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On Statistical Convergent Sequence Spaces Of Intuitionistic Fuzzy
Numbers
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ABSTRACT: In the present paper we introduce the classes of sequence s¢c!FN,
stc(I)FN and s 0LIN of statistically convergent, statistically null and statistically
bounded sequences of intuitionistic fuzzy number based on the newly defined metric
on the space of all intuitionistic fuzzy numbers (IFNs). We study some algebraic

and topological properties of these spaces and prove some inclusion relations too.
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Introduction

Intuitionistic fuzzy set (IFS) is one of the generalizations of fuzzy sets theory
[1]. Out of several higher-order fuzzy sets, IFS was first introduced by Atanassov,
have been found to be compatible to deal with vagueness. The conception of IFS
can be viewed as an appropriate and alternative approach in case where available
information is not sufficient to define the impreciseness by the conventional fuzzy
set theory. In fuzzy sets the degree of acceptance is considered only but IFS
is characterized by a membership function and a non-membership function such
that the sum of both values is less than one. Presently IFSs are being studied
and used in different fields of science. Let X be universe of discourse defined
by X = {x1,22,...2,}. The grade of membership of an element z; € X in a
fuzzy set is represented by real value in [0, 1]. It does indicate the evidence for
x; € X, but does not indicate the evidence against z; € X. Atanassov presented
the concept of IFS, an IFS A in X is characterized by a membership function 4(z)
and a nonmembership function v4(z). Here 4(z) and va(z) are associated with
each point in X, a real number in [0,1] with the values of 4(z) and va(z) at X
representing the grade of membership and non-membership of z in A. When A
is an ordinary (crisp) set, its membership function can take only two values zero
and one. An IFS becomes a fuzzy set A when va(x) = 0 but 4(z) € [0, 1] for all
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x € A. Burillo et. al. [4] proposed definition of intuitionistic fuzzy number (IFN).
The notion of statistical convergence was introduced by Fast [11] and Schoenberg
[20] independently. This concept has been generalized and developed by Fridy
[12], “Salat [18], Connor [6], Connor et. al. [7], Et and Nuray [10] and many
others. Nuray and Savas [17], extended the idea to apply to sequences of fuzzy
numbers. Later on, Aytar and Pehlivan [2], Bilgin [3], Colak et. al. [5], Kwon
[14], Tripathy and Baruah [21], Savas [18], Debnath et. al. [9] and many others
extended the idea of statistical convergence to the sequences of fuzzy numbers.
The existing literature on statistical convergence appears to have been restricted
to sequences of real numbers, complex numbers or fuzzy numbers. As intuitionistic
fuzzy numbers are generalization of fuzzy numbers, it is reasonable to think about
the existing sequence spaces of real numbers, interval numbers and fuzzy numbers
in terms of intuitionistic fuzzy numbers. Recently the authors have introduced
convergent, null and bounded sequence spaces of intuitionistic fuzzy numbers. In
the current paper we have introduced and studied the properties of the sequence
spaces gc! N, stc{)F N and stféf N of statistically convergent, null and bounded
sequences of intuitionistic fuzzy numbers with the help of a newly defined metric.

1. Preliminaries

Definition 2.1. A fuzzy number X is a fuzzy subset of the real line R, i.e,
a mapping X : R — I = [0,1] associating each real number ¢ with its grade
of membership X (¢). A fuzzy number X is normal if there exists ty € R such
that X (tg) = 1. A fuzzy number X is upper semi continuous if for each ¢ > 0,
X71([0, +¢)) is open in the usual topology for all a € [0, 1).

Definition 2.2. a—cuts of a fuzzy number X is defined by, [X]* ={t € R: X(t) >
al,a€0,1].

Definition 2.3.[15] A sequence space E is said to be solid (or normal) if (Y}) € E
whenever (Xj) € E and Y| < |Xj]| for all k € N.

Definition 2.4.[15] A sequence space E is said to be monotone if E contains the
canonical pre image of all its step spaces.

Definition 2.5. [15] A sequence space F is said to be sequence algebra if (X}, Q) Yr)
€ E whenever (Xy), (Yx) € E.

Lemma 2.1.[15] A sequence space E is normal implies that it is monotone.
Definition 2.6. Let X be a given non-empty set. An intuitionistic fuzzy set(IFS)
[1] in X is an object A given by

A={<z,ps(x),valz) > 2 € X}

where iy : X — [0,1] and v4 : X — [0, 1] are functions such that
0<ps(x)+va(x) <1forallzeX.

