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Weighted Steklov Problem Under Nonresonance Conditions

Jonas Doumaté and Aboubacar Marcos

ABSTRACT: We deal with the existence of weak solutions of the nonlinear problem
—Apu + V]u[P~2u = 0 in a bounded smooth domain Q C RN which is subject to
the boundary condition \Vu|p_2% = f(z,u). Here V € L°°(Q) possibly exhibit
both signs which leads to an extension of particular cases in literature and f is a
Carathéodory function that satisfies some additional conditions. Finally we prove,
under and between nonresonance conditions, existence results for the problem.

Key Words: Nonresonnance, p-Laplacian operator, Sobolev trace embedding,
Steklov problem, First nonprincipal eigenvalue.

Contents
1 Introduction 87
2 Relevant background 88
2.1 The functional framework . . . . .. ... ... ... ... .. ... 88
2.2 Detour on an asymmetric Steklov prob. with sign-changing weights . 89
2.3 On the Nemytskii operator . . . . . ... ... ... .. ....... 91
3 Assumptions and nonresonance results 92
3.1 Nonresonance between the first two eigenvalues . . . . . . . ... .. 94
3.2 Nonresonance under the First Eigenvalue . . . . ... ... ... .. 102

1. Introduction

Let  be a bounded smooth domain in R with outward unit normal v on the
boundary 9€). For a given number p > 1, a bounded function V in € and a certain
Carathéodory function f, we consider the following nonlinear problem with Steklov
boundary condition

L —Apu+ V() |ufPu = 0 in Q2
(Pr): { |Vu|p_2% = f(z,u) on 0N (1.1)

where —Ayu = —div(|Vu[P~2Vu). This work is mainly motivated by the study of
asymmetric elliptic problems with sign-changing weights carried out in [10]. The
problem was actually considered recently in [7] for the p-Laplacian operator (in
the case V = 0), where the existence of the p-harmonic solutions was proved. Also
in [5], the case V= 1 was treated under and between the first two eigenvalues.
In the present paper, we shall adapt and extend the approach in [7] in order to
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derive our main results for a homogeneous perturbation of —A,,, the p-Laplacian
operator, which is a prototype of quasilinear differential operator.

When V' = 0 it is known that (1.1) admits solutions, see e.g. [7], [3] and its
references for the case p = 2. On the other hand, it can also be proved the existence
of solutions for (1.1) when one introduces a positive potential V. Allowing V
to change sign makes the problem more interesting and challenging as to ensure
nontrivial solutions for (Py), a lot of facts has to be put in consideration: the
regularity of the domain and the lack of coercitivity of the functional energy.

The paper is organized as follows. In section two, we give a review of a certain
tools and established results that help in our concern. We thereby state properties
for the first nonprincipal eigenvalue for an asymmetric Steklov problem with respect
to its weights. In the third section, we solve under nonresonance conditions, namely,
conditions that involve not only a kind of nonresonance between the first two
eigenvalues but also the ones under the first eigenvalue.

2. Relevant background

2.1. The functional framework

Let Q C RN be an open set. The p-Laplace operator (p > 1) is the partial
differential operator which to every function u : 2 — R assigns the function

Apu(z) = div(|Vu(z) P2 Vu(z)), z€Q. (2.1)

We simply write A instead of Ay and call the 2-Laplace operator simply Laplace
operator. Throughout this paper, €2 will be a bounded smooth domain of class
C?% where 0 < a < 1 with outward unit normal v on the boundary 9. For a
given p > 1,

Wir(Q) = {u € LP(Q)|gu

€LP(Q), i=1,.. .,N} (2.2)

Xq

denotes the usual Sobolev space equipped with the norm

N P 1/p
u
[full = <IIUII’£p(Q> + |Ia—xill’£p<m> :
i=1

It is well known that (W1P(Q),]|| - ||) is a Banach space that is separable and
reflexive (see H. Brezis [6]). The value of any u € WHP(Q) on 99 is to be under-
stood in the sense of the trace i.e. there is a unique linear and continuous operator

v:WHP(Q) — Wl_%’p(aQ) such that v is surjective and for u € WHP(Q)NC(Q),
we have yu = u|pq. For each u € WLP(€), one has

ou ou N7 ou\? :
Vu = (8—561, ceey 'axN‘) ) |VU| = (Z (8:61) ) : (2-3)

i=1
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2.2. Detour on an asymmetric Steklov prob. with sign-changing weights

Here we give general results for an asymmetric Steklov problem with sign-
changing weights of the form

