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ABSTRACT: Let k > 1 be an integer and let P =k +2,Q =k and D = k?>+ 4. In
this paper, we derived some algebraic properties of quadratic ideals I, and indefinite
quadratic forms F, for quadratic irrationals ~, and then we determine the set of all
integer solutions of the Diophantine equation F»jl:k(a:7 y) = +Q.
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1. Preliminaries

A real binary quadratic form (or just a form) F is a polynomial in two
variables x and y of the type

F = F(x,y) = ax® + bry + cy?,

where a,b,c € R. We denote F briefly by F' = (a,b,c¢). The discriminant of F
is A = A(F) = b? — 4ac. F is an integral form if and only if a,b,c € Z, and is
indefinite if and only if A > 0.

Gauss defined the group action of GL(2,Z) which is the multiplicative group

of 2 x 2 matrices g = [ " Z ] such that r, s,t,u € Z with det(g) = %1, on the set

t
of forms as

gF(x,y) = F(rz + ty, sz + uy). (1.1)
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If there exists a g €GL(2,Z) such that gF = G, then F and G are called equiv-
alent. If det(g) = 1, then F and G are called properly equivalent and if
det(g) = —1, then F' and G are called improperly equivalent. An element
g €GL(2,Z) is called an automorphism of F if gF = F. If detg = 1, then g
is called a proper automorphism, and if detg = —1, then g is called an im-
proper automorphism of F'. The set of proper automorphisms of F' is denoted
by Aut(F)T, and the set of improper automorphisms is denoted by Aut(F)~. Also
we set Aut(F)* = {g € GL(2,Z) : gF = —F with det(g) = —1}.

The right neighbor R(F) of an integral indefinite form F' = (a,b,c) of dis-
criminant A is the form (A, B, C') determined by A = ¢,b4+B = 0 (mod 24), VA —
2|A| < B < VA and B? — 4AC = A. Tt is clear that

RE) = | "1 | @bo), (1.2)
1 =5
where bt B
6= ) 1.
5 (1.3)
The left neighbor L(F) of F' is defined as
L(F) = xTR(¢,b,a), (1.4)

where 7(F) = (—a,b, —c) and x(F) = (—¢,b,—a) (see [3],[4] and [6]).

Mollin considered the arithmetic of ideals in his book [9]. Let D # 1 be a squ-
arefree integer and let A = 22 where r = 2 if D = 1(mod 4) or 7 = 1 otherwise.
The value A is congruent to either 1 or 0 modulo 4 and is called a fundamental
discriminant with fundamental radicand D. If we set K = Q(v/D), then K is
called a real quadratic number field of discriminant A.

A real number 7 is called a quadratic irrational associated with the radicand

D, if v can be written as v = P+Q‘/B, where P,Q,D € Z, D > 0,Q # 0 and

P? = D(mod Q). We denote the continued fraction expansion of y by v = [mo;
my,ma, - ,7,;], where (for i > 0 and v = v, Py = P, Q¢ = Q) we recursively define
_ P+VD
Yi = P )
P, +vVD D — P?
m; = {—%T\/_J , Pip1 =miQ; — P and Q41 = TZH (1.5)

An infinite simple continued fraction v is called periodic if v = [mg; m1,ma, - -],
where m,, = my4; for all n > k with k,l € N. In this case we use the notation

[mo;mb oy M1 Mgy, M1, 7ml+k71]-

An infinite simple continued fraction v is called purely periodic if v = [mg; my, -

m;—1] with period length [. If v = %ﬁ

[Q, P+ /D] is a quadratic ideal and F.(x,y) = Q(z +~y)(z + 7y) is an indefinite
quadratic form of discriminant A = 4D (see also [10],[13] and [14]).

is a quadratic irrational, then I, =
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2. Quadratics.

Let k € Z* and let D = k*> +4,P = k+2,Q = k. Then y = B2 R g 5
quadratic irrational. So

= [k, k+2+ k2 +4]

is a quadratic ideal and

F, = (k,2k+4,4)
is an indefinite quadratic form of discriminant A = 4D.
2.1. Case 1) Let k£ > 1 be odd.

Then we can give the following results.

Theorem 2.1. If k=1, then

1. the continued fraction expansion of v = 3++/5 is vy = [5; 4] with period length
1.

2. the cycle of I, = [1,3+ /5| is I, = (1,34 /5] ~ I, = [1,2 4 /5] of length
2.

3. the right neighbors of F, = (1,6,4) are
RME) = (4,2,-1), RA(E,) = (~1,4,1), R*(F,) = (1,4, ~1)
and the left neighbors are
LYF,) = (—=1,4,1), L*(F,) = (1,4, -1).

_ -21 4
4. Autt(Fy) = {£(9r, 4gF 2) :t € Z}, where gF774gF7172 = [ 16 3 }

Proof. (1) Let v = 3 4+ /5. Then we easily get

1

7:5+(*2+\/5):5+m.

So v = [5:4].

