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Existence and multiplicity of a-harmonic solutions for a Steklov
problem with variable exponents

B. Karim, A. Zerouali and O. Chakrone.

ABSTRACT: Using variational methods, we prove in a different cases the existence
and multiplicity of a-harmonic solutions for the following elliptic problem:

div(a(z, Vu)) =0 in Q,
a(z, Vu).v = f(z,u) on 09,
where Q C RY(N > 2) is a bounded domain of smooth boundary 9Q and v is
the outward unit normal vector on 9Q. f : Q2 xR - R, a : Q x RV — RN are
fulfilling appropriate conditions.
Key Words: Variable exponents; Elliptic problem; Nonlinear boundary condi-
tion; a-harmonic solutions; Recceri’s variational principle, mountain pass theorem.

Contents
1 Introduction and main results 125
2 Preliminaries 128
3 Proof of Theorem 1.1 129
4 Proof of Theorem 1.2 132

1. Introduction and main results

Let O € RY(N > 2) be a bounded domain with smooth boundary 99 and
consider the elliptic Steklov problem with variable exponents

div(a(z,Vu)) =0 in Q,

a(x,Vu).v = f(z,u) on 09, (1.1)

where v is the outward unit normal vector on 99 and f : 02 x R — R is a
continuous function which will be specified later.
Let p € C(f2) be a variable exponent. Throughout this paper, we denote

p~ =minp(z); p* = maxp(z);
e reQ

pa(z> _ { ((DJOV - 1)p($)/[N —p(ac)] i ggig ; %:
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and _ _
Ci()={pecC®):1<p <p' <oo}.
Our exponent p fulfills p € C(Q) and for this p we introduce a characterization of

the Carathéodory function a : @ x RV — RV,
(Ho) a(x, —s) = —a(z,s) for a.e. x € Q and all s € RV,

(Hy) There exists a Carathéodory function A : Q x RY + R continuously differ-
entiable with respect to its second argument, such that a(z,s) = Vi A(z, s)
all s € RY and a.e. z € Q.

(Hy) A(z,0) =0 for a.e. x € Q.

(H3) There exists ¢ > 0 such that a satisfies the growth condition
la(z,s)| < (1 + |s|P®) 1) for a.e. 2 € @ and all s € RN, where |.| denotes
the Euclidean norm.

(H4) The monotonicity condition 0 < [a(z,s1) — a(w, s2)](s1 — s2) holds for a.e.
z € Qand all s, so € RV, with equality if and only if s = so.

(Hs) The inequalities |s|P®) < a(x,s)s < p(z)A(z,s) hold for a.e. z € Q and all
s € RV,

A first remark is that hypothesis (Hp) is only needed to obtain the multiplicity
of solutions. As in [9], we have decided to use this kind of function a satisfying
(Hop)-(Hs) because we want to assure a high degree of generality to our work. Here
we invoke the fact that, with appropriate choices of a, we can obtain many types of
operators. We give, in the following, two examples of well known operators which
are present in lots of papers.

Examples:

1. If a(z, s) = |s|P®) =25, we have A(z,s) = ﬁ|5|p<x).
(Ho) — (Hs) are verified, and we arrive to the p(x)-Laplace operator
div(a(z, Vu)) = div(|Vul[P®=2Vu) = Ay u.

2. If a(z,s) = (1 + |s]?)P®)=2/25 we have A(x,s) = ﬁ[(l + |s]2)P®)/2 1.
(Ho) — (Hs) are verified, and we find a generalized mean curvature operator
div(a(z, Vu)) = div((1 4 |Vu|?)P@)=2/27y),

The above operator appears in [16] and it is used in the study of two antiplane
frictional contact problems of elastic cylinders. Functions fulfilling conditions re-
lated to (Hp)—(Hj) are used not only in the framework of the spaces with variable
exponents [5], but also in the framework of the classical Lebesgue-Sobolev spaces
[21] and the anisotropic spaces with variable exponents.

In the present paper, we study problem 1.1 in the particular case

Sty = A (JH772 = g7 72) — 2,
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where A > 0 is a real number and p,q,7 € Cy(Q). The energy functional corre-
sponding to problem 1.1 is defined on W'P(*)(Q) as

By (u) = /QA(:U,Vu)dx—i-/m |Z|(p;:)da— A/m ('Z'é;) - |‘;|(:S)) do, (1.2)

where do is the N — 1 dimensional Hausdorff measure. Let us recall that a weak
solution of 1.1 is any u € WHP(#)(Q) such that

/ a(z,Vu)Vvd;ch/ [u|P) 2 yudo

Q a0

= )\/ (|u|q(m)—2u’y — |u|7‘($)—2uv) do for all v € Wl’p(z)(Q)
o0

The study of differential and partial differential equation with variable exponent
has been received considerable attention in recent years. This importance reflects
directly into a various range of applications. There are applications concerning elas-
tic materials [22], image restoration [11], thermorheological and electrorheological
fluids [4,19] and mathematical biology [13].