_ Ayu V(x)|u|P~2u in Q
(Pvomon) : { V225 = Am(e)@)P! —n(@)@ -] onon Y
where Q C R¥ is a bounded smooth domain of class C*“ where 0 < o < 1 with
outward unit normal v on the boundary 0f).
A € R is regarded as an eigenvalue. We assume that m,n € C*(99) for some
0 < a < 1. Finally, V is a given function in L*°(2) which may change sign and
u = ut —u~ where u* := max{+u,0}. To solve (2.4), the authors in [10] have
considered the C! functionals on W1P((2)

By (u) ::/(|Vu|p+V|u|p)dx and By (1) ;z/ ()P + n(u=Yldo (2.5)
Q o0
and introduced the real parameters

APV = inf{EV(u); u e WyP(Q) and / |ulPdx = 1} >0, (2.6)
Q
B(V,m) :=inf {Ev(u); ||u||1£p(69) =1 and B nm(u)= 0} (2.7)

B(V,n) ::inf{Ev(u); ull2om =1 and Bn,n(m:o} (2.8)

to bypass arisen coerciveness difficulties of the energy functional due to the
sign-changing possibility of the potential V. In brief,

At1(V,m) := £ Bmmi&f):il Ey (u)

are the principal eigenvalues of (Py, . m ) if and only if 5(V,m) > 0. Furthermore, if
B(V,m) < 0then A11(V,m) = —oo (see [14]). It can be therefore seen that problem
(Pv,m.n) has a nontrivial and one-signed solutions under suitable assumptions (see
details in [10]) if and only if A\ = A (V,m) or A = A\ (V,n). Let ¢,, and —¢p,,
be the corresponding one-signed eigenfunctions associated respectively to A1 (V,m)
and Ay (V,n).

Remark 2.1. Since the boundary weights lie in C*(0)), every solution of (2.4)
belongs to C1*(Q), for 0 < a < 1 (see [12,1/]). We note that if an eigenfunction
w is positive in Q, it is shown that u remains positive on OQ (see the first part of
the proof of Theorem 3.1 in [1]]). Furthermore, one can state using Proposition

5.8 in [15] that if u changes sign in  then it is also a sign-changing function on
9.
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Theorem 2.1. [10] Assume A\ (V) >0, B(V,m) > 0 and (V,n) > 0 and let

L= {y € C([0,1], My n) : 7(0) = ¢,,, and ~(1) = —p,} # 0
where
Mo i={u € WHP(Q) : Byyn(u) = 1}. (2.9)

Then

ce(m,n, V) := érelfl‘“ uegl(?o),(l])EV(u) (2.10)

is a nonprincipal eigenvalue for (Py ., n) which satisfies
e(myn, V) > max{A\(V,m), \1(V,n)}.

Moreover c¢(m,n, V) is the first nonprincipal eigenvalue of (Py.m ) in sense that
there is no other eigenvalue of (Py.n) between max{\i(V,m),\1(V,n)} and
e(m,n, V).

As some facts break down when (at least) one of the values 5(V,m) and 3(V,n)
vanishes, the authors in [10] have proved that in this case, there is still a hope of
obtaining existence solutions for (Py,, ). Indeed,

Theorem 2.2. [10] Assume AT (V) >0, 3(V,m) =0 or B(V,n) = 0.

1. There ezist u; > 0 and uz <0 in M, ,, such that
Ey(ui) <c(m,n,V) and Ey(uz) < c(m,n,V).
2. Define

To:= {7 € C (10,1, M) : 7(0) =1 and (1) = ug} # 0.

Then
é(m,n, V) := inf max Ey(y(t)) (2.11)
~€eTl t€(0,1]

is a nonprincipal eigenvalue for (Py,m.n). Moreover

e(m,n, V) =c(m,n, V).

Continuity and monotonicity properties concerning c(m,n, V') with respect to
its first two arguments (boundary weights) are given in [10].
Proposition 2.1. Let m,n € LI(09)) with % <qg<ooifp< N andq>1if
p> N, and V € L®(Q). Assume that \P (V) > 0,5(V,m) > 0 and S(V,n) > 0
is verified with my — m, np = n and Vi =V as k — oo. If B(V,m) =0 (resp.
B(V,n) = 0), we then assume in addition that S(Vi,my) > 0 for all k € N and
m~ Z 0 (resp. f(Vi,ng) > 0 for all k € N and n~ # 0). Hence, the following
relations hold:
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1. M(Vie,mi) — M (Vom) as k — oo (resp. M (Vi,ng) — M(V,n) as k —
00).