Definition 2.7. [4] An Intuitionistic fuzzy number (IFN) A is
i) an intuitionistic fuzzy subset of the real line.
i1) normal, i.e., there is any x¢ € R such that p,(z9) =1 and, v4(xg) = 0.
ii1) convex for the membership function w4 ()
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ie py(Azy + (1 — Nag) > min (py(x1), pg(x2)) V 21,22 € R and X € [0,1].
concave for the non-membership function v (z)

e va(Azy + (1 — Az2)) >min(va(z1),va(x2)) V 21,22 € R and A € [0, 1].
1) p 4 is upper semi continuous and v 4 is lower semi continuous

iv) supp A= cl {z € X : va(z) < 1}) is bounded.

AnIFS A = {< 2z, py(z),va(x) >: v € X} such that py(x) and 1 — va(z) are
fuzzy numbers, where (1 —v4)(z) =1 —va(z), and py(z) + va(x) < 1 is called
an intuitionistic fuzzy number. We denote by A = (4, v 4), an intuitionistic fuzzy
number and by R?(I), the set of all IFN. It is obvious that any fuzzy number
B = {< x,uy(x) > & € X} can be represented as an intuitionistic fuzzy number
by

B={<x,us(x),l —pyx)>xzec X}

Let D? be the set of all closed and bounded intervals of the form ([z1;, x1,], [z2r, 72,])
on R? =R x R. For X,Y € D? we have X <Y iff z1; < yu, 21, < y1r, Tot < Yor,
Zor < yar where X = ([217, 17, [T21, ¥2r]), Y = ([y11, Y1r], [Y21, y2r]). The distance
between X and Y is given by d(X,Y) = maz{|xy — yul, |z2 — yaul, |21+ — y1rls
|z2, — y2r|}. Then d defines a metric on D? and (D?,d) forms a complete metric
space [8].

Let R%(I) denote the set of all intuitionistic fuzzy numbers. Then for X,Y €
R?(I) the a—level set of X, Y are [uy(2)]* = {z € X : o(7) > a}

l-—vx@)]*={reX:1-vy(r)>a}

={re X vy(x)<l —a,a € [0,1]} = [vx(z)]

[y ()] ={y €Y :aly) > a}

=iy (@) = {y €Y : 1 va(y) > a)

={yeY va(y) <1 —a,ac0,1]} = [py(y)=*

Then [puy (2)]%, [py (W)Y, [1 —vx(x)]¥, [1 —vy(y)]* are closed and bounded
intervals of the following form:

[ux ()] = [2F, 5]

[y ()] = [yt 5]

(1= vx(@)® = [}~ a1~]

L=y @)™ = [y;~ " ys °]

with respect to the a—cuts of the fuzzy number 1 — vx, the following equality
is immediate: (1 —vx)(a) =vx(l —a) [13].

The additive identity and multiplicative identity of R?(I) are 0 and 1 respec-
tively.

Let X,Y € R*(I) and the a— level sets are

[X]* = ([e5, 28], [~ 237°])

V1" =yt 5], lys~ % v D)

Theorem 2.1. [16] If ATIFN = (al, a2, as; a’l, as, a’3) and
Brirn = (bl, ba, b3; b/la b, bg) are two TIF' N, then

a) A@B = (a1 +b1,a2+b2,a3 +b3;0/1 +b’1,a2+b2,ag+b’3).

b) A X B = (albl, a2b2, agbg; a’lb’l, a2b2, agbé)
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A sequence X = (X}) of intuitionistic fuzzy numbers is a function X from
the set N of all positive integers into R?(I). Thus, a sequence of intuitionistic
fuzzy numbers X is a correspondence from the set of positive integers to a set of
intuitionistic fuzzy numbers, i.e., to each positive integer k there corresponds an
intuitionistic fuzzy number X (k). It is more common to write X}, rather than X (k)
and to denote the sequence by (X}) rather than X . The intuitionistic fuzzy number
X, is called the k—th term of the sequence.

Definition 2.8. A sequence X = (Xj) of IFN is said to be convergent to an
intuitionistic fuzzy number Xy, if there exists a positive integer ny such that
d(Xy, Xo) < € for all k > ny. We write lim X = Xj.

