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abstract: In this paper , we derive asymptotic expansion of the wavelet transform
for large values of the dilation parameter a by using Lopez and Pagola technique.
Asymptotic expansion of Mexican Hat wavelet and Morlet wavelet transform are
obtained as a special cases.
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1. Introduction

The wavelet transform of g with respect to the wavelet φ is defined by

(Wφg)(b, a) = a−1/2

∫ ∞

−∞

g(t)φ

(

t− b

a

)

dt, b ∈ R, a > 0. (1.1)

provided the integral exists [1]. Using Fourier transform it can also be expressed
as

(Wφg)(b, a) =
a1/2

2π

∫ ∞

−∞

eibω ĝ(ω)φ̂(aω)dω, (1.2)

where

ĝ(ω) =

∫ ∞

−∞

e−itωg(t)dt.

The Asymptotic expansion for the integral of the form

I(ξ) :=

∫ ∞

0

eiτtf(t)h(ξt)dt, τ ∈ R, τ 6= 0+, as ξ → 0+, (1.3)
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was obtained by Lopez and Pagola [ [5],Theorem 2,3] under certain conditions on
f and h. Then the asymptotic expansion of (1.2) for large a can be obtained by

setting f(t) = ĝ(t) for fixed b ∈ R and h(t) = φ̂(t). Here we assume that f(t) and

h(t) has an expansion of the form

f(t) =

n−1
∑

r=0

crt
ηr + fn(t), as t → 0+, (1.4)

and that as t → ∞,

h(t) =

n−1
∑

i=0

dit
−ρi + hn(t), (1.5)

where ηr < ηr+1, ∀r ≥ 0 and ρi < ρi+1, ∀ i ≥ 0.
Also assume that

f(t) = O(t−α), t → ∞, α ∈ R, (1.6)

and

h(t) = O(t−β), t → 0+, β ∈ R, (1.7)

with α, β, η0 and ρ0 satisfying the relations: β − η0 < 1 < α + ρ0 and −η0 < α

and β < ρ0.
The aim of the present paper is to derive asymptotic expansion of the wavelet

transform (1.2) for large value of dilation parameter a . In section 2, we assume that

ĝ(ω) and φ̂(ω) possess asymptotic expansion of the form (1.4) and (1.5) as ω → 0+
and ω → ∞ and derive the asymptotic expansion of (Wφg) (b, a) as a → ∞+.
In section 3, we obtain asymptotic expansion of Mexican Hat and Morlet wavelet
transform.

2. Asymptotic expansion of wavelet transform for large a

Let us rewrite (1.2) in the form:

(Wφg) (b, a) =

√
a

2π

{
∫ ∞

0

eibωφ̂(aω)ĝ(ω)dω

+

∫ ∞

0

e−ibωφ̂(−aω)ĝ(−ω)dω

}

(2.1)

=
(

W+
φ g

)

(b, a) +
(

W−
φ g

)

(b, a), (2.2)

where

(

W+
φ g

)

(b, a) =

√
a

2π

∫ ∞

0

eibωφ̂(aω)ĝ(ω)dω, (2.3)
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(

W−
φ g

)

(b, a) =

√
a

2π

∫ ∞

0

e−ibωφ̂(−aω)ĝ(−ω)dω. (2.4)

Assume that ĝ(ω), φ̂(ω) are locally integrable in (−∞,∞) and

ĝ(ω) =

n−1
∑

r=0

crω
ηr + ĝn(ω), as ω → 0+, (2.5)

and that as ω → ∞,

φ̂(ω) =

n−1
∑

i=0

diω
−ρi + φ̂n(ω), (2.6)

where ρi < ρi+1, ∀ i ≥ 0 and ηr < ηr+1, ∀ r ≥ 0.
Also assume that

ĝ(ω) = O(ω−α), ω → ∞, α ∈ R, α+ ρ0 > 1, (2.7)

and

φ̂(ω) = O(ω−β), ω → 0+, β ∈ R, β − η0 < 1. (2.8)

Now by using [ [5],Theorem 2,3], we can also prove the theorem for asymptotic
expansion of wavelet transform for large value of dilation parameter a.