2. c(mp,ng, Vi) — ¢(m,n, V) as k — oo.
Proposition 2.2. 1. If m <m and n < n then ¢(m,n,V) > c(i,n, V).
2. If m <m,n<n in 02 and
/ (T?Lfm)(qu)de'ﬂ*/ (A —n)(u™)Pdo >0 (2.12)
o o0

for at least one eigenfunction u associated to ¢(m,n,V), then ¢c(m,n,V) >

c(m,n, V).

We are guided to consider some basic results on the Nemytskii operator. Simple
proofs of these facts can be found in (for instance) Kavian [11] or de Figueiredo [8].

2.3. On the Nemytskii operator

Let © be as in the beginning of Section 2. and g : 92 x R — R be a
Carathéodory function, i.e.:

e for each s € R, the function x — g(z, s) is Lebesgue measurable in 9€;
e for a.e. x € 99, the function s — g¢(z, s) is continuous in R.

In the case of a Carathéodory function, the assertion z € 02 is to be understood
in the sense a.e. © € J€). Let M be the set of all measurable function u : 92 — R.

Proposition 2.3. If g : 9Q x R — R is Carathéodory, then, for u € M, the
function Nyu : 00 — R defined by

(Ngu)(z) = g(z,u(z)) forxz € 00 (2.13)
18 measurable in ON).

In the light of this proposition, a Carathéodory function g : 92 x R — R
defines an operator N, : M — M, which is called Nemytskii. The result below
states sufficient conditions when a Nemytskii operator maps an L7 space into
another L92.

Proposition 2.4. Assume g : 02 x R — R is Carathéodory and the following
growth condition is satisfied:

lg(z, s)| < Cls|” +b(z) forz €09, s €R, (2.14)

where C > 0 is constant, r > 0 and b € LP*(0Q) with 1 < p1 < co.
Then Ng(LP*"(0R)) C LP*(0R). In addition, Ny is continuous from LP'"(9%)
into LP1(02) and maps bounded sets into bounded sets.
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We now give some important results concerning the Nemytskii operator that
will be used later.

Proposition 2.5. Suppose g : 022 x R — R is Carathéodory and it satisfies the
growth condition:

lg(z,8)| < Cls[P~ +b(x) forx €, sER, (2.15)

where C > 0 is constant, p > 1, b € Lp,(Z?Q) with %Jrﬁ =1. Let G: 00xR — R
be defined as

G(z,s) = / g(x,t)dt. (2.16)
0
Then we have:

1. the function G 1is Carathéodory and there exist C; > 0 constant and d €
LY(09Q) such that

|G(z,s)| < Chls|P +d(x) forz e df, seR; (2.17)
2. the functional W : LP(0Q)) — R defined by
U(u) = Ngu = G(z,u)
a0 a0
is continuously Fréchet differentiable and ¥'(u) = Ngu for all u € LP(0).

3. Assumptions and nonresonance results

The present article deals explicitly with a very known type of problem

_ Apu = V(z)|uP~2u in Q
(Py): { |Vu|p’2% = fz,u) on 0f) (3.1)

where Q C R” is a bounded smooth domain of class C%® where 0 < a < 1 with
outward unit normal v on the boundary 0.
The functions V(z) and f(x,s) satisfy the following conditions:

(Hy) : V(x) € L*(Q) possibly indefinite,

(Heo) : f : 99 x R — R is a Carathéodory function lying in C"

for some 0 <7 < 1.
We define the following functions and make the assumption that they have
nontrivial positive parts:

o flaes) f(z,s)
(Hy) k(o) = minl fp2g, < limaup 2z, = K@)
F F
(Hp) li(z):= liminfw < 1imsupp (z,5) = Li(x)

ERREES |3|p s—+oo |S|p
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with F(z,s) = / f(z,t)dt. We also assume that
0

(Hs) k/’i,Ki,li, and Li are in CT(GQ)

for some 0 < r < 1 and note that the aforementioned limits are held uniformly
with respect to € 0 that is for every e > 0, there exist a. € L? (092), and
be € LY(09) such that for a.e. x € 9Q and Vs € R,

() =t (k0K ()= [P35 < 1(025) < (b (@)K ()42 [P

|s[”

(Hy) —be+ (l+(ac) +1_(x) —5)7 < F(z,s) < (L+(ac) + L_(x) —l—zs)

|s[”
p

According to (Hg) and (Hp), we conclude that there exist a; > 0 and b; €
L' (992) such that

+b..

