB(\“n\)) dx
< eB(“”/ (fal + 1ol da
{h<|unl}
{h<|unl}

/ F-V(T1(un — Tp(uy))eB0D) da. (3.40)
Q

Taking

¢ ¢

Wa(t) = [ 6,(r)eP D and Wa(t) = [ 0 (DTIT: =T (0 ey
0 0

We have U3 (uy,), Uy(u,) € (Wol’p(m)(ﬂ))N. In view of Lemma 2.3, we have

/ 6u(tn) - V(T (un — T () )eP1")) da
{h<|unl}

{h<|un|<h+1}

2
b [ ) Vbl DT TP do

(0%

B / G (tn) - V1 (un)eP ) d — / by (tn) - VT (u )P0 doz
Q o

+2/ ¢n(un)~V’unb(|’un|)|T1(un7Th(un))|eB(|un|) o

@ J{h<|unl}

:/div W3(Thi1(un)) d:c—/div Us(Th(un)) da (3.41)
Q o

2
+—/ div Wy4(uy,) dz = 0. (3.42)
@ Ja
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Moreover, using Young’s inequality, we have
/ F-V(Ty(un — Th(un))eB(‘“"D) dx
Q

2
:l/‘ l7~Vﬂ%eBﬂ“”)dz—%——j[ F -V b(|wn ) T1 (i, — Th (un))]eB%D da
{h<|un|<h+1} @ J{h<|unl}

< G / |[FIP @Bl dg 4 / | F7 (| ) T3 (11 — T (1)) | P12
{h<|un|<h+1} {h<|unl}

1
+E/ |Vun|p(z)eB(|un\) dr + = |vun|p(l)b(|un|)|T1(un _ Th(un))|63(|unl) dx.
{

2 Jin<lua<h+1} {h<unl}
(3.43)
Thus, we conclude that
1
9/ W%M@m+—/ IVt P@b([n]) da
2 Jih<|un|<h+1} 2 J{nt1<lunl}
<@ [ (fl 41l o+ G (PPl g
{h<|unl} {h<|un|<h+1}
+09/ |FPCb(un )e P da, (3.44)
{h<unl}

with b(-) € L*(IR). Therefore, for any n > 0, there exists h(n) > 0 such that
[ MV de < . (5.45
{h(m)<lunl} 2

For any measurable subset E C €2, we have

[ W DIV i < [ BTy () DIV T ) i

+/ bt )|V, [P da

{h(m)<|unl}

(3.46)
In view of (3.39), there exists A(n) > 0 such that

/E ([T (1)) ¥ T 11 P2 iz <

Finally, by combining (3.45), (3.46) and (3.

S

for meas(F) < A(n). (3.47)

[l )

7), one easily has
/ b(|tn]) |V, [P de < n for meas(F) < A(n). (3.48)
E

Using (2.6), we deduce that (H,(x,un, Vuy,)), is equi-integrable, and in view of
Vitali’s theorem, we conclude that

H,(z,upn, Vu,) — H(z,u,Vu) in LYQ). (3.49)
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Step 5 : Passage to the limit Let v € Wol’p(m)(Q) NL>(Q), by using Ty (u, —v)
as a test function in (3.2), we obtain

/ a(@, Un, V) - VIg(uy —v)de + [ ¢, (un) - VIi(un —v) da
Q Q
+/ Hn(l', Un, vun)Tk(un - ’U) dx = / fnTk(un - ’U) dx
Q Q
+/ F - VT (u, —v) du. (3.50)
Q

Choosing M = k + ||v]|co, then {|u, —v| < k} C {Jun| < M}. For the first term
on the left-hand side of the above relation, we have

/Qa(:zz, Uy V) - VT (uy, —v) doe =
= /Qa(:C,TM(un),VTM(un)) (VTn (un) = VU)X {jup—0|<k} dT
= [ (@€ Tar(a). 9Tas(,)) = e T (), V) - (VTar ) = T0) s, iy
+ /Q a(@, T (un), Vo) - (VT (tn) = VO)X {juy—oj<k} 92, (3.51)
since a(z, Tas(un), Vo) — a2, Tar(u), Vo) in (LP'O(Q))N, then

lim [ a(z, Ta(un), V) - (VT (Un) = VU)X {jup—v)<k} 9T

n—oo O

= /Qa(:r, Ty (w), Vo) - (VT (u) — Vv)x{|u77j|§k} dx,

and according to Fatou’s lemma, we get

n—oo

lim inf/ a(x, Up, Vi) - VI (u, —v) da
Q

> /Q(a(ac, T (u), VT (u) — al@, Tar(u), V) - (VT (1) = VU)X g o<k} T

+ /Q a(z, Tr (w), Vo) - (VTm(u) = VU)X fju_v)<ky 47
- / a(z, Ty (u), VTa (w)) - (VT (u) = VU)X {ju—vj<k} 42

= fa(ac, u, Vu) - VI (u — v) d.