Theorem 2.1. . Assume that (i) ĝ(w) and φ̂(w) are locally integrable on (0,∞),

(ii) ĝ(w) satisfies (2.5) and (2.7),(iii) φ̂(w) satisfies (2.6) and (2.8). Then, for
any n,m ∈ N such that ρn−1 − ηm < 1 < ρn − ηm−1,

∫ ∞

0

eibω ĝ(ω)φ̂(ω)dω =

n−1
∑

r=0

cr

[

M [φ̂(ω)eibω/a; 1 + ηr]−
R(r)−1
∑

p=0

dpBp(1 + ηr; a; b)

]

× a−ηr−1 +
m−1
∑

i=0

di

[

M [ĝ(ω)eib; 1− ρi]

−
I(i)−1
∑

j=0

cj Aj(1− ρi; b)

]

× a−ρi +Rn,m(a), (2.9)

Bp(x; a; b) = eiπ(x−ρp)/2 Γ(x− ρp)

(

b

a

)x−ρp

,

Aj(x; b) = eiπ(x+ηj)/2
Γ(x+ ηj)

bx+ηj
.
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R(r) is the index r for which ρi − ηr ≤ 1 < ρi − ηr−1 and I(i) is the index i for
which ρi−1 − ηr < 1 ≤ ρi − ηr. If ρi − ηr = 1 for some pair (i, r) then in (2.9), the
sum of the terms

cr

[

M [φ̂(ω)eibω/a; 1 + ηr]−
R(r)−1
∑

p=0

dpBp(1 + ηr; a; b)

]

a−ηr−1

+ di

[

M [ĝ(ω)eibw; 1− ρi]−
I(i)−1
∑

j=0

cjAj(1 − ρi; b)

]

a−ρi , (2.10)

must be replaced by

a−ρi

{

di

[

M [ĝ(ω)eibω ; 1− ρi]−
I(i)−1
∑

j=0

cjAj(1− ρi; b)− crloga

]

−crdi[i
π

2
− logb− γ] + cr lim

z→0

[

M [φ̂(ω)eibω/a; z + 1 + ηr] (2.11)

−
r−1
∑

p=0

dpBp(z + 1 + ηr; a; b))−
di

z

]}

,

and the remainder term Rn,m(a) as a → ∞+ is given by

Rn,m(a) =

{ O(a−ρi + a−ηr−1), when − ηr 6= −ρi + 1,

O(a−ρi log a), when − ηr = −ρi + 1.

}

. (2.12)

Proof: Define ĝ0(ω) = ĝ(ω) and φ̂0(ω) + φ̂α−1(ω) = φ̂(ω). For any i there exists
r such that ρi−1 − ηr ≤ 1 < ρi − ηr−1. For the given (i, r), the following integral
exists:

∫ ∞

0

eibω ĝr(ω) φ̂i(aω). (2.13)

(a). For a given (i, r) satisfying ρi−1 − ηr ≤ 1 < ρi − ηr−1, do the following: If
ρi − ηr < 1 go to (b). If ρi − ηr > 1 go to (c). If ρi − ηr = 1 go to (d).

(b). Use φ̂i(aω) = di(aω)
−ρi + φ̂i(aω) in (2.13) and (iii) of Lemma(2) of [5], we

get

∫ ∞

0

eibω ĝr(ω) φ̂i(aω) = dia
−ρi

[

M [ĝ(ω)eibω; 1− ρi]−
I(i)−1
∑

j=0

cjAj(1− ρi; b)

]

+

∫ ∞

0

eibω ĝr(ω) φ̂i+1(aω)dω, (2.14)
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where Aj(1 − ρi; b) = e
iπ(1−ρi+ηj)

2
Γ(1−ρi+ηj)

b1−ρi+ηj
.