(2) Let I, = [1,3 + +/5]. Then from (1.5) we get mo = 5 and hence P; = 2,
Qi=1.Fori=1,weget m;=4and P, =2=P; and Q2 =1 = Q1. So the cycle
of I is I,, = [1,3+ V5] ~ I, = [1, 2+ V/5].

(3) For the form F, = (1,6,4), we have Table 1.
So the result is obvious since R*(F,) = R*(F,). For the left neighbors, we have
from (1.4) that

LYF,) = xTR(4,6,1) = x7(1,4,-1) = (—1,4,1)
L*(Fy) = xTR(1,4,—1) = x7(—1,4,1) = (1,4,-1)
L3(F,)) = xTR(=1,4,1) = x7(1,4,-1) = (-1,4,1) = L'(F,).
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i |0 1 2 3 4

A, 1] 4 |11 -1

B;|6| 2 4 4 4

o411 |-1] 1

5, 1| 3] 4 | 4
Table 1

So the left neighbors of F, are L'(F,) = (—1,4,1), L*(F,) = (1,4, -1).

-1
(4) For the matrix { 0 -1 0 -1 ]

1 =6 1 -6
[ —0 1 ] and define gp,, = T(80)T(61) - T(dn—1), where § is defined in (1.3).

] defined in (1.2), we set T'(J) = [

-1 0

Then
72 17

4 -1
9= | g5 g3 | Wdgm2=1 3 |-

Thus g F7,4957112 = { _—2116 ;L } and hence the result is clear from [6, Corollary 9.5].

Theorem 2.2. If k > 3, then

1. the continued fraction expansion of ~y is v = [2; %, 2k, k—;l, 1, 1] with period
length 5.

2. the cycle of 1 is

L, =k k+2+VE2+4 ~ I, =4 k—-2+Vk?+4] ~

L, =Lk+VE2+4]~ 1, =[4k+VE> +4] ~

L, =[kk—24+VEk2+4 ~1, =[k2+VE>+4

of length 6.

3. the right neighbors of F., are
RY(F,) = (4,2k,—1), R*(F,) = (—1,2k,4), R*(F,) = (4,2k — 4, —k),
RY(F)) = (=k,4,k), R°(F,) = (k,2k — 4,—4), R°(F,) = (—4,2k, 1),
RY(Fy) = (1,2k,—4), R¥(F,) = (—4,2k — 4,k), R*(F,) = (k, 4, k),
RY(F,) = (—k,2k — 4,4)

and the left neighbors are

~

YE)) = (—4,2k — 4,k), L*(F,) = (1,2k, —4), L*(F,) = (—4,2k, 1),
LY(F,) = (k,2k — 4,—4), L>(F,)) = (—k,4,k), L°(F,) = (4,2k — 4, —k),
L(F,) = (—1,2k,4), L}(F,) = (4,2k, —1), L°(F,) = (—k, 2k — 4,4),
LY(E,)) = (k, 4, —k).
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_ _ R S
4o Autt(F)) = {£(gr, 1195 ,)" : t € L} for gr, g5, = [ s } , where

R= —kS— kP —5k* —4k3 —6k2 -3k — 1,5 = KA 3" p — _op5_gEs 6,
and U = k% — k* + 43 — 3k + 3k — 1.

Proof. (1) Let v = &t2/k4d VEZ+4  Then we easily get
E4+2+Vk%+4 B 1
k R =

T — ——
. .2
IR EAV/E I

=24

So vy = [2; 554, 2k, B2 1,1].

(2) For the ideal I, = [k, k + 2+ Vk% + 4], we get Table 2:

i ] O 1 2] 3 4 ]5] 6
P [k+2|k—2| k| k [k—2[2]k—2
Qi | k 4 [1[ 14 k_[k| 4
mi | 2 [ BELJ2[EL] 1 |1

So the cycle of I, is I,, = [k, k+2+VkZ+ 4] ~ L, = 4, k—2+VE2+ 4 ~ I, =
LEk+VEE+4) ~ 1, =4 k+VE2+4 ~ I, =k, k—2+Vk2+4] ~ I, =
[k, 2+ VE2 + 4.

(3) For the form F, = (k,2k +4,4), we get Table 3:

i |Ai| Bi | Ci| &
0 | k [2k+4]| 4 | B
1 4 2k -1 | -2k
2 | -1] 2k 4 | 2L
3 4 [26—4|—-k]| -1
4| —k| 4 k|1
5 k |26—4|-4]E
6 | —4] 2k 1| 2k
71 26 | -4 | 5
8 | —4|26—4] k| 1
9 | k 4 | -k| -1
10| —k|2k—4] 4 | 22
11| 4 2k -1

Table 3
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So the result is obvious since R (F,) = R!(F,). For the left neighbors, we get

y)-
XTR(4,2k + 4, k) = (—4,2k — 4, k)

L'(Fy) = xTR(

L*(F,) = xTR(k,2k — 4, —4) = (1,2k, —4)
L3(F,) = xTR(—4,2k,1) = (—4,2k, 1)
LY(F,) = xTR(1,2k, —4) = (k,2k — 4, —4)
LP(F,) = xTR(—4,2k — 4,k) = (—k,4,k)
LY(F,)) = xTR(k,4, k) = (4,2k — 4, —k)
L7(F,) = xTR(—k, 2k — 4,4) = (—1,2k,4)
L3(F,) = x7TR(4,2k, —1) = (4,2k, —1)
L(F,) = xTR(—1, 2k: A) = (=K, 2k — 4,4)
LY(F,) = xTR(4,2k — 4, —k) = (k,4, —k)

LY(F,)) = xTR(—k,4,k) = (—4,2k — 4,k) = L' (F,).