(H3) |f(z,8)] < aals|"~" + bi()

for a.e. x € 02 and all s € R.
In addition, we require the above functions to satisfy

0<M(Vky) <1 and (K4, K_,V)>1
(Hy) 0<M(V,ie)<1 and e(Ly,L_,V)>1 (3.2)
MNP(Vy>0, B(V,ks)>0 and B(V,ii) >0

where AP (V), B(V,-), \i(V,-) and ¢(-, -, V) are related to the asymmetric Steklov
problem (2.4).

Remark 3.1. One easily checks from (Hy) and (Hp) that
ky(z) <ly(x) < Li(x) < Ky(x) a.e. ondf. (3.3)

We state our first result concerning the strict monotonicity of A\ (V,-) as a
principal positive eigenvalue of (Py,m. m)-

Proposition 3.1. If my(x) £ ma(z) on 02 (where  means that one has a large
inequality a.e in 0) and a strict inequality in a subset with a positive measure)
then A1 (V,mq1) > A (V,m2).

Proof: Let my(x) and ma(z) be two weight functions satisfying my(x) 5 ma(z)
for a.e. x in 9 and ¢,, be an eigenfunction associated to A;(V,m1). We know
that ¢, is positive and ¢,, > 0 on 9. One has

1 1
M(Vomy) Ev(pm,) Joo

my(x)eh, do (3.4)
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and then
1
—_— my(z)ph, do < —F—— mo(z)ph, do. 3.5
Ev(m,) Joo (@) Ev(m,) Joo (o) (3.5)
On the other hand,
_ mo(z)pl do < sup{ ! / mo(z)|ulPdo : uer’p(Q)}:
Ev(em,) Joo " N Ev(u) Jaq
1
= - 3.6
A1(V,ma) (3.6)

1 1
<
M(Vimy)  A(Vime)

Combining (3.4), (3.5) and (3.6), we get

i.e.

A1 (V, ml) > )\1(‘/, mg).

3.1. Nonresonance between the first two eigenvalues

We study a nonresonance problem relating to Steklov boundary conditions and
in addition we deal with some indefinite weight as a new feature. To fix one’s
ideas, problem (Py) can be found in [4,7] where particular cases of weight were
considered. Throughout this subsection, we work on gathering needed properties
to apply a version of the classical "Mountain Pass Theorem” for a C' functional
restricted to a C! manifold (see [1,8]). Our purpose is of course to obtain existence
results for (Py) and by doing so, extend some of the known results in [4,5,7]. In

order to have things well defined in the context of variational approach, we consider
for u € WHP(Q),

1
B(u) = 2 By (u) / F(a,u)do (3.7)
p o0
as the C'! functional which allows to get the weak formulation of (3.1) as follows
(D' (u),v) :/ |Vu|p72Vu.Vv+/ V(2)|ulP~uv — f(z,u)vdo =0. (3.8)
Q Q o0

It follows readily that the critical points of ® are precisely the weak solutions of
(Pr). So the search for solutions of (3.1) is transformed in the investigation of
critical points of ® relying on standard arguments. For convenience, we recall a
version of the well-known ”Mountain Pass Theorem” in a useful and popular form

(see [1]).

Proposition 3.2. [I] Let E be a real Banach space and let M := {u € F; g(u) =
1}, where g € CY(E,R) and 1 is a regular value of g. Let f € C'(E,R) and
consider the restriction f of f to M. Let u,v € M with u # v and suppose that

H:={heC(0,1],M): h(0) =u and h(l)=wv} (3.9)
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is nonempty. Assume also that

c¢:= inf max f(w) > max{f(u), f(v)}

heH weh([0,1])

and that f satisfies (PS) condition on M. Then ¢ is a critical value of f
We state our first main result as follows:

Theorem 3.1. Assume that (Hy), (Hc), (Hy), (Hp), (Hs) and (Hy) are satisfied.
Then the problem (Pf) admits a solution in WP(Q).

We will use Proposition 3.2 for the proof of Theorem 3.1 and we start with the
following that proves the required Palais-Smale condition.

Proposition 3.3. ® satisfies the (PS) condition on W1P(Q) that is for any se-
quence (uy) such that

|[@(un)| < c
(3.10)
(' (un), o)| < enllell ¥ € WHP(Q)

with ¢ real constant and ,, — 0, one has that (u,) admits a convergent subsequence.