Go to (a) with i replaced by i+ 1.
(c). use ĝr(ω) = crω

ηr + ĝr+1(ω) in (2.13) and (iii) of lemma (3) of [5],we get
∫ ∞

0

eibω ĝr(ω) φ̂i(aω) = cra
−ηr−1

[

M [φ̂(ω)eibω/a; 1 + ηr]

−
R(r)−1
∑

p=0

dpBp(1 + ηr; a; b)

]

+

∫ ∞

0

eibω ĝr+1(ω) φ̂i(aω)dω, (2.15)

where, Bp(1 + ηr; a; b) = e
iπ(1+ηr−ρp)

2 Γ(1 + ηr − ρp)

(

a
b

)(1+ηr−ρp)

.

Go to (a) with r replaced by r + 1.

(d). use first φ̂i(aω) = di(aw)
−ρi + φ̂i+1(aω) and then ĝr(ω) = crω

ηr + ĝr+1(ω) in
(2.13) , we get

∫ ∞

0

eibω ĝr(ω) φ̂i(aω) =

∫ ∞

0

eibω[di(aω)
−ρi ĝr(ω) + crω

ηr φ̂i+1(aω)]dω

+

∫ ∞

0

eibω ĝr(ω) φ̂i+1(aω)dω.

Define the function

Ei,r(z, ω) = ωz

[

dia
−ρiω−ρi ĝr(ω) + crω

ηr φ̂i+1(aω)

]

z ∈ C.

Then
∫ ∞

0

eibω ĝr(ω) φ̂i(aω)dω =

∫ ∞

0

eibω Ei,r(0, ω)dω +

∫ ∞

0

eibω ĝr(ω) φ̂i+1(aω)dω.(2.16)

On the one hand ĝr(ω) = crω
ηr + O(ωηr+1); when ω → 0+. On the other hand

φ̂i+1(ω) = −diω
−ρi + O(ω−ρi−1); when ω → 0+. Hence,Ei,r(z, .) ∈ L1[0,∞) for

Max (ρi−ηr+1, ρi−1−ηr)−1 < Re(z) < Min(ρi−ηr−1, ρi+1−ηr)−1. Choose
two numbers z0 and z1, satisfying Max (ρi − ηr + 1, ρi − 1− ηr)− 1 < z0 < 0 and
0 < z1 < Min(ρi− ηr − 1, ρi+1− ηr)− 1. Then we have that for z0 < Re(z) < z1:

|Ei,r(ω, z)| ≤ Hi,r(ω) =

{

|Ei,r(ω, z0)| for ω ∈ [0, 1] and |Ei,r(ω, z1)| for ω ∈ [1,∞)

}

and that Hi,r(ω) ∈ [0,∞). using the dominated convergence theorem, we get
∫ ∞

0

eibω Ei,r(0, ω)dω = lim
z→0

∫ ∞

0

eibωEi,r(z, ω)dω

= a−ρi lim
z→0

∫ ∞

0

[diω
z−ρieibω ĝr(ω)

+cra
−zωz+ηre

ibω
a φ̂i+1(ω)]dω. (2.17)
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From ρi= 1+ηr and from Lemma 2 and 3 of [5], we have thatM [φ̂(ω); z+1+ηr] and
M [ĝ(ω); z+1−ρi] have a common strip of analyticity: a−ηr−1 < Re(z) < ηr+b.
we have that a− η0− 1 < 0 < η0+ b and then the point z = 0 belongs to that strip
of analytic. Therefore,

∫ ∞

0

eibω ĝr(ω)φ̂i(aω)dω = a−ρi lim
z→0

{

di

[

M [ĝr(ω)e
ibω; z + 1− ρi]

−
I(i)−1
∑

j=0

cjAj(z + 1− ρi; b)− dj e
iπz
2

Γ(z)

bz

]