Definition 2.9. A sequence X = (X}) of IFN is said to be Cauchy sequence if
there exists a positive integer ng such that E(Xk, Xm) < e for all n,m > nyg.
Definition 2.10. A sequence X = (Xj) of IFN is said to be bounded if the sets
{px, k€ N}and {1 —vx, : k€ N} are bounded.

2. Main Result

Let us define a mapping d2 : R*(I) x R*(I) — R* U{0} by
d*(X,Y) =supaejo,d(X*,Y?)
= suP, o maa{lefy —yil, 2%, — yiil oo = var i leg® — y2, 1)
Where, [X]* =([z3), 2, ], [z, ", 25, %]) and [Y]* =([yi} v, [y * w2, °])
Theorem 3.1. (R?*(I),d?) is a complete metric space.
Proof: Let {z"} be any Cauchy sequence in R*(I). Then there is a ng € N such
that d2(z*,2™) < e for all k,m > ny.
=sup, (T k@) gm(@)) < ¢

k(1— 1—
=SUp, o max{m(a’ R P R N Sl
N | R

=8UPqe[o,1] MaAx {|xlfl( @) ,TTS a)| |$k(a —x]) a)|} < e and

k(l—a m(l—a k(l—« m(l—a
supacio, max {|ay '~ -2l ah T ag TV} <6

=SUPqel0,1] d(%(a) T(a)) < ¢ and S‘\lpoze[o,l]d(fﬁlzC
:d(ml,xl ) < e and d(ak,20") < ¢

={z}} and {25} are Cauchy sequence in R(I).
But R(I) is complete. Therefore we can write,
limz¥ = 29 and limga = 29 = d(z},29) < ¢ and d(25,29) < ¢
Now, d(z},29) < & = supae, 1]d(zlf(a 22 < e

k(a) _ O(Ot)| ES k(a) O(Ot)|} <e

(1 —Ot),x;”(l—a)) <e

=SUPqeo,1] Max {[z]

Similarly, d(x5,29) < :> supae[o ud(xl;(a) (a)) <e.
=SUPaclo,1] MaX {|$21 - xgl I, |‘T2r ® $2Ta)|} <e
From (1) and (2) we can write,

a O(a k(o 0 a k(o o O(a
Supaefo ) mase {5 — 0] [P0 20000 2500 000 250 a0} <
i.e, supaepo,yd(x k(o) 20(e)) < ¢ ie, d2(ac ,xo) < e. i.e, limyz® = 2° and it is
obvious that 20 € R%(I). This completes the proof.
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Definition 3.1. A sequence X = (X}) of IFN is said to be statistically
convergent to an IFN X if for each € > 0,

5(A(e)) = 6({k € N : d2(X},, Xo) > €}) = 0.

Definition 3.2. A sequence X = (X},) of IFN is said to be statistically null , if
for each € > 0, 6(A(e)) =6 ({k € N : d?(X;,0)> e}) = 0.
Definition 3.3. A sequence X = (X}) of IFN is said to be statistically bounded,
if for each € > 0, 6(A(e)) = 6({k € N : IM > 0, d2(X},0) > M}) = 0.
Definition 3.4. A sequence X = (X},) of IFN is said to be statistically Cauchy, if
for each e > 0, §(A(g)) = 6({k € N : A?(X, X)) > ¢}) =0 for k,m > ng € N.
Let w!FN denotes the spaces of all sequences of IFN.
We introduce the following new sequence spaces
PN = {(X}) € wIFN s st —limXy, = Xo}
Stc{)FN = {(Xx) € WV : st — limX;, = 0}
lIFN = {(x) € waN 3K > 0,0({k € N : d2(X;,0) > K}) = 0}
Remark 3.1. g clfN C 4N C féfN
Example 3.1. Let X = (Xj) be a sequence of [FN, where
tk+1 for 2 <t <0
X, (t)=¢ 1—tk for0<t<+
0 otherwise
b for 1528 <1 <0
vx, (t) = % for()gtg%
1 , otherwise

Then

[x, (0] =[5 =5H]

[vx, (£)]* :[w k(1 — )]

(X =([ot, =), [Fe=gi2he k(1 — o))

k0 k

d*(X, 0) =supacjp, 1]d([Xk] : [0]“)

SUPqe[o,1] Max {|%— L *O‘H [, | 1*”‘*2,!”2’“?‘ L k(1 —a)|}= max{%, %, 0, k:} =k.