(4) We see as above that R'(F,) = R'(F,). Son =11 and m = 1. Thus
BT+ k% +6k°+5k* 41053 +6k%+4k+1 RS _ k5 5kt — 4k — Gk2 — 3k — 1

= 2

9Fy:11 kS + 5k 6k2 4+ 1 —2k5 — 8k3 — 6k

and = 7% 1 S L R S h R = —k6 _1{35 —
9Fy 1 1 0 | P09F119p T U | Where

BkA —Ak® —6k% —3k — 1,5 = KA 7 _9p5 83 Gk and U = k5 — k' +
4k® — 3k* + 3k — 1. Thus the set of proper automorphisms of F, is Aut™(F,) =
{£(9r, 1197, )" i t € Z}.

2.2. Case 2) Let k > 2 be even.

We can give the following results without giving their proofs since they can be
proved as in the same way that Theorems in Case 1) were proved.

Theorem 2.3. If k = 2, then
1. the continued fraction expansion of v is vy = [3;2] with period length 1.

2. the cycle of I, = [2,4+ /8] is L, =24+ V8] ~ I, =22+ V8] of length
2.

3. the right neighbors of F, = (2,8,4) are
RY(Fy) = (4,0,-2), R*(Fy) = (=2,4,2), R*(F,) = (2,4, -2)
and the left neighbors are
LYF,) = (-2,4,2), L*(F,) = (2,4, -2).
4. Aut™(Fy) = {£(gr, 4g;7112)t :t € Z}, where

_1 -7 2
9Fy49F, 2 = 4 1 |-
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Theorem 2.4. If k =4, then

1.

2.

the continued fraction expansion of v is v = [2;1] with period length 1.

the cycle of I, = [4,6 ++/20] is I,, = [4,6 + v20] ~ I, = [4,2 4 v20] of
length 2.

the right neighbors of F, = (4,12,4) are
Rl(F’Y) = (4,4,-4), RQ(F’Y) =(—4,4,4)
and the left neighbors are

LYF,) = (—4,4,4), L*(F,) = (4,4, —4).

. Autt(Fy) = {:I:(gpwgg;:,l)t :t € Z}, where

1 -3 1
ng?’gle = -1 0 .

Theorem 2.5. If k > 6 is even, then

1.

the continued fraction expansion of v is v = [2; k=27 1] with period length

2
3.

the cycle of 1y is Iy, = [k,k +2 4+ VE2+4] ~ I, = [4,k =2+ VE? +4] ~
L, =k k—24+VE2+4 ~ 1, =[k,2+ VK% +4] of length 4.

the right neighbors of F are

RYF,) = (4,2k — 4, —k), R*(F,) = (—k,4,k),
R3(F,) = (k,2k — 4, —4), RY(F,) = (—4,2k — 4,k),
RY(F,) = (k,4,—k), RS(F,) = (—k,2k — 4,4)

and the left neighbors of F, are

LYF,) = (—4,2k — 4,k), L*(F,) = (k, 2k — 4, —4),
L3(F,) = (—k,4,k), LY(F,) = (4,2k — 4, k),
LP(F,) = (—k, 2k — 4,4), L°(F,) = (k, 4, —k).

. Autt(Fy) = {:I:(gpwjg;wl’l)t :t € Z}, where

[ K—k-1 B
I 19, 1 = ok k-1
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3. Diophantine Equation.

Recall that the equation
? — Dy* = 4n (3.1)

is called a norm—form equation since N(ery\/B) = 22— Dy? is called the norm
of x+1yv/D, where D is any positive non-square integer and n is any fixed integer.
When n = 1, (3.1) is known as the Pell equation after John Pell (1611-1685),
who actually had little to do with its solution. The Pell equation x? — Dy? = +1
has infinitely many integer solutions. (In particular, 22 — Dy? = —1 has infinitely
many solutions when the length of the continued fraction expansion of v/D is odd).
The first non—trivial positive integer solutions (x1,y1) is called the fundamental
solution from which all integer solutions can be derived. Namely, if (z1,y1) is
the fundamental solution of 2 — Dy? = 1, then the other solutions are (x,,y,),
where z, + yo VD = (x1 + ylx/ﬁ)” for n > 1 and if (21,y;) is the fundamental

solution of 2 — Dy? = —1, then the other solutions are (r2,11,¥y2nt1), Where
Toni1 + Yans1VD = (z1 +y1vV/D)** ! for n > 0 (see [1,5,7,8,9,11]).