+cra
−z

[

M [φ̂(ω)e
ibω
a ; z + 1 + ηr]

−
R(r)−1
∑

p=0

dpBp(z + 1 + ηr; a; b)

]}

+

∫ ∞

0

eibω ĝr(ω)φ̂i+1(aω)dω. (2.18)

Using a−z = 1− z log(a) +O(z2); when z → 0 and

M [φ̂(ω)e
ibω
a ; z + 1 + ηr] =

∫ ∞

0

e
ibω
a ĝr(ω)φ̂i(ω)ω

z+ηrdω

=
di

z
+ 0(1);when z → 0. (2.19)

We find that the above expression can be rewritten as

∫ ∞

0

eibω ĝr(ω)φ̂i(aω)dω = a−ρi

{

di

[

M [ĝr(ω)e
ibω; 1− ρi]−

I(i)−1
∑

j=0

cjAj(1− ρi; b)

− cr log a

]

+ cr lim
z→0

[

M [φ̂(ω)e
ibω
a ; z + 1 + ηr]

−
R(r)−1
∑

p=0

dpBp(z + 1 + ηr; a; b)−
di

z

]

− crdi[
iπ

2
− log b− γ]

}

+

∫ ∞

0

eibω ĝr(ω)φ̂i+1(aω)dω.

(2.20)
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Hence,

(W+
φ g)(b, a) =

a1/2

2π

{
∫ ∞

0

eibω ĝ(ω)φ̂(aω)dω

}

=
1

2π

{ n−1
∑

r=0

cr

[

M [φ̂(ω)e
ibω
a ; 1 + ηr]

−
R(r)−1
∑

p=0

dpBp(1 + ηr; a; b)

]

a−ηr−1/2

+

m−1
∑

i=0

di

[

M [ĝ(ω)eibω; 1− ρi]

−
I(i)−1
∑

j=0

cjAj(1 − ρi; b)

]

a−ρi+1/2 +Rn,m

}

. (2.21)

If ρi − ηr = 1 for some pair (i, r) then in (2.21), the sum of the terms

cr

[

M [φ̂(ω)eibω/a; 1 + ηr]−
R(r)−1
∑

p=0

dpBp(1 + ηr; a; b)

]

a−ηr−1/2

+ di

[

M [ĝ(ω)eibω ; 1− ρi]−
I(i)−1
∑

j=0

cjAj(1− ρi; b)

]

a−ρi+1/2, (2.22)

must be replaced by

a−ρi+1/2

{

di

[

M [ĝ(ω)eibω ; 1− ρi]−
I(i)−1
∑

j=0

cjAj(1 − ρi; b)− crloga

]

−crdi[i
π

2
− logb− γ] + cr lim

z→0

[

M [φ̂(ω)eibω/a; z + 1 + ηr]

−
r−1
∑

p=0

dpBp(z + 1 + ηr; a; b)−
di

z

]}

, (2.23)

and the remainder term Rn,m(a) as a → ∞+ is given by

Rn,m(a) =

{ O(a−ρi+1/2 + a−ηr−1/2), when − ηr 6= −ρi + 1,

O(a−ρi+1/2 log a), when − ηr = −ρi + 1.

}

. (2.24)

Similarly by setting h(ω) = φ̂(−ω) and f(ω) = ĝ(−ω), we get the asymptotic

expansion of
(

W−
φ g

)

(b, a), as a → ∞+ ,
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(

W−
φ g

)

(b, a) =
a1/2

2π

{
∫ ∞

0

e−ibω ĝ(−ω)φ̂(−aω)dω

}

=
1

2π

{ n−1
∑

r=0

cr(−1)ηr

[

M [φ̂(−ω)e
−ibω

a ; 1 + ηr]

−
R(r)−1
∑

p=0

(−1)−ρp dp Bp(1 + ηr; a; b)