In the case when p(z) = p is a constant and a(z,s)) = |s|[P~2s, the authors in
[1] are considered the following Steklov problem

Apu =0 in Q,
|Vu|p72% = Am|uP"2u  on Q.

They are interested to the existence of p-harmonic solutions ( when A,u = 0).
Motivated by the recent works [5,6], we will study the existence and multiplicity of
a-harmonic solutions (when div(a(z, Vu)) = 0) for the problem 1.1 with variable
exponents. These solutions becomes p(z)-harmonic when a(z, s) = |s[P(*)=2s. This
is a generalization of the classical p-harmonic solutions obtained in the case when
p is a positive constant.

Our main results in this paper are the proofs of the following theorems, which
are based on the Ricceri Theorem and the Mountain Pass Theorem.

Theorem 1.1. Assume (Ho)~(Hs) and let p,q,r € C(Q), such that N < p~ and
1<r~ <rt<q <qx) <qt <p, for all z € Q. Then there exist an open
interval A C (0,00) and a positive constant p > 0 such that for any A\ € A, problem
1.1 has at least three weak solutions whose norms are less than p.

Theorem 1.2. Assume (Ho)-(Hs) and let p,q,r € C1(Q), such that r* < p* <
¢ < qt < p?x) for all z € Q, where p?(z) is defined above. Then for any A > 0
problem 1.1 possesses a non trivial weak solutions.

This present work extends some of the results known with Neuman or Dirichlet
boundary conditions on bounded domain(see [16,18]), and generalize some results
knouwn in the Steklov problems (see [2,3]).

This paper consists of four sections. Section 1 contains an introduction and
the main results. In section 2, which has a preliminary character, we state some
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elementary properties concerning the generalized Lebesgue-Sobolev spaces and an
embedding results. The proofs of our main theorems are given in Section 3 and
Section 4.

2. Preliminaries

We first recall some basic facts about the variable exponent Lebesgue-
Sobolev. B
For p € C'+(£2), we introduce the variable exponent Lebesgue space

LP@(Q) = {u; u: Q — R is a measurable and / lulP® de < —l—oo} ,
Q

endowed with the Luxemburg norm

p(z)
|u|Lp<I)(Q) =inf{a > 0;/ de <153,
Q

which is separable and reflexive Banach space (see [15]).
Let us define the space

ulz)

WhP@(Q) = {u € LPW(Q); |Vu| € L@ ()},

equipped with the norm

p(z)
|u|lq = inf a>0;/ dx—i—/
Q Q

Proposition 2.1. [10] For any u € WhP(@)(Q).
Let |ul| := [Vul o) ) + Ul Lot 90y Then the norm ||ul| is a norm on whrl)(Q)
which is equivalent to ||ullq.

Vu(z)

(0%

u(z)

x
«

p(z)
dz < 1} : Yu e WP (Q).

Proposition 2.2. [12,1/]
(1) WhP@)(Q) is separable reflexive Banach space;

(2) If s € C1(Q) and s(x) < p?(x) for any x € Q, then the embedding from
WP (Q) to L3 (09) is compact and continuous.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the mapping p defined by

p(u) ::/ |Vu|p(z)dz+/ [ulP@de, Yu e WHPE)(Q).
Q o0

Proposition 2.3. [10] For u,u;, € WP (Q);k = 1,2, ..., we have

g Ly eeny

(1) Nlull = 1 implies [ul[? < p(u) < [lul|?;



EXISTENCE AND MULTIPLICITY OF a-HARMONIC SOLUTIONS FOR A STEKLOV PROBLEM. . . 129

(2) \lull <1 implies [[ul*” = p(u) > [[ul?”";
(3) ||ukl| = 0 if and only if p(uy) — 0;
(4) ||ukl| = oo if and only if p(ug) — oo.