Let & = [qo;q1,- -+ ,q] for L € N be a finite continued fraction expansion. Define
twosequences A_o =0,A_1 =1, A = qtAp_1+Ax—oand B_o =1,B_1 =0,B; =
qx Bx—1 + Br—o for a nonnegative integer k. Then C} = ’é—z is the k*" convergent

of a for any nonnegative integer k£ < [. Then the fundamental solution is given
below.

Lemma 3.1. [9, Corollary 5.7] If D > 0 is not a perfect square and VD has
continued fraction expansion of period length [, then the fundamental solution of
2?2 — Dy? = 1 is given by (x1,y1) = (Aj_1, Bi_1) if | is even or (Ay_1,Bo_1) if
1 is odd. Ifl is odd, then the fundamental solution of x> — Dy? = —1 is given by
(w1,91) = (Ai—1, Bi—1).

In this section, we try to determine the set of all integer solutions of the Dio-
phantine equation F,fk (x,y) = £Q, that is,

+k _ 7.2 2 _
F(x,y) = ka® + (2k + 4)zy + 4y° = £k (3.2)
Before consider this problem, we need some notations. Let A be a non—square
discriminant. The A—order Oa is defined for non square discriminants A to be
the ring Oa = {2z 4+ ypa : x,y € Z}, where pp = % if A = 0(mod 4) or
N 1+2‘/Z if A = 1(mod 4). So Ox is a subring of Q(v/A). The unit group

O} is defined for nonsquare discriminants A to be the group of units of the ring
Op- Let Oj ; = {a € Oj : N(a) = 1} to be the group of units with norm 1. The

module Mp of a quadratic form F'is the O, —module My = {xa—l—y% tT,Y €
7} € Q(WVA). So we get (u+vpp)(zra + y%) =2'a+ y’%, where

u—4v  av i
., [z v [ 7012) wt by ] if A =0(mod 4)
[ ] = S T ' (3.3)
[z ] [ 7012) w4 Lty if A = 1(mod 4).
2
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Therefore, there is a bijection
U:Q={(z,y): F(z,y) =m} = {y € Mp: N(y) =am}

for solving the equation F'(z,y) = m. The action of O} ; = {a € O7 : N(a) = 1}
on the set (2 is the most interesting when A is a positive non-square since O} ; is
infinite. So the orbit of each solution will then be infinite and hence the set € is
either empty or infinite. Since O} ; can be explicitly determined, 2 is satisfactorily
described by the representation of such a list, called a set of representatives of
the orbits. Let ea be the smallest unit of O, that is grater than 1 and let
7a = ea if N(ea) = 1; or €% if N(ea) = —1. Then every O} ; orbit of integral
solutions of F(z,y) = m contains a solution (x,y) € Z? such that 0 < y < U, where
U= |%|% (1—%) ifam >0or U = |%|% (1+%) if am < 0. So for finding
a set of representatives of the O} ; orbits of F (x,y) = m, we must determine for
which values of y, Ay? + 4am is a perfect square in the range 0 < y < U since
Ay? + 4am = (2az + by)?.

3.1. Case 1) Let k > 1 be odd.

In order to determine 7A, we have to know the simple continued fraction ex-
pansion of v/ D which is given below.

Theorem 3.2. Simple continued fraction expansion of /D is

\/5{ [2;4] for k=1

ey B 1,1, 551 2k]  for k > 3.

Proof. Let k = 1. Then it is easily seen that /5 = [2;4]. Let k > 3. Then we
easily get

1
VE2+4d=k+(VE+4—k)=k+ 57— T

2 1
1+1+ E—1 .

+ 1
2 okt (VE24+4—k)

So VD = [k; B2 1,1, EL 2k

By virtue of Lemma 3.1, we get form Theorem 3.2 that Ag = (kS + 6k* 4+ 9k2 +
2)/2 and By = (k5 T 4k3 4 3k/’)/2 So TA = k0+6k42+9k2+2 + (kd+4]2c3~+3k) k2 + 4
since N(ta) = 1. For the positive Diophantine equation

k .2 2 _
Fi(z,y) = ka” + (2k + 4)zy + 4y~ =k,

we have two cases:

Case 1) Let k = 1. Then the set of representatives is {[£1 0]}, and in this case
[I 0]M™ generates the solutions (zap,yan) for n > 1 and [-1 0]M " generates
the solutions (z2;+1,Y2n+1) for n > 0, where M = [ :136 241 } by (3.3). Thus
we can give the following theorem.
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Theorem 3.3. If k =1, then the set of all integer solutions of FA} s

‘I’(le) = £{(T2n+1, Y2n+1)n>0s (T2n; Y2n)n>11},
where

[®on+1 Yont+1] =[—1 OJM ™" forn >0
[T2n yan] =1[1 OJM™ forn >1,

-3 4
and M = [ _16 21 ]