]

× a−ηr−1/2 +

m−1
∑

i=0

(−1)−ρidi

[

M [ĝ(−ω)e−ibω ; 1− ρi]

−
I(i)−1
∑

j=0

(−1)ηjcjAj(1− ρi; b)

]

× a−ρi+1/2 +Rn,m

}

. (2.25)

If ρi − ηr = 1 for some pair (i, r) then in (2.25), the sum of the terms

cr(−1)ηr

[

M [φ̂(−ω)e
−ibω

a ; 1 + ηr]

−
R(r)−1
∑

p=0

(−1)−ρpdpBp(1 + ηr; a; b)

]

a−ηr−1/2 (2.26)

+ (−1)−ρidi

[

M [ĝ(−ω)e−ibω; 1− ρi]−
I(i)−1
∑

j=0

(−1)ηj cjAj(1− ρi; b)

]

a−ρi+1/2,

(2.27)

must be replaced by

a−ρi+1/2

{

(−1)−ρidi

[

M [ĝ(−ω)e−ibω ; 1− ρi]

−
I(i)−1
∑

j=0

(−1)ηjcjAj(1− ρi; b)− (−1)ηrcrloga

]

+(−1)ηrcr lim
z→0

[

M [φ̂(−ω)e−ibω/a; z + 1 + ηr]

−
r−1
∑

p=0

(−1)−ρpdpBp(z + 1 + ηr; a; b)− (−1)−ρi
di

z

]

−(−1)ηr−ρicrdi[i
π

2
− logb− γ]

}

. (2.28)
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Therefore by using (2.21) and (2.25) in (2.2), we get the required asymptotic ex-
pansion of wavelet transform for large a→ ∞+ is

(Wφg) (b, a) =
1

2π

{ n−1
∑

r=0

cr

[

M [φ̂(ω)eibω/a; 1 + ηr] + (−1)ηrM [φ̂(−ω)e−ibω/a; 1 + ηr]

−
R(r)−1
∑

p=0

dp Bp(1 + ηr; a; b)

(

1 + (−1)ηr−ρp e−iπ(1+ηr−ρp)

)]

a−ηr−
1
2

+

m−1
∑

i=0

di

[

M [ĝ(ω)eibω ; 1− ρi] + (−1)−ρiM [ĝ(−ω)e−ibω ; 1− ρi]

−
I(i)−1
∑

j=0

cj Aj(1− ρi; b)

(

1 + (−1)ηj−ρi e−iπ(1+ηj−ρi)

)]

a−ρi+
1
2

+Rn,m(a)

}

. (2.29)

If ρi − ηr = 1 for some pair (i, r) then in (2.29), the corresponding sum of (2.22)
and (2.26) must be replace by

a−ρi+
1
2

{

di

[

M [ĝ(ω)eibω ; 1− ρi] + (−1)−ρiM [ĝ(−ω)e−ibω; 1− ρi]

−
I(i)−1
∑

j=0

cjAj(1− ρi; b)

(

1 + (−1)ηj−ρi e−iπ(1+ηj−ρi)

)]

+cr lim
z→0

[

M [φ̂(ω)eibω/a; z + 1 + ηr] + (−1)ηrM [φ̂(−ω)e−ibω/a; z + 1 + ηr]

−
r−1
∑

p=0

dpBp(z + 1 + ηr; a; b)

(

1 + (−1)ηr−ρp e−iπ(z+1+ηr−ρp)

)]}

. (2.30)

✷

3. Application

Using the aforesaid technique, we find the asymptotic expansions of Mexican
Hat wavelet and Morlet wavelet transform.