Remark 2.4. If N < p~ < p(z) for any x € Q, by Theorem 2.2 in [15] and
remark 1 in [18], we have WP (Q) is compactly embedded in C (). Defining

[|u||co = sup |u(x)|, we find that there exists a positive constant ¢ > 0 such that
z€Q
[u||so < c|ul] for all u € WHPE)(Q).

3. Proof of Theorem 1.1

The key argument in the proof of Theorem 1.1 is the following version of
Ricceri theorem (see Theorem 1 in [8]).

Theorem 3.1. [8] Let X be a separable and reflexive real Banach space; ® : X — R
a continuously Gateauz differentiable and sequentially weakly lower. semicontin-
wous functional whose Gateaur derivative admits a continuous inverse on X*;
U : X — R a continuously Gateaux differentiable functional whose Gateaux deriva-

tive is compact. Assume that
(i) lim (®(u)+ A¥(u)) =400 for all X > 0; and that are r € R and up,uy € X

[lul|—o00
such that
(17) ®(up) <7 < P(uq);
.. . (®(u1)—7)¥(uo)+(r—2(up))¥(u)
(¢i1) €<I>711?(f,oom])qj(u) ~ D (u1)—P(uo) ’

Then there exist an open interval A C (0,+00) and a positive real number p, such
that for each A € A the equation ®'(u) + AV’ (u) = 0 has at least three solutions in
X whose norme are less than p.

Let X denote the generalized Sobolev space W12(*) ().
In order to apply Ricceri’s result we define the functionals ®, ¥ : X — R by

@(u)/QA(x,Vu)dzwL/BQI%MF(Z)dJ, (3.1)

o [ (B

Its clear that from (Hy), the Fréchet derivative of ® is the operator ®': X — X’
defined as

(@ (u),v) = / a(x, Vu)Vudz +/ [uP)~2ypdo for any u,v € X.
Q o0
On the other hand the Fréchet derivative of ¥ is W’ defined as

(W' (u),v) = — /ag (|u|q(z)72uv - |u|r(z)72uv) do, for any u,v € X.
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Thus we deduce that u € X is a weak solution of problem 1.1 if there exist A > 0
such that « is a critical point of the operator ® + AW.
We start by proving some properties of the operator ®’.

Theorem 3.2. Suppose that the mapping a satisfies (Hy)-(Hs). Then the following
statements holds.

(1) @' is continuous, bounded and strictly monotone;

(2) ®" is of (S4) type;
(3) ®' is an homeomorphism.

Proof. The same approach as in proof of Theorem 1.1 in [3], by taking A = 0 and
replacing the term [, ﬁ|u|p(m)dx by [0 ﬁ|u|p(m)da in the expression of energy
functional ¢, , defined in [3]. O

Now we can give the proof of our main result.

Proof of Theorem 1.1. Set ® and ¥ as 3.1, 3.2 . So, for each u, v € X, one has

(D (u),v) :/a(x,Vu)Vvdz+/ |u[P@ 2 yvdo,
Q o0

(U (u),v) = 7/9 (|u|q(z)72u — |u|T(I)72u) vdx

From Theorem 3.2, the functional ® is a continuous Gateaux differentiable and
sequentially weakly lower semicontinuous functional whose Gateaux derivative ad-
mits a continuous inverse on X', moreover, ¥ is continuously Gateaux differentiable
functional whose Gateaux derivative is compact. Obviously, ® is bounded on each
bounded subset of X under our assumptions.

From (Hjs) and using Proposition2.3, if ||u|| > 1 then

D(u) = /QA(x, Vu)dz + /69 %|u|p(z)d0

p(x
1 (2) LEIe)
> [ ——|Vu|P'"dx + ——|u|P do
o p(x) oo P(T)
1
> p—+P(u)
1 _
> Fllﬂllp ;

Meanwhile, for each A € A,

o= [ (G -5 )

- +
> =Mal[ul]" + eofful]")
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for any u € X, where ¢; and cs are positive constants. Combining the two inequal-
ities above, we obtain

1

- - +
e ll” = Mealul[* = eallul[" ),

O(u) + AU (u) >

since g7 < p~, it follows that

lim  (®(u) + A¥(u)) =400 Yue X, Xe0,+x).

llull =400

Then assumption (i) of Theorem 3.1 is satisfied.