Case 2) Let k > 3 be an integer. Then we have two cases.
(i) If & is not a perfect square, then the set of representatives is

k3 —2k%* + 3k — 2

{[£1 0,[-k* + k% -2k +1 5 1}
Also
A= | R AR — AR 4 3k2 =3k + 1 KOkt 431>
—2k5 — 8k3 — 6k kS + k5 4+ 5k% + 4k3 + 6k2 + 3k + 1

(3.4)
by (3.3). Here we see that

1. [1 O]M™ generates the solutions (24, yan) for n > 1,

2. [-1 0]M ™ generates the solutions (z4p+1, Yant1) for n >0,

3. [k —Kk2+2k—1 M]M” generates the solutions (4,2, Yan_2)
forn>1,

4. [-k3+ k%2 =2k +1 %]M‘” generates the solutions (Z4n+3, Yan+3)
for n > 0.

Thus we can give the following theorem.

Theorem 3.4. The set of all integer solutions of F,f 1

U(FF) = £{(Tant1, Yan+1)n>05 (Tant3, Yan+3)n>0,

($4n727 y4n72)n21; (1'4717 y4n)n21}a

where

[x4n+1 y4n+1] = [71 O]Mina n=>0
—k3 4+ 2k% —3k+2
2
k3 —2k% + 3k —2
2

[56471,2 y4n72] = [k3 — k2 + 2k —1 ]M", n Z 1

[Tant3 Yants] = [*k?’ + k2 —2k+1
[:C4n y4n] = [1 O]Mn, n > 1
and M is defined in (3.4).

M~ n>0
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(ii) If k£ is a perfect square, then the set of representatives is

e
N

k2 —k k3 —2k? + 3k — 2

{[+1 0],[—k2 5

Here we see that
1. [1 O]JM™ generates the solutions (e, Yen) for n > 1,

2. [=1 0]M ™" generates the solutions (Zg,41, Yen+1) for n > 0,

3 1
3. [k W]M" generates the solutions (Zen,—1,Yen—1) for n > 1,

E 3 1
4. [fk% k2 —k2 1M~ generates the solutions (42, Yeni2) for n >0,

—— [k -2k +1 5 1}

183

5. [k — k% +2k -1 M]M" generates the solutions (Zen—3, Yen—3)

forn >1,

6. [—k*+k*—2k+1 %]M*" generates the solutions (Zen44, Yon+4a)

for n > 0.
Thus we can give the following theorem.

Theorem 3.5. The set of all integer solutions of F,f 18

i} Fk -+ (xﬁn—i-la y6n+1)n205 ($6n+23 y6n+2)n203 (-T6n+4; y6n+4)n203
( 'y) -
(iﬂsn—s, ysn—s)n21, (-T6n—1a y6n—1)n21a (9U6n, ysn)n21

where
[Ton+1 Yont1] = [—1 O]M‘”, n>0
[Tont2 Yonia] = [<k? Q]M", n>0
[Ton—3 Yon—s] = [k* —k* +2k — 1 —k + Qk; —3k+ 2]M", n>1
[Tonta Yonta] = [-K° + K> — 2k +1 - 2k22+ R 2]M7", n=>0
[Ton_1 Yen_1] = [k2 ﬁ]M", n>1

[Ten Yon)] =[1 OJM™, n>1
and M is defined in (3.4).

For the negative Diophantine equation
—k 7.2 2 _
F % (w,y) = ko + (2k + 4)zy + 4y~ = —k,

we have two cases:
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Case 1) Let k£ = 1. Then the set of representatives is {[-5 1],[-1 1]}, and in
this case, [—1 1]M™ generates the solutions (2,41, Y2n+1) for n >0 ([-5 1JM™
generates the solutions (22,1, y2n—1) for n > 1, these solutions are coincide) and
[-1 1]M~™ generates the solutions (z2p, y2n) for n > 1 ([=5 1]M~™ generates the
solutions (zan42,Yant2) for n > 0, these solutions are coincide). Thus we can give
the following theorem.

Theorem 3.6. If k =1, then the set of all integer solutions of F,Y_1 s

U(F; ) = £{(z2n41: Y2n+1)n>0, (T2n; Yo2n )n>11}
where

[Tons1 Yong1] = [-1 1JM™ forn >0
[Ton yon] =[-1 1JM™" forn >1

-3 4
and M = [ _16 21 ]

Case 2) Now let & > 3 be an integer. Then we have two cases.

(i) If k£ is not a perfect square, then the set of representatives is
k2 + k K+ k
2

{[-1 1], [-k*+ k-1 [k —k? =2k -1 1}

Here we see that

1. [=1 1]JM™ generates the solutions (4, yan) for n > 1,

2. [-1 1]M ™ generates the solutions (Z4541, Yan+1) for n >0,

3. [-k*+ k-1 @]M” generates the solutions (24n42,Yant2) for n > 0
[k — K* — 2k — 1 @]M” generates the solutions (x4n—2,Yan—2) for
n > 1, these solutions are coincide),

4. [-k2+k—1 @]M‘” generates the solutions (Z4n—1,Yan—1) for n > 1

(k% — K? — 2k — 1 ’“STH“]M*" generates the solutions (T4y,43,Yanss) for
n > 0, these solutions are coincide).