3.1. Asymptotic Expansion of Mexican Hat Wavelet Transform

We consider φ(t) = (1 − t2) e
−t2

2 to be a Mexican Hat wavelet.Since Fourier

transform of Mexican Hat φ̂(ω) =
√
2π ω2 e

−ω2

2 is locally integrable in (−∞,∞)

and has an asymptotic expansion of φ̂(ω) as ω → ∞+ [1]

¯̂
φ(ω) =

∞
∑

r=0

drω
−2r+1, (3.1)
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where, dr = are
iπ
2 (2r−1) Γ(2r − 1) and ar =

(−1)r+1 r (2r−1)
r! 2r−1 .

φ̂(ω) = O(1) as ω → 0 + . (3.2)

Now, assume ĝ(ω) satisfies (2.5) and (2.7) with η0 > 1. Then by using (2.29) and
by means of formula [ [2],(10,30),pp.318,320], we get the asymptotic expansion of
Mexican Hat wavelet transform at a → ∞+ is

(

Wφg

)

(b, a) =
1

2π

{ n−1
∑

r=0

cr

[

21+
ηr
2
√
π

(

− 1

a

√
2

(

− 1 + (−1)ηr

)

bi

× Γ[
(4 + ηr)

2
]1F1

[

(4 + ηr)

2
,
3

2
,
b2i2

2a2

]

+

(

1 + (−1)ηr

)

Γ[
(3 + ηr)

2
]

× 1F1

[

(3 + ηr)

2
,
1

2
,
b2i2

2a2

])]

−
R(r)−1
∑

p=0

ap e
iπ
2 (2p−1) Γ[2p− 1]

× Bp(1 + ηr; a; b)

(

1− (−1)−ηre−iπηr

)]

a−ηr−
1
2 +

m−1
∑

i=0

ai

× e
iπ
2 (2i−1)Γ[2i− 1]

[

M [ĝ(ω)eibω ; 2r]−M [ĝ(−ω)e−ibω ; 2r]

−
I(i)−1
∑

j=0

cj Aj(2r; b)

(

1− (−1)ηje−iπηj

)]

a2r−
1
2 +Rn,m(a)

}

,

(3.3)

where R(r) is the index r for which (1− 2r)− ηr ≤ 1 < (1− 2r)− ηr − 1 and I(i)
is the index i for which −2r − ηr < 1 ≤ (1 − 2r)− ηr.
If (−2r + 1)− ηr = 1 for some pair (i, r) then, in (3.3), the corresponding sum of
the terms must be replace by

a2r−
1
2

{

ai e
iπ
2 (2i−1)Γ[2i− 1]

[

M [ĝ(ω)eibω ; 2r]−M [ĝ(−ω)e−ibω; 2r]

−
I(i)−1
∑

j=0

cj Aj(2r; b)

(

1− (−1)ηje−iπηj

)]

+ cr lim
z→0

[

2

1
2

(

2+z+ηr

)

√
π

((

1 + (−1)ηr

)

× Γ[
(3 + z + ηr)

2
] 1F1

[

1

2

(

3 + z + ηr

)

,
1

2
,
b2i2

2a2

]

− 1

a

√
2

(

− 1 + (−1)ηr

)

× biΓ[
(4 + z + ηr)

2
] 1F1

[

1

2

(

4 + z + ηr

)

,
3

2
,
b2i2

2a2

])]
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−
r−1
∑

p=0

ap e
iπ
2 (2p−1) Γ[2p− 1] Bp(1 + ηr; a; b)

(

1− (−1)−ηre−iπηr

)]

a−ηr−
1
2

+

m−1
∑

i=0

ai e
iπ
2 (2i−1)Γ[2i− 1]

[

M [ĝ(ω)eibω ; 2r]−M [ĝ(−ω)e−ibω ; 2r]

−
I(i)−1
∑

j=0

cj Aj(2r; b)

(

1− (−1)ηje−iπηj

)]

a2r−
1
2

}

, (3.4)

and the remainder term Rn,m(a) as a → ∞+ is given by

Rn,m(a) =

{ O(a2r−
1
2 + a−ηr−

1
2 ), when − ηr 6= 2r,

O(a2r−
1
2 log a), when − ηr = 2r.