Now taking k = n2 we have, § ({k e N:d?*(Xy,0)>¢c}) =0.

The above example shows that (X}) is statistically convergent but not ordinary
convergent.
Theorem 3.2. The spaces ¢!V, StcéFN, StégN
addition and scalar multiplication.
Proof: Let X = (Xj) and Y = (Y) be two element of ;)™ and «, Bany scalar.
Then

5({k € N : d?(Xy,0) > e}) =0 and §({k € N : d*(¥},0) > ¢}) =0

Now, d?(a Xy + Y%, 0) < |a|d?(Xy,0) + |8d? (s, 0) - -

=0({k € N : d*(aXp+8Y%,0) > e})C5({k € N : (|a|d?(Xk,0)+]|8|d?(Yk,0)) >
€})

= |al|6({k € N : d?(X,0) > &}) +|B|6({k € N : d2(Y,0) > £}) = 0.

This completes the proof.
Theorem 3.3. The spaces sthFN, stcéF , étEIFN
w.r.t the metric d2(X,Y) = suppd?(Xg, Yz).

are closed with respect to

)
0) +

are complete metric spaces
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Proof: Let {:I:k} be any Cauchy sequence in stcéFN Then there is a ng € N such

that -

S({k € N : d2(z*,2™) > £}) = 0 for all k,m > ny.
=0({k € N supqco1d(z k@) gm(@)) > 1) = 0.
=i{keN: supae[o 1) max {|x1(a) xm(a)| |xk(a) —x
ay V) 2 e} =0,

=0({k € N sup q¢[0,1jmax {|x]fl(a - xm(a)| (@)@ > 2= 0 and

6({k € N sup 4¢po,1] max {|x§l(1 @) m(l a)| |25 k(l_a) m(l O‘)|} >e})=0

= 6({k € N :supaeo.) d(mlf(a), z)" m(@) ) 2 e})=0 and
5({k € N supacppd(as' ~, 25" ") > e}) =0
= 5({k3 € N :d(z¥,27) >¢e}) =0and §({k € N :d(z5,25") >e}) =0
{2} and {x_ } are Cauchy sequence in (R(I),d).
But (R(I),d) is complete. Therefore we can write,
st-limy, % = x?_ and st-limy 25 = 29
= 0({k € N : d(a%,20) > €}) = 0 and
S({k € N : d(25,29) >e}) =0
Now, §({k € N : d(z¥,29) > 5}) =0
= 0({k € N supacjo) d(@}™,2Y V) > e}) = 0.
= 0({k € N 1supge(o,1) max {|z4{* — 23}V, |21V -2\ ]} > e}) = 0 (1)
Similarly,
S({k € N :d(zh,29) > e}) =0 = 6({k € N : supacpd(zs ™, 23" ") > e}) =
0.
= 5({k € N:sup aeoq) max {|zh '~ — gJ17| 5070 2007 > oy — 0 (2)
From (1) and (2) we can write,

m(a) k(l—oz) m(l @)
1r | | |5

kla 11—«
@, s~ — 25,

d({k € N sup aG[O 1] Max {|xlfl :clla)| |$k(a .
st =ag )} > e)) = 0.

ie, 6({k € N sup acf0,d(@™@),20(@) > 1) = 0. ie,

S({k € N :d?(z*,2°) > ¢}) = 0.

i.e, st-lim ; ¥ = 20 and it is obvious that 2° € R%([).

This completes the proof.

Theorem 3.4. The spaces gc/FV, StcéF , StEIFN are normal and monotone.

Proof: Let X = (X;) € bV, and Y = (Y;) be such that d?(Xy,0) > d2(Y%,0).
= 6{k e N :d?*(Y3,0)>¢c}) Co({ke N : d2(Xy,0) > €}) =0
= d({ke N :d%2(Y;,0)>¢c})=0

Hence 5tcéF N ig normal and hence monotone.

Theorem 3.5. The spaces ¢!V, tcéFN, St[gN

Proof: Proof is obvious.

T

are sequence algebra.

3. Conclusion

It is the first time we have introduced this idea based on IFNs. This paper may
be useful for those working in various fields using IFNs.
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