Thus we can give the following theorem.

Theorem 3.7. If k > 3 is not a perfect square, then the set of all integer solutions
of Fv”c 18
‘I/(Fn;k) = +{(Tan+1, Yan+1)n>0s (Tant2, Yan+2)n>0,

($4n717 y4n71>n21; (1'4717 y4n)n21}a
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where
[Tant1 Yang1] =[-1 1M, n>0
k* + k
[Can+2 Yanio) = [k +k—1 5 IM™, n>0
k* + k
[1'47171 y4n71] = [*k2 + k-1 B ]M_n, n > 1
[Tan Yan] = [-1 1M", n>1

and M is defined in (3.4).

(ii) If k£ is a perfect square, then the set of representatives is

(S
(S

k2 +k B+ k
2

E+k
.

{[-1 1],[—k?2 I [—k2+k—1 L[k — k2 —2k—1

Here we see that

1. [-1 1]M™ generates the solutions (zgn, yen) for n > 1,

2. [-1 1]M ™ generates the solutions (gn41, Yen+1) for n > 0,

wleo
vl

3. [—kz k '2"]“ J]M™ generates the solutions (Zen42, Yenr2) for n >0,

W=

3
4. [~k ’”'QH“ |M~" generates the solutions (z6,_1,Y6n_1) for n > 1,
5. [k +k—1 @]M" generates the solutions (zen+3,Ysnts) for n > 0

(k% — k2 — 2k — 1 @]M” generates the solutions (ze,_3,Yen_3) for
n > 1, these solutions are coincide),

6. [k +k—1 @]M‘” generates the solutions (2en—2,Yen—2) for n > 1

(k% — K? — 2k — 1 ’“STH“]M*" generates the solutions (7gn14,Y6nia) for
n > 0, these solutions are coincide).

Thus we can give the following theorem.
Theorem 3.8. If k > 3 is a perfect square, then the set of all integer solutions of

Fv 8

\II(F”“) -+ (z6n+17y6n+1)n207(x6n+2ay6n+2)n205 (966n+3,y6n+3)n20,
(2766n72, y6n—2)n21, (1'671717 yanl)nZM (SCGn, y6n>n21 ’
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where
[Ton+1 Yon+1] = [—1 1]Mf", n>0
[Ton+2 Yont2] = [—k:% @]M", n>0
[Tnt3 Yents] = [-k*+k—1 k3;k]M"a n =0
[Ton—2 Yon—2] = [-k>+k—1 k3;k]M_", n>1
[Z6n—1 Yon-1) = [—k* M]M", n>1
[Ten Yen] =[-1 1M", n =1,

and M is defined in (3.4).

3.2. Case 2) Let k > 2 be even.

As in Case 1), we can give the following results without giving their proofs.
Theorem 3.9. Let k > 2 be an even integer. Then /D = [k; %, 2k].

From Theorem 3.9, we get Ay = (k% +2)/2 and By = k/2. So A = @ +
%\/ k2 + 4. For the positive Diophantine equation

k _ 2 2 _
Fi(z,y) = ka® + (2k + 4)zy + 4y~ =k,

we have two cases:
Case 1) Let k = 2. Then the set of representatives is {[£1 0]}, and in this case

[ 0]M™ generates the solutions (x2,—1,Yy2n—1) forn > 1 and [-1 0]M ™ generates
the solutions (22,42, Y2n+2) for n > 0, where M = [ :le 3 ] Thus we can give

the following theorem.

Theorem 3.10. If k = 2, then the set of all integer solutions of F3 s

‘I’(F,?) = +{(z2n+2, Y2n+2)n>0, (T2n—1,Y2n—1)n>1},
where

[®on—1 Yon—1] =1[1 OJM™ forn >1,
[Zont+2 Yonto] =[—1 OJM ™" forn >0,
-1 2
and M = [ 47 }

Remark 3.11. For k = 2, we can also deduce the set of all integer solutions of
EZ in terms of balancing numbers (see [2] and [12]) as follows: It can be proved by
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induction on n that the n** power of M = [ :i i } 18

M — [ —Cp, 2B, ]

*4Bn Cn+1

forn > 1, where B, is the n'" balancing number and c,, is the n'™ Lucas—balancing
number. Therefore, [xon—1 Yon-1] = [—cn 2By] for n > 1 and [rant2 Yonto] =
[—cnt1 2By for n > 0. Consequently,

\II(F’)%) - i{(*CnJrlv 2Bn)n20; (7071; 2Bn)n21}

Case 2) Let k& > 2 be an integer. Then we have two cases.
(i) If & is not a perfect square, then the set of representatives is

k—2

{£1 01—k ==},
Also )
1—k L
M = 2 . .
-2k K +k+1 (3.5)

Here we see that

1. [1 O]M™ generates the solutions (x4yn—1,Yan—1) for n > 1,

2. [-1 0]M ™ generates the solutions (z4pn+2, Yant2) for n >0,

3. [k—1 Z25E]M™ generates the solutions (z4,—3, Yan—3) for n > 1,
4. [1—k %]M’” generates the solutions (2444, Yanta) for n > 0.