}

. (3.5)

3.2. Asymptotic Expansion of Morlet Wavelet Transform

In this application, we consider Morlet wavelet φ(t)= eiωot−
t2

2 . Since φ̂(ω) =
√
2π e

−(ω−ωo)2

2 is locally integrable in (−∞,∞) and has an asymptotic expansion
as ω → ∞+ [4].

φ̂(ω) =

∞
∑

r=0

ar e
iπ
2 (r+1)Γ[r + 1]ω−(r+1), (3.6)

where

ar =

[r/2]
∑

j=0

(−1)j(iωo)
r−2j

(2)jj!(r − 2j)!
, (3.7)

and

φ̂(ω) = O(1) as ω → 0 + . (3.8)

Now, assume ĝ(ω) satisfies (2.5) and (2.7) with η0 > 1. Hence, using (2.29) and
formula [ [2],(11, 31), pp.318, 320], we get the following asymptotic expansion of
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Morlet wavelet transform for a → ∞+ as

(Wφg) (b, a) =
1

2π

{ n−1
∑

r=0

cr

[

2
ηr
2 e

−w2
o

2

((

1 + (−1)ηr

)

Γ[
(1 + ηr)

2
]

× 1F1

[

(1 + ηr)

2
,
1

2
,
(bi+ awo)

2

2a2

]]

− 1

a

√
2

(

− 1 + (−1)ηr

)

× Γ[
(2 + ηr)

2
] 1F1

[

(2 + ηr)

2
,
3

2
,
(bi+ awo)

2

2a2

]

(bi+ awo)

)]

+

m−1
∑

i=0

ai e
iπ
2 (i+1)Γ[i+ 1]

[

M [ĝ(ω)eibω;−r]

− (−1)−rM [ĝ(−ω)e−ibω ;−r] (3.9)

−
I(i)−1
∑

j=0

cjAj(−r; b)

(

1− (−1)−ηj−re−iπ(ηj−r)

)]

a−r− 1
2 +Rn,m

}

,

(3.10)

where R(r) is the index r for which (r + 1)− ηr ≤ 1 < (r + 1)− ηr − 1 and I(i) is
the index i for which r − ηr < 1 ≤ (r + 1)− ηr.
If (r + 1)− ηr = 1 for some pair (i, r) then in (3.9), the corresponding sum of the
terms must be replace by

a−r− 1
2

{

ai e
iπ
2 (i+1)Γ[i+ 1]

[

M [ĝ(ω)eibω;−r]− (−1)−rM [ĝ(−ω)e−ibω ;−r]

−
I(i)−1
∑

j=0

cjAj(−r; b)

(

1− (−1)−ηj−re−iπ(ηj−r)

)]

+ cr lim
z→0

2
1
2 (z+ηr)e−

w2
o
2
√
π

((

1 + (−1)ηr

)

Γ

[

1

2

(

1 + z + ηr

)]

× 1F1

[

1

2

(

1 + z + ηr

)

,
1

2
,
(bi+ awo)

2

2a2

]

− 1

a

√
2

(

− 1 + (−1)ηr

)

× Γ

[

1

2

(

2 + z + ηr

)]

1F1

[

1

2

(

2 + z + ηr

)

,
3

2
,

(

bi+ awo

)

2

2a2

](

bi+ awo

))

−
R(r)−1
∑

p=0

ap e
iπ
2 (p+1)Γ[p+ 1]Bp(z + ηr + 1; a; b)

(

1− (−1)ηr−pe−iπ(z+ηr−p)

)}

,

(3.11)

and the remainder term Rn,m(a) as a → ∞+ is given by

Rn,m(a) =

{ O(a−r− 1
2 + a−ηr−

1
2 ), when − ηr 6= −r,

O(a−r− 1
2 log a), when − ηr = −r.

}

. (3.12)
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