Proof: The proof adopts the scheme in [7]. Let (u,) be a Palais-Smale sequence,
i.e. (3.10) is satisfied. Since WP(Q) is a Banach space that is reflexive, to prove
that (u,) has a convergent subsequence, it suffixes to prove its boundedness. To
this end, let assume by contradiction that (u,) is unbounded i.e. ||u,|| — oo and
Un
(||
As (vy,) is bounded in the same space W1P(Q), one can find some vy in WHP(Q)
such that v, — vy in WHP(Q) and v,, — vp in LP(Q) and then in LP(912). Using
(H3) with s = u,,(z) and divide it by ||u,|[?~!, one deduces that f(x,u,)/||u,|[P~*
is bounded in L*’ (09) and then converges weakly to some fy. Rewriting the second
inequality of (3.10) by setting ¢ = (v, — vp), we reach

(@' (un), o) (' (un), (vn = v0))

[T [lun [P~

/ |an|p_2an -V (vp, — vo)dx —|—/ V(ac)|vn|p_21)n(vn — vg)dx
Q Q

set v, = We now show that this is not the case, so arriving to contradiction.

_/ @) (e — 0. (3.11)
1%}

o [lun|[P~

Applying Hélder inequality and taking into account the fact that
f(x,un)/]|un||P~! is bounded in LP' (9€), one easily checks that

/ M(% — vo)do
29 |

— 0 3.12
71 (312)
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and
/ V() |vn [P~ 20n (v — vo)dx| — 0. (3.13)
Q
Thus
/ |V, P2V, - V (v, —vg)dz — 0. (3.14)
Q
Moreover,

/ (V0[P =2V, — [Vug|P~>Vug) - (Vo — Vg) dz — 0.
Q
Applying the (ST) property stated in Lemma 3.1 below and Holder inequality, one

easily derives that (v,) converges strongly to vg in WP(Q) with |[vg|| = 1. From
(3.11), we can write

/|Vv0|p72VUo-Vg0dx+/ V|v0|p*2vo<pd:z::/ fopdo, Yo € WHP(Q). (3.15)
Q Q o9

Based on (Hy) (see [9]), there exist a1 and o in L9(9€2) such that

folz) = an(@)(vg )P~ = an(x)(vg )P (3.16)
and almost for every x € 0,
ki(z) < ai(x) < Ky(x)
{ k(1) < as(z) < K. (). (3.17)

In view of (3.16) and since the values of a () (resp. az(z)) on {x € N : vo(z) < 0}
(resp. on {x € 98 : vo(x) > 0}) are irrelevant, we follow [7] by assuming that

a1(z) =Ly(z) on {x€dN:v(x) <0}
(3.18)
as(z) =L_(x) on {x€dN:uv(x) >0}

Relying on Remark 2.1, we will distinguish the two cases where vy > 0 a.e.
on JN) or vy changes sign on 9df) and prove that vy > 0 almost everywhere on 0f2
or vy changes sign on 0f2, both lead to a contradiction and thereby get expected
conclusion.

1. Suppose first that vo > 0 almost everywhere on 992 and consider (3.15).
One shows that vg > 0 on 9. Indeed, assume that vg = 0 on 9S2. Then
v € Wy P(Q) and (3.15) becomes

/ |Vvo|P 2V - Vda Jr/ V0volP 2vopdr = 0, Yo € WHP(Q)
Q Q

and for o = vy € WyP(Q) ¢ WHP(Q), we have Ey(vo) = 0. Moreover

—Y% — is admissible for A7’ (V) and consequently,
[lvol ‘Lp (Q)

A (V) < By <L> —0

||vol |IL),P(Q)
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which contradicts the assumption A’ (V) > 0. Thus v > 0 on dQ and f(z) =
a1 () (vg )P~ # 0 since otherwise, we get into the previous case. We deduce
that B, as(v0) # 0 and then A (V, ;) > 1 and combining monotonicity of
A1(V;+), (3.2) and (3.17), one obtains Ay (V, k4+) = 1 and then oy = k1 almost
everywhere on 02 by strict monotonicity. We have from the first condition
in (3.10)

P (up)

—0 (3.19)
[|un] [P
that is »
Byv(vy) = lim [ PE@ @), (3.20)
n=o0 Jaq  ||unl[?

Using (H3) and passing to the limit, we have

)
/ l+UgdU§ lim ZM
o0

n—oo Joo  ||uallP

do = Ev (vg) :/ ajvfdo.  (3.21)
o0

From Remark 3.1, one write oy = ky < [+ almost everywhere on 092 and

then ay = Iy since vg > 0. This implies A;(V, 1) = 1 which contradicts the

strict inequality in (3.2).