Thus we can give the following theorem.

Theorem 3.12. The set of all integer solutions of F,f 18

‘I/(F,f) = +{(zan+2, Yan+2)n>05 (Tant4, Yan+4)n>0, (Tan—1, Yan—1)n>1, (Tan—3, Yan—3)n>11},
where

[Tan—1 Yan—1]=[1 OJM", n>1

[Tant2 Ytng2] =[-1 OIM™", n>0
2—k

[Tan—3 Yan-3] = [k —1 T]M", n>1
k—2

[Tansa Yanga] = [1 -k T]M*", n>0

and M is defined in (3.5).
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(ii) If k£ is a perfect square, then the set of representatives is

k2 k—2
{[=1 0],[0 7],[1—k T]}'

Here we see that

1. [1 OJM™ generates the solutions (2en—3, Yen—3) for n > 1,

2. [-1 0]M ™ generates the solutions (zgn+2, Yent2) for n >0,

o
W=

3. [0 JM™ generates the solutions (z¢n—1,Yen—1) for n > 1,

¥l

wl=

4. [0 — EZ]M " generates the solutions (2en, yen) for n > 1,

5. [k—1 25E]M™ generates the solutions (zg,—5, Yen—5) for n > 1,
6. [1—k %]M’” generates the solutions (x4, Ysnta) for n > 0.

Thus we can give the following theorem.

Theorem 3.13. The set of all integer solutions of F,f 18

U(FF) = + (T6n—3, Yon—3)n>1, (Ten+2; Yon+2)n>0, (Ten—1, Yon—1)n>1,
v (:EGna y6n)n21a (-T6n—5a y6n—5)n213 (-T6n+4a y6n+4)n20
k2
U{(O’ i?)}

where

[T6n—3 Yon—3] =[1 OJM", n>1

[Tont+2 Yont2l =[—1 O]JM™",n>0
k3
[xﬁn—l yﬁn—l] = [O T]Mn, n Z 1
kz

[won yon] =0 — IM™", n>1,

2—k
[T6n—5 Yen—s] = [k —1 T]M”, n>1

k—2
[Con+a Yonpa] =[1 =k ——=IM™", n>0

and M is defined in (3.5).
Finally, we can consider the negative Diophantine equation
—k 2 2 _
F%(w,y) = ka® + (2k + 4)zy + 4y° = —k.

Again we have two cases:
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Case 1) Let k = 2. Then the set of representatives is {[-1 1],[-3 1]}. Here
[-1 1]M™ generates the solutions (z2,,Yy2,) for n > 1 ([-3 1]M™ generates the
solutions (x2,—2,yan—2) for n > 2, these solutions are coincide) and [—1 1]JM ™
generates the solutions (22,41, Y2n+1) forn > 0 ([—3 1]M ~™ generates the solutions
(Z2n+3, Y2n+3) for n > —1, these solutions are coincide). Thus we can give the
following theorem.

Theorem 3.14. If k = 2, then the set of all integer solutions of F’v_2 i

‘I’(Fy_k) = £{(%2n, Y2n)n>1, (T2n+1, Y2n+1)n>0},
where

[Ton yon] =[-1 1]M"™ forn >1
[Z2nt+1 Yont1] = [—1 1M ™" forn >0,
-1 2
and M = [ 47 }

Remark 3.15. Again, for k = 2, we can give the set of all integer solutions of

Fv’2 in terms of balancing numbers as

U(F?) = +{(cn — 4Bn, —2Bn + Cn1)nz1, (—Cns1 + 4Bn, 2By — cp)nz1, (—1, 1)}

Case 2) Now let k& > 2 be an integer. Then we have two cases.
(i) If k£ is not a perfect square, then the set of representatives is

{-1 1,[-k=1 ZLI-1 31

Here we see that

1. [=1 1)M™ generates the solutions (Z4,—1,Y4n—1) for n > 1,
2. [-1 1]M ™ generates the solutions (z4pn+2, Yant2) for n >0,

3. [~k —1 %]M™ generates the solutions (2an—3,yan—3) forn >1 ([-1 &Mn
generates the solutions (L4541, Yan+1) for n > 0, these solutions are coincide),

4. [k—1 %]M‘" generates the solutions (245,44, Yan+4) forn >0 ([—1 %]M‘"
generates the solutions (z4p,yan) for n > 1, these solutions are coincide),

Thus we can give the following theorem.