Next, we will prove that assumption (ii) is also satisfied. In order to do that
we define the function
G :Qx[0,00[— R by G(z,t) = @ @) Vo € Qand t € (0,00).
It is clear that G is of class C' with respect to ¢, uniformly when 2 € . Define
also the function Gy (x,t) = t"®)=1(a@)=r(=) _ 1) Vo € Q and t € (0,00).
Thus Gy¢(x,t) > 0 for all t > 1 and all 2 € Q; Gy(x,t) < 0 for all t < 1 and all
r € Q. Consequently G(x,t) is increasing when ¢ € (1,00) and decreasing when
t € (0,1), uniformly with respect to . Furthermore, tEToo G(z,t) = 400 uniformly

tQ(I) t’“(-’ﬂ)

which respect to 2 € Q. On the other hand G(z,t) = 0 imply that t =ty = 0 or
t=t, = (zgg) “7 S0 we have G(xz,t) <0forall 0 <t <t, and G(z,t) >0
for all t > t, and all 2 € Q. Let a, b two real numbers such that 0 < a < min(1, ¢),

L o
with ¢ given in Remark 2.4 and b > max ((ﬁ—t)q*fr+ : (\a—lm)f )

Consider ug,u1 € X, ug(z) = 0, ui(x) = b, for any z € Q. Consequently by
Remark 2.4 we have ug(z) = 0 and uy(z) = b, for any 2 € Q. Thus we have

/ sup G(z,t)do <0 </ G(z,b)do.
9] [2}9)

Q 0<t<a

+
We also define r = # (%)p , we have r € (0,1) and ®(up) = —¥(up) = 0.

— +
(u1) = [ 5t Wdr > JebP (09 > L (9)" =7, V(u) = — [, G(z,b)do.

C

Thus we deduce that ®(ug) < r < ®(uq), so (ii) in Theorem 3.1 is verified.
On the other hand we have

(P(u1) =) ¥(uo) + (r — (uo)) ¥(w1) _ _T\I/(ul) B Joq Gz, b)do

=r
@(ul) — (I)(’LLO) @(ul) IBQ ﬁbp(i)dO'

Let u € X with ®(u) < r < 1. Then by Proposition 2.3, we have

1 + 1 1 sa\p"
peall Ll SFp(u)gtb(u)gr:_(_) <1
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Using Remark 2.4, we deduce that for any u € X with ®(u) < r, we have

lu(z)| < clul| < c.(pfr)ﬁ = a,Vx € Q.

The above inequality shows that

- inf U(u) = sup —U(u) < / sup G(z,t)do <0
u€d 1 ((—o0,r]) uED—1((—o0,r]) 00 0<t<a
Thus o
b)d
- inf U (u) <r—f69 1($ )do ,
wed—1((—o0,r]) Jo0 mbp(w)da
i.e. o v o v
f () > (®(u1) — ) Y(ug) + (r — P(uo)) (Ul)’
ued=1((—o0,1]) ®(u1) — (uo)

consequently the condition (iii) in Theorem 3.1 is verified. We proved that all

assumptions of Theorem 1.2 are verified. We conclude that there exists an open

interval A C (0,00) and a positive constant p, > 0 such that for any A € A the

equation ®’(u) + AV’ (u) = 0 has at least three solution in X whose norms are less

than py. The proof of Theorem 1.1 is complete. O
4. Proof of Theorem 1.2

The proof of Theorem1.2 relies on the following version of the mountain pass
theorem.

Theorem 4.1 ([20]). Let X endowed with the norm |.||x, be a Banach space.
Assume that ¢ € C1(X;R) satisfies the Palais-Smale condition. Also, assume that
¢ has a mountain pass geometry, that is,

(i) there exists two constants n > 0 and p € R such that ¢(u) > p if ||u|lx = n;
(i) ¢(0) < p and there exists e € X such that ||e|]|x > n and ¢(e) < p.

Then ¢ has a critical point ug € X such that ug # 0 and ug # e with critical value

¢(uo) = inf sup¢(u) = p > 0.
YEP uey

Where P denotes the class of the paths v € C([0,1]; X) joining 0 to e.

The energy functional corresponding to problem 1.1 is defined as

|u|P(®) / <|u|q(r) |u|r(m)>
P u:/Ax,Vudz+/ do — A\ - do
Aw) Q ( ) o0 p(x) oo \ ¢(z) r(z)

Where do is the N — 1 dimensional Hausdorff measure. Standard arguments imply
that ) € C*(X;R)
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Lemma 4.2. Assume (Ho)—(Hs) and let p,q,r € C.(Q), such that v+ < pt <
g~ < qt < p?(x) for all x € Q. Then there exist n,b > 0 such that ®x(u) > b for
u € WHPE(Q) with ||u|| = 7.