Q
(3.52)

Being Ty (u, — v) = Ti(u — v) weak-x in L>°(2) and thanks to (3.49), we deduce

that

/ Hy(x, upn, Vup )T (uy —v) de — | H(x,u, Vu)T(u —v) dz. (3.53)
Q Q
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Also, since Ty (un, —v) = Tg(u—v) weakly in Wol’p(z)(ﬂ) and ¢, (un) = ¢(Tar(uy))
in {|u, —v| <k} for {n > M}, then

lim (b (Un) - VI (up —v) dz = /qu(u) - VT (u —v) du. (3.54)

n—roo

Concerning the two terms on the right-hand side of (3.50), we have

/anTk(un —v)de — /Qka(u —wv)dz, (3.55)

/ F-VTi(u, —v)dx — / F - VTi(u—v)dz. (3.56)
Q Q

Hence, putting all the terms together, we conclude the proof of Theorem 3.2.

4. Renormalized solutions

In this section, we show that entropy solutions are also renormalized solutions
for our problem.

Definition 4.1. A measurable function u € ‘Tl p(x)(Q) s a renormalized solution

of problem (2.7), if

H(x,u,Vu) € L'(Q) and lim |VulP® dz =0,
h=00 J{h<|u|<h+1}
and
/ a1, V) - (S () oV + S(u)Ve) dm—i—/ (u) - (5 (w)pVu + S(u)Ve) da
/H x,u, Vu)S(u) ¢ de = / fS(u) pdx Jr/ (8" (u)eVu + S(u)Vy) d,

(4.1)
for every function ¢ € Wol’p(')(ﬂ) N L>(Q) and smooth function S(-) € W1 (IR)
with compact support.

Theorem 4.2. Assuming that (2.3) — (2.6) hold, then the entropy solution u €

‘T(l)’p(m)(Q) is also a renormalized solution of the problem (2.7).

Proof of Theorem 4.2 We observe that the entropy solution u in theorem 3.2 satisfies

the requirements that u € TO1 P (z)(Q), and there exists a sequence of weak solutions
(tup)n for approximate problems (3.2), such that T} (u,,) strongly converges to Tj,(u)

in W P")(Q) for any k > 0, and

H,(z,upn, Vu,) — H(z,u,Vu) in L'(Q).
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Thanks to (3.44), we have

«

2 / IV P® da < €5 / (ful + o)) da
{h<|un|<h+1} {h<|unl}

+Cs/ P[P @B gy
{h<lun|<h+1}

+cg/ |FIP @ b(|uy|)ePUun D) da, (4.2)
{h<|unl}

by letting n — oo and in view of Fatou’s lemma, we obtain

(%

. / VuP® de < BC) / (£ + Ifol) dz
{h<|u|<h+1} {h<]ul}

+06/ |7 @) Bl gy
{h<|u|<h+1}

+c7/ |FIP @ b(ju))eP0eD da, (4.3)
{h<|ul}

we conclude that

lim |VulP® da = 0. (4.4)
oo J{h<|ul<h+1}

Let S(-) € W1 (IR) be a function such that supp S(-) € [-M, M] for some
M > 0. For ¢ € C5°(Q), taking S(un)p € Wol’p(m)(Q) as a test function in (3.2),
we obtain

/Q a(z, un, Vuy,) - (S (un)oVu, + S(u,) V) do

+ /Q G (n) - (S (un)eVuy, + S(u,) V) d

+/9Hn(z,un,Vun) S(un) @ de = /an S(uy) ¢ dx

+ /Q F - (S8 (un)pVuy + S(u,) V) d. (4.5)
Concerning the first integral on the left-hand side of (4.5), we have

/Qa(x,un, V) - (S (un)pVuy, + S(un) V) dx

= /Qa(:r, Tt (un), VT (un)) - (S (un) oV Tar (un) + S(un) V) da.

We have a(z,Tar(un), VI (upn)) — alx,Ta(u),VTy(u)) ae. in € and
(a(x, Tar(un), VTar (un)))n is bounded in (LP ) (Q))V, using Lemma 2.2, we get

a(z, Tar(un), Vs (un)) = a(a, Tar(u), VIar(w)) in (LP O(Q)N,
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and since
S (un )V Tas (n) + S () Vo — 8" (w)pVTar(u) + S(u)Ve in  (LPO(Q)N.

Then, we deduce that

A, |, o0 Taolun), PTarlun) (S unp VT n) + Sun) V) b2
= /Qa(x,u, Vu) - (S (uw)eVu + S(u)Ve) dz. -

For the second term on the left-hand side of (4.5), since @,,(un) = (T (un)) €
(LP Q)N in {|u,| < M} for n large enough, then

lim [ ¢, (un) - (S (un)pVu, + S(u,)Vep) dx

= lim O(Tar(un)) - (S"(un) VT (un) + S(un)Ve) dx
=00 J{jun <1} (4.7)
= O(Tar(u)) - (S"(w) VT (u) + S(u) V) dx

[u| <M}
- / ou) - (' (W)pVu + S(u)Vep) de.