Theorem 3.16. If k > 2 is not a perfect square, then the set of all integer solutions
of Fv”c 18
U(F*) = & {(zan—1,Yan—1)n>1, (Tan+2, Yan+2)n>0,

($4n—3, y4n73>n217 ($4n+4, y4n+4)n20} )
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where
[Tan—1 Yan—1]=[-1 1JM", n>1
[Tant2 Yant2] =[-1 1M, n>0
k
[wan—s Yan-s] = [~k =1 ZIM", n>1
k —n
[wanta Yanial = [k =1 ZIM7", n >0

and M is defined in (3.5).
(ii) If k£ is a perfect square, then the set of representatives is

k2 k k

1 1], [~k ) [~k—1 =], [-1 =]
ek B S
Here we see that

1. [=1 1]M™ generates the solutions (zg,—1,Yen—1) for n > 1,

2. [-1 1]M ™ generates the solutions (zgn+2, Yent2) for n >0,

w
\
o
W=
o
Wl

|M™ generates the solutions (z¢n—3,Ysn—3) for n > 1,

4|

W=

4. [fk% %]M*" generates the solutions (zg¢n+t4, Yent4) for n >0,
5. [-k—1 Z£]M™ generates the solutions (z¢,—5, yen—5) for n > 1, ([-1 &]mn
generates the solutions (zgn+1, Yen+1) for n > 0, these solutions are coincide),

6. [~k—1 %)M " generates the solutions (26,6, Yen-+6) forn > 0, (-1 E]M—™
generates the solutions (zgn, Yen) for n > 1, these solutions are coincide),

Thus we can give the following theorem.
Theorem 3.17. If k > 2 is a perfect square, then the set of all integer solutions
of F7F is

v

‘I’(F_k) =4 { (Zon—1, yanl)nZM (Z6n+2, y6n+2)n20; (T6n—3,Y6n—3)n>1, }

v (z6n+47 y6n+4)n20; (fEans, yGn—s)nzh (356n+6; y6n+6)n10
where

[@6n—1 Yon—1] =[—1 1]M", n>1

[Tont+2 Yont2] =[—1 1M, n>0

[T6n—3 Yon—3] = [—k% T]M”, n>1

L ke n

[Conta Yonta] = [-k2 M7 n =0
k n

[T6n—5 Yon—s] =[—k—1 §]M ,n>1
k —n

[T6n+6 Yontel =[-k—1 =Z]M~ ", n>0

2
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and M is defined in (3.5).
4. Conclusion.

In Section 2, we derived the set of proper automorphisms of F., = (k, 2k+4,4) by
considering its right neighbors. But, there is another way to get the set Aut™*(F)
and also the set Aut*(F,) given below.

Theorem 4.1. For the form F, = (k,2k + 4,4), we have
Autt(F,)) = {£M" : t € Z} and Aut*(F,) = {£(M*)**! :t € Z},
where M is defined in (3.4) and

—k2+ k-1 Btk }

M* = 2
[ —2k* -2 K +k*+2k+1

for every integer k > 1.

Proof. First note that for the matrix M in (3.4), we have det(M) = 1. Also from
(1.1) we get
(—Kk5 + k% — 4k3 + 3k% — 3k + 1)z + (—2k® — 8k® — 6k)y,
ME, = F, E® 4k +3k> 6 5 4 3 2
(B E5h )y (kS + k® + 5k + 4K + 6k% + 3k + 1)y
= k((—K° 4+ k% — 4k® 4 3k — 3k + 1)z + (—2k° — 8Kk® — 6k)y)?
+ (2k + 4)((—K° + k* — 4k® 4+ 3k* — 3k + 1)z + (—2k° — 8Kk® — 6k)y)

kS + 4k* 4 3k2
X ((%)1‘4’ (kS + k° 4 5Kk* 4+ 4K + 6k + 3k + 1)y)
+4((

kS 4 4k* 4 3K
= ka* + (2k + 4)zy + 4y?

5 o + (K® + k° + 5k* + 4k + 6k% + 3k + 1)y)?
=F,.

So M is a proper automorphism of F,. It can be proved by induction on ¢ that M*
is also a proper automorphism. So Aut™(F,) = {+M"':t € Z}.
For the second matrix M*, we have det(M*) = —1 and also
K+ k
2

M*F, = F,((=k* + k — ) + (—=2k* — 2)y, ( o+ (K% + k* + 2k + 1)y)
=k((—k*+k—Da+ (—2k* - 2)y)?
+ 2k +4)((—K* + k — D + (—2k* — 2)y)

X ((k3;k)x+ (B> + k2 + 2k 4+ 1)y) + 4((

= —ka® — (2k + 4)zy — 4y?
- _F,

So M* € Aut*(F,). It can be proved by induction that Aut*(F,) = {£(M*)**1 .
teZj.

kS +k

5o+ (K* + k* + 2k + 1)y)?
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Remark 4.2. In above theorem we see that odd powers of M* are in Aut*(F).
Even powers of M* are in Aut™(F,). This is because of (M*)? = M.
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