. Suppose now that vy changes sign on 09 and still consider (3.15). Then
vo verifies (3.15) which means that vg is a solution of the following Steklov
problem

{ Apu = V(z)uP~2u in Q

|Vu|p72% = aj(ut)P7t —ag(u™)Pt on 0f. (3.22)

Let us show that By, ,(vo) # 0. Assume by contradiction that
Bays(t0) = | ar(@)Vdo + [ o)y o =0,
o9 o9

Repeating similar arguments from the proof of [10, Proposition 3.10], we
reach a contradiction and one can infer ¢(aq,as,V) < 1. Moreover, mono-
tonicity of ¢(-,-, V') together with (3.17) and (3.2) lead to

clag, a0, V) =c(K4, K_, V) =1.

Adapt ideas from the previous case, we have

/ (Oél(vg')PJrOéz(v()_)P)do = FEy(v) = lim Mdg
o0

n—oo Jaq  ||unllP

< /(L+(v3)P+L,(vO—)p)da (3.23)
o

A

< / (K4 (vg)P + K_(vgy )P)do.
20
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Let assume by contradiction that

[ (@) +as(ep o < [ () + Koo
[2}9) [2}9)

Therefore
/ (B4 = a1)(vg )P + (K- — a2)(vy )P) do > 0
o0

which leads to c¢(a1, a0, V) > ¢(Ky,K_,V) by the strict monotonicity of
c(+,+, V). We then reach a contradiction since we have established that
clan, 2, V) =c¢(Ky, K—,V). Finally, (3.23) reads as

/ (oq(vaf)P—i—az(vo_)P)do = FEy(v) = lim Mda
a0

n—oo Joq  [|unllP

= [ @ity Lo de (320)
o0
S s e
of)
and then from Remark 3.1 and (3.17),

Li(z)=Ky(x) on {zxe€dQ:uv(x)>0}
(3.25)
L_(x)=K_(x) on {z€dQ:vy(x) <0}
and
a1(z) = K4 (z) on {z € 9Q:vy(x)> 0}
(3.26)
as(z) = K_(z) on {x€dQ:vy(x) <0}

hold. Considering (3.18), it follows that
clag, a0, V) =¢(Ly, L, V) =1
which contradicts the strict inequality in (3.2) and put an end to the proof.

d

Lemma 3.1. [13][(S*) property] For all z,y € RN, we have
— — s/2 —s
=yl < e[(le e — [y %) (@ = )] (2l + [y

withc=c¢(p), s=pifl<p<2ands=2ifp>2.

We now turn to the study of the geometry of ® and first look for directions
along which ® goes to —oo.
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Lemma 3.2. If 04 (resp. 0_) is a positive eigenfunction associated to A\1(V, 1)
(resp. A\ (V,1-)), then lim D(rd) = —oo (resp. lim O(—ri_) = —00).

Proof: Let us show that ®(rdy) — —oo (similar argument for &(—rd_) — —o0).
As in [1] and [7], we recall for simplicity, the meaning of (Hp) being holding
uniformly with respect to # € 9Q. That is for every € > 0, there exists b. € L'(9Q)
such that
1 1 €
I (z)|sTP+ =l_(2)|]s"|P — =|s|” — b
L@t @l = s - b
1 1
< F(2,8) < —Ly(@)|sHP + L (2)[s™ [P + Z[s]” + b (3.27)
p p p

for almost every = € 002 and all s € R. Let take r > 0 and get back to ® to write

P
B(rdy) = —Bv(d.)— | Flx,roy)
p ol9)
P P
S —Ev(6+) — —/ (l+6g_ - E(S;i) do +/ bng‘
p P Joa N
rP P Ey(d4) f—:rp/ /
< ey - 20 et [ bedo
D (0+) p M(Vily)  p Jao Tt 00
< f(pi By (o) + 2 6Pda+/ bedo
- p MUARY e p Joa * 00
rP 1 f o do
< —(1- 42002+ )Evé +/bda.
p ( M (V1) Ev(d4) (+) o :
As M (V,14) < 1, we just have to choose € less than (1/\_1?\1/,(1‘372)QE6‘§(§;) to get
®(rdy) — —oo when r — +oo. O

Proposition 3.4. There exists ro > 0 such that for all r > ro and for all v € T,
with
U= {y e C([0,1],W'P(Q)) : v(0) = r64 and ~(1) = —ré_},
one obtains
max  P(w) > max{P(rdiy), ®(—ri_)}.
wev([0,1])

Once Proposition 3.4 is proved, we can pick r > r¢ and apply Proposition 3.2 by

setting H =T, and f = ® in Proposition 3.2 to conclude on the solvability of (Py).