Proof. Since ¢t < p?(x) for all x € Q, by Proposition 2.2 and (Hs), we have the
following inequality

1 + A + — .
() >l — 2 (Cullull?” + Collul) i ] < 1.
Thus

Y

Ba0) 2 [l (o5 = 2= (Gl =" + Callall” ) ) if Jul < 1.

As pT < g~ < ¢™, the functional & : [0,1] — R defined by

ACs

h(t) = LJF - )\—let‘ﬁ_ﬁ S2qa
p q q
is positive on neighborhood of the origin. So the Lemma 4.2 is proved. O

Lemma 4.3. Assume (Ho)~(Hs) and let p,q,r € C1(Q), such that r* < pt <
¢ < qt < p?) for all x € Q. Then there exists e € WP (Q) with || > 7
such that ®x(e) < 0; where n is given in Lemma 4.2.

Proof. Choose ¢ € C°(Q), » > 0 and ¢ # 0, on 9Q. For t > 1, and using
(H2), (Hs) we have

+ - +
_ t? At N tr o
Ba(te) <t [ [Veldo+ T plo) = 2 [ ol @do 12 [ oo,
Q p q o0 r Joq
Since r* < p* < ¢7, we deduce that . 1121 @, (tp) = —oo. Therefore for all € > 0
— o0

there exists @ > 0 such that [t| > «, ®x(tp) < —e < 0. This completes the proof.
O

Lemma 4.4. Assume (Ho)~(Hs) and let p,q,r € C(Q), such that r+ < p* <
g <qt < pa(z) for all x € Q. Then the functional @ satisfies the Palais-Smale
(PS) condition.

Proof. Let (ur) € W'P()(Q) be a sequence such that C' = sup ®,(uy) and
keN*
@’ (ur) — 0. Suppose by contradiction that ||ug|| — oo, there exists ky € N*
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such that ||ug|| > 1 for any k > ko, using (Hs) Then we have

1
C + [Jugll > ®x(ug) — q—,<¢>3(uk>,uk>

1 1 1
> Az, Vuy der/ — Jug|P® do — /\/ ( el?®) — |y, T(I)) do
/Q ( ) o0 p(@ )| | q(w)| | r(%)' |

1
- </ a(z, Vug)Vudz + |Uk|p d0> |uk|q(z) - |uk|’“(z)) do
Q

q

e [

Since p* < ¢~, this contradicts the fact that p~ > 1. So, the sequence (uy) is

bounded in WP@)(Q). As W'P@)(Q) is reflexive (Proposition 2.2), for a subse—

quence still denoted (uy), we have uy — u in W'PE)(Q), uy, — u in LP®)(9Q),

up — wu in LI®(9Q), uxy — u in L"@)(9Q) (see Proposition 2.2). Therefore

(P4 (ur), ur—u) = 0, [o0, [ug|P™ 2w (up—u)do — 0, [0 [uk] "= 2ug (up—u)do —

0and [, [ur]"®~2ug(up—u)do — 0. Thus llicm sup [q, a(x, Vug)(Vug—Vu)de < 0.
—+0o0

The following theorem assure that uy — u strongly in W) (Q) as k — +oo. O
Theorem 4.5. ([17] Theorem 4.1) The Carathéodory function a : Q x R™ — R

described by (Ho)—(Hs) is an operator of type Sy that is, if u, — u weakly in
WhrE)(Q) as n — +oo and limsup [, a(z, Vu,)(Vu, — Vu)dz <0, then u, — u
n—-+oo

strongly in WHP(®)(Q) as n — +oc.
Proof of Theorem 1.2. Using the Lemmas 4.2 and 4.3, we obtain

max (®5(0), Pa(e)) = PA(0) < Hiﬂiﬂiﬁ(u) =: .

By Lemma 4.4 and Theorem 4.1, we deduce the existence of critical points of @
associated of the critical value given by

inf sup ®)(v(t)) > 5,

Y€l tef0,1]
where
I = {y € C(0,1), W*(Q));7(0) = 0 and (1) = e}.
This completes the proof. O
Acknowledgment

The autors would like to thank the anonymous referee for valuable suggestions.



EXISTENCE AND MULTIPLICITY OF a-HARMONIC SOLUTIONS FOR A STEKLOV PROBLEM. . . 135

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

References

. A. Anane, O. Chakrone, B. Karim and A. Zerouali, Eigenvalues for the Steklov Problem,

International Journal of Mathematics and Statistics. Winter 2010, V 7 Number W10, 67-72.