Concerning the other terms, we have S(u,) ¢ — S(u) ¢ in Wol’p(m) (©) and weak—sx
in L*°(Q), then

/ H, (2, un, Vuy) S(uy) ¢ de — / H(z,u,Vu) S(u) ¢ dz, (4.8)
Q Q

fn S(up) pde — / f S(u) ¢de, (4.9)
Q Q

and
/QF- (S"(un)Vuy, + S(un)Ve) dv — /QF (S"(u)pVu + S(u)Vep) dz. (4.10)

By combining (4.5) — (4.10), we deduce that

/ a2, 1, V) - (' (W) oV + S(u)Ve) dx—l—/qﬁ ' (w)pVu + S(u) V) da
/H:CuVu ()(pdx—/fS god:E—I—/F (S (w)pVu + S(u) V) dr,
(4.11)

which is (4.1) in definition 4.1. Therefore, u is a renormalized solution to problem
(2.7).

Example 4.3. Let ¢(-) =0 and F =0, we consider the Carathéodory functions

a(z,u, Vu) = |Vu[P @27y, and H(z,u,Vu) = —ef|“‘2|Vu|p(I).
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+oo 5
We have / e " ds = \/m, then the conditions (2.3) — (2.6) are satisfied. In

view of Theorem 3.2, the problem:

: z)— —|ul? T :
{ fdw(|Vu|p( ) Vu)=f+e el 7 P in Q, (4.12)

u =0 on 0,

has at least one entropy solution u € Tol’p(z)(Q) for any f € LY(Q2). Moreover, the
solution u is also a renormalized solution for our problem.

5. Appendix

We will prove that
/ F - Vwn gl (wn)eBD dz — 0 as n,h — oo. (5.1)
Q

we have

lim /F-angofc(wn)eB(‘“"Ddxz/ F N Top (u—T (1))@l (Tor (u—Th (uw)))eB14D da.
Q Q

n—oo

(5.2)
By taking ¢, (Tok (un — Th(u,)))eBU%n) as a test function in (3.2) and in view of
(2.4) and (2.6), we obtain

a/ |Vun|P(z)(p;€(T2k(un _ Th(un)))eB”“"') de
{h<un|<2k+h}

+2 |V POb(|unl) or (Tor(wn — Th(un)))|e? 1) do
{h<lunl}
+/ G (n) - V(01 (Ton(un — Th(un)))ePunD) dz
Q
< eB<oo><pk(2k)/ (ful + |fo]) dz (5.3)

+/ |Vun|P(z)b(|un|) lon (Tok (un, _Th(un)))leB(\un\) d
h<lunl}
+/ F - Vo (Tor(un — Th(un)))eP D do
Q
)
+E/ F - bt (Tor (1 — T (10))) 705D diz
Q

Using the Lemma 2.3, we can prove that

5 G (un) - V (01(Ton (un — Th(un)))eP D) dz = 0,
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and in view of Young’s inequality, we obtain

/ F -V (Tor(un — T(ug)))ePlD do
Q
2
+E/ F -V, b(|[un|) g (Tor (wn — Th(un)))|eB0unD da
Q
<y |F|P'® dg
{h<|un|<2k+h}
+g |VUn|p(m)<p;€(T2k(un — Th(un)))eB(‘“"‘) do
2 J{h<un|<2k+h}
+C5 |F|1’/(I) da
{h<|unl}

+ et} |v“n|p(z)b(|“n|)|90k(T2k(un - Th(un))”eB(‘unl) dr.
h<|wn

As a result

«

2 /{h<|un|<2k+h}

< B, (2K) / (Ul + fol) d + Co / FP® g (54)
{h<|unl} {h<|un|<2k+h}

+C2 [thctunny |F[P®) da.

|V PO (Ton (un = T ()PP de

Moreover, since ¢} (s) > 1 and the modular p,,(-) is weakly (sequentially) lower
semicontinuous (see. Theorem 3.2.9 [17]), we get

«

5/{}1 u|<2k h}|vu|p(m)90;c(T2k(u_Th(u)))eB(‘“D g
<|u|<2k+

<y / I T — T ()P da
Q

< C5lim inf/ |V ok (uy, — Th(un))|p(l) dx
Q

n—o0
< C5liminf |Vun|p(z)g0§€(T2k(un — Th(un)))eB(lu"D dx
N0 JUh< |un|<2k+h}
< Cy lim (/ (1fal + |f0|)dx+/ |FIP'®@ dz + | |F]P'@ dac)
"0 NS {h<|unl} {h<|un|<2k-+h} {h<|un|}
<ci [ afi+inhdss [ B e [ R do).
{h<|ul} {h<|u|<2k+h} {h<]ul}
(5.5)
Hence, by letting h tend to infinity in the previous identity, we find that
limsup/ |Vul|P® @ (T (u — Th(w)))eBID) de = 0.
h—soo J{h<|u|<2k+h}
Thus,
lim | FVTor(u— Ty () (Tor(u — Th(u)))eBUD) da = 0. (5.6)

h— o0 Q

By combining (5.2) and (5.6), we can conclude (5.1).
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