Proof: [Proof of Proposition 3.4.] Keeping b, as in (3.27), it follows that there is
a possibility to pick 7o > 0 by Lemma 3.2 and get for all r > rg,

f/ bedo > max{®(roy), ®(—rdi_)}. (3.28)
o0
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Thus let > ry and take v € I',.. We now face the two cases that arise here that
is either Br, r_(y(t)) > 0 for all t € [0,1] or there exists ¢y € [0,1] such that
Br,.r_(v(t)) <0.

1. In the first case, By r_(y(t)) > 0 for all t € [0, 1] and we set

(1)
(B, (v()""

which is a path in Mz, r_ (which is defined in (2.10)) that verifies

(1) =

max FEy(w) > c¢(Ly,L_,V). (3.29)
weF([0,1])
On the other hand
1 1
bw) = CBv(w) - [ (L@t + L@ )) do
p P Joq
- E/ |w|pd0—/ asdo
P Joo o0
1 1
> —Ev(w)——BL+7L7(w)—5/ |w|pda—/ bedo (3.30)
p p o0 o9
and from (3.29),
! x[(l)()—i—B w)+e [ JuPd
max ————— w w)+e w|Pdo
wed(10.1)) B,z (w) P e 50

+p / be da}
o0

> C(L+7 L*v V)
which means that one can find some wy in ¥([0, 1]) such that
1 €
B(wo)+ B, 1 (w0)+—/ |w0|pdg+/ bedo > e(Ly, L_,V)By, 1 (wp)
p b Joa 9Q
that is
1
D(wg) > <C(L+,L,V) - —> Br, 1_(wo) — 5/ |wo|Pdo —/ b.do,
p oQ o0

for all € > 0. Thus one can choose € small enough, to get
1
(c(L+,L,V) - —> Br, 1_(wo) — 5/ |wo|Pdo > 0
p o0

and then
D (wp) > —/ bedo.
o0
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Consequently,
D (wp) > —/ bedo > max{®(réy), ®(—ri_)} (3.31)
o0

and it reads max  ®(w) > maz{P(rdy), P(—ro_)}.
wex((0,1])

. In the second case, there exists to € [0, 1] such that By, _(v(to)) < 0. From
(3.27), we get

max  D(w) > D(vy(to))

wev([0,1])
1 1 € »
> —Ey(y(to)) — =Br,,._(v(to)) — = |v(to)[Pdo
p p P Joa
7/ bodo. (3.32)
o0

o If By, 1 (v(to)) <0 and / |v(to)[Pdo = 0 then ~(tg) = 0 almost ev-
o0

erywhere on 9Q and ~(ty) € Wy (). Assuming that v(to) = 0 in Q, the
relation (3.32) reads

max P(w) > — / bedo  (which is our expected result).
wey([0,1]) a9

Now suppose rather that v(tgp) # 0 in Q. Hence we can normalize the path
~(to) and get
7(to)

gO = 1
[RICHIIFES

as an admissible function for the definition of AP (V') and write

) )
0< AP (V) < Ev(¢y) = m

This leads to Ev (y(to)) > 0 and we can conclude that

%m«wm—%&%hm%»>o

As a consequence,

max  P(w) > —/ bedo
wey([0,1]) a9

and the result follows.



102 J. DOUMATE AND A. MARCOS

o If By, 1 (v(to)) <0 and / [v(to)|Pdo > 0 then one can define
o0

7 (to)

ViE
[y (o)l Lr (o0

and easily check that Bj ;(%) = 1 refering to the problem tackled in [14] with
constant weight 1 on the boundary. The function 7 is therefore admissible
for A\1(V,1) and plugging a right e > 0 in (3.32), we obtain again

max  P(w) > —/ bedo
wey([0,1]) o0

and consequently

max  P(w) > max{P(rdiy), ®(—ri_)}.
we([0,1])

This achieves the proof of Proposition 3.4 and also of Theorem 3.1. a

3.2. Nonresonance under the First Eigenvalue

We are mainly interested in this subsection in the situation where the condi-

tion of nonresonance lies below the first eigenvalue. Precisely, for a Carathéodory
S

function f : 9Q x R — R satisfying (H¢) and define F(z,s) :/ fx, t)dt, we
0

assume
pF(z,s)

g(x) :=limsup (3.33)
|s|—+o0 |S|p
to have nontrivial positive parts, lying in C"(92) and verifies
A (V,g) > 1. (3.34)
. : pF(z,s)
Remark 3.2. The conditions g(x) := lim supT imply that for all € > 0,
|s]—+o0 s
Jd. € LP (09) such that
|s|?
Fla,5) < (gla) +2) 5= + dela) (3.35)

for a.e. x in 0Q and Vs € R.