A. Anane, O. Chakrone and A. Zerouali and Belhadj Karim, Existence of solutions for a
Steklov problem involving the p(x)-Laplacian, Bol. Soc. Paran. Mat, (3s)v. 32 1(2014),207-
215.

A. Zerouali, B. Karim, O. Chakrone and A. Anane, Existence and multiplicity of elliptic
problems with Nonlinear Boundary Conditions and variable exponents, Bol. Soc. Paran. Mat,
(3s)v. 33 2(2015),121-131.

S. N. Antontsev and J. F. Rodrigues, On stationary thermorheological viscous flows, Ann.
Univ. Ferrara Sez. VII Sci. Mat. 52 (2006) 19-36.

M-M.Boureanu and F. Preda. Infinitely many solutions for elliptic problems with vari-
able exponent and nonlinear boundary conditions, NoDEA Nonlinear Differential Equation
Appl.19(2012), 235-251.

M. M. Boureanu and D. N. Udrea; Existence and multiplicity results for elliptic problems
with p(.)-Growth conditions, Nonlinear Anal. Real World Appl., 14, (2013), pp. 1829-1844.

G. Bonanno and R. Livrea; Multiplicity theorems for the Dirichlet problem involving the
p-Laplacian, Nonlinear Anal., 54 (2003), 1-7.

G. Bonanno and P Candito; Three solutions to a Neumann problem for elliptic equations
involving the p-Laplacian, Arch. Math. (Basel)80 (2003), 424-429.

M. M. Boureanu and D. N. Udrea; Existence and multiplicity results for elliptic problems
with p(.)-Growth conditions, Nonlinear Anal. Real World Appl., 14, (2013), 1829-1844.

Shao-Gao Deng, Positive solutions for Robin problem involving the p(z)-Laplacian, J. Math.
Anal. Appl.360(2009), 548-560.

Y. Chen, S. Levine and R. Ran; Variable exponent , linear growth functionals in image
restoration, SIAMJ. Appl. Math. 66 (2006), 1383-1406.

X.L.Fan; Regularity of minimizers of variational integrals with p(z)-growth conditions, Ann.
Math. Sinica, 17A(5)(1996), 557-564.

G. Fragnelli; Positive periodic solutions for a system of anisotropic parabolic equations, J.
Math. anal. Appl. 73 (2010), 110-121.

X.L.Fan and D.Zhao; On the generalized orlicz-Sobolev space W’“’p(z)(ﬁ), J.Gancu Educ.
College 12(1) (1998), 1-6.

X.L.Fan and D.Zhao, On the spaces LP(*) (€2) and W?(*)(Q),J. Math. Anal. App.263(2001),
424-446.

M. M. Boureanu and D. N. Udrea; Existence and multiplicity results for elliptic problems with
p(.)-Growth conditions, Nonlinear Analysis, Real World Applications14(2013), 1829-1844.

V.K. Le; On a sub-supersolution method for variational inequalities with Leary-Liones oper-
ator in variable exponent spaces, Nonlinear Anal. 71(2009), pp. 3305-3321.

M. Mihailescu; Existence and multiplicity of solutions for a Neumann problem involving the
p(x)-Laplace operator, Nonlinear Anal., 67 (2007), 1419-1425.

M. Ruzicka; Electrorheological Fluids, Modeling and Mathematical Theory, Springer-verlag,
Berlin, 2002.

Y. jabri; The mountain Pass Theorem. Variants, Generalizations and Some Application.
Cambridge University Press, 2003.

L. Zhao, P. Zhao and X. Xie; Existence and multiplicity of solutions for divergence type
elliptic equations, Electron. J. Differential Equations 2011(43)(2011), 1-9.



136 B. KARIM, A. ZEROUALI AND O. CHAKRONE

22. V. V. Zhikov; Averaging of functionals of the calculus of variations and elasticity theory, Izv.
Akad. Nauk SSSR Ser. Mat., 50 (1986), 675-710.

B. Karim, Faculté des Sciences et Téchniques, Errachidia, Maroc
E-mail address: karembelf@gmail.com

and

A. Zerouali, Centre Régional des Métiers de UEducation et de la Formation, Fés, Maroc
E-mail address: abdellahzerouali@yahoo.fr

and

O. Chakrone,Faculté des Sciences Oujda, Maroc
E-mail address: chakrone@yahoo.fr



	Introduction and main results
	Preliminaries
	Proof of Theorem 1.1
	Proof of Theorem 1.2