Theorem 3.2. If \P(V) > 0, 8(V,g) > 0, (He), (Hs) and (3.34) are satisfied
then the problem (Py) has (at least) one solution in My 4.

Proof: Let us show first that the energy functional ® is coercive. Indeed, assume
by contradiction that there exists a sequence (u,) in M, 4 such that

[|lwn]|wi.» ::/ |Vun|pdx+/ |t [Pdo — 00 (3.36)
Q [219)
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(where the norm || - ||1.» is a equivalent to the usual norm on W1?(£2)) and

1
K > -Ey(uy) — F(z,up)do = ®(u,) (3.37)
p o0
1/p
for some constant K. One shows by contradiction that ¢,, := ( / [t |P dm) — 00.
Q
Indeed, assume by contradiction that (t,) is bounded. We first deduce that
/ |tun[Pdo is bounded and in addition we write from (3.7),
o0

/ [Vu, |Pde = p®(uy,) — / V() |un|Pdz +p/ F(z,up)do (3.38)
Q Q a0

and using (3.35), it reads

/|Vun|pdz§p¢)(un)f/ V|un|pdz+/ (g+€)|un|pdo+p/ d.do. (3.39)
Q Q o0 o0
Recall that

[ V@lunpds < Vllzsot:

Q

and

|un|p
/agz F(z,up)do < Lﬂ(g(z) + E)Tdo + /agz de(x)do

which make /V(x)|un|pd:c and / F(z,un)do bounded and therefore
Q o0

|Vu,|[Pdz also is bounded. Thus this contradicts (3.36) and we conclude that
Q

1/p
t, = </ |un|pdz> — 00.
Q

Define v, = ;L—" and note that ||v,||zr) = 1. Dividing (3.39) by t,, we can easily

n

see that [ |Vwu,|Pdz becomes bounded and then (v,) is a bounded sequence in

WLP(Q) and by standard arguments, one derives that (v,) converges weakly to
some v in WHP(Q) and v, — v in LP(Q) N LP(9Q).
Using (3.35), we have

1
Blun) 2 ~ By (1) —/

|“n|p
aﬂ(g(x) + E)Tda — [99 de(z)do. (3.40)

Choosing ¢ > 0 such that A\ (V,g +¢) > 1, it comes

1 1
K > ];EV(Un) (1 - m) - /agz d.(x)do. (3.41)
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Dividing (3.41) by ¢£ and passing to the limit, one writes liminf Ey (v,) < 0.
n—oo

Moreover, we face two cases regarding / |[v|Pdo that are / [v|Pdo =0 and
o0

[219)
/ [v|Pdo > 0.
o0

e In the case / |v[Pdo = 0, one has v = 0 a.e. in 9Q and as [[v||Lr(q) = 1,
09

we get v € Wy P(Q) and v is therefore admissible for A (V). This leads to

AP (V) < By (v) < liminf Ey (v,) <0 (3.42)

n—oo

which contradicts the assumption A (V) > 0.

e  Taking the case /

[v[Pdo > 0, we have / |vp[Pdo > 0 and then
o0

ro)
1/p
/ |tn|Pdo > 0. Let us set s, := (/ |un|pda) and show that s, — oo.
o9 o9
By contradiction, assume that the sequence (s,,) is bounded. Then one shows
(using (3.39)) that it is so for / |Vu,|Pdx but this, once again, contradicts
Q
(3.36) and the result follows. Now we define w,, := In and get ||wnl|Lr0) =
s

Uy |Pdz
1. We show by contradiction that fQ'+' is bounded and as
Sn

/ g(@)\wnlPdo
o0

we conclude by dividing (3.39) by sP that / |Vw,|Pdz is bounded and
Q

L

< — — 0 whenn — oo, (3.43)
Sn

as a consequence (wy,) is a bounded sequence in WP(£2) and there exists
w € WHP(Q) such that w, — w. By standard argument, one reaches
wy, — w in LP(Q) N LP(0Q) and write ||w|[zr@90) = 1 and By g(w) = 0
which mean that w can be seen as an admissible function in the definition
of B(V, g). Furthermore, dividing (3.41) by sP and passing to the limit, one
gets hnrg i£f Ey (w,) < 0 and consequently

B(V,g) < Ey(w) < 1inr_1>inf Ev(w,) <0. (3.44)

This leads to a contradiction with the assumption 3(V,g) > 0 and we get
expected result that is ® is coercive on My 4. Since ® is sequentially weakly
lower semicontinuous, ¢ attains a minimum value and this ends the proof.

|
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