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An Asymptotic Expansion of Continuous Wavelet Transform for Large
Dilation Parameter
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ABSTRACT: In this paper , we derive asymptotic expansion of the wavelet transform
for large values of the dilation parameter a by using Lopez and Pagola technique.
Asymptotic expansion of Mexican Hat wavelet and Morlet wavelet transform are
obtained as a special cases.
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1. Introduction

The wavelet transform of g with respect to the wavelet ¢ is defined by

(Wyog)(b,a) = a1/ /°° g(t) ¢ <¥) dt,b € R,a> 0. (1.1)

provided the integral exists [1]. Using Fourier transform it can also be expressed

as
a1/2 oo —
(Wyg)(b,a) = o | ™™ §(w)d(aw)dw, (1.2)

where

The Asymptotic expansion for the integral of the form

I1(¢) := /000 eTHf(t)h(Et)dt, T ER, T # 04, as &€ — 0+, (1.3)
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was obtained by Lopez and Pagola [ [5],Theorem 2,3] under certain conditions on
f and h. Then the asymptotic expansion of (1.2) for large a can be obtained by

setting f(t) = g(t) for fixed b € R and h(t) = ¢(t). Here we assume that f(t) and

h(t) has an expansion of the form

n—1
F6) = et + fult), as t— 0+, (1.4)
r=0
and that as t — oo,
n—1
h(t) = dit™ i + hn(t), (1.5)
i=0

where 7,. <1,,1,Vr >0 and p; < p; 4,V i>0.
Also assume that

ft)=01"), t— o0, a€R, (1.6)
and
h(t) =0t ?), t—0+,68€R, (1.7)

with «, B, ny and p, satisfying the relations: -1y <1 < a+ p, and —ny < «
and 3 < py.

The aim of the present paper is to derive asymptotic expansion of the wavelet
transform (1.2) for large value of dilation parameter a . In section 2, we assume that

§(w) and ¢(w) possess asymptotic expansion of the form (1.4) and (1.5) as w — 0+
and w — oo and derive the asymptotic expansion of (Wyg) (b,a) as a — oo+.
In section 3, we obtain asymptotic expansion of Mexican Hat and Morlet wavelet
transform.

2. Asymptotic expansion of wavelet transform for large a

Let us rewrite (1.2) in the form:

Wap) ) = 3] [ e daniwlas

+ /000 e_ib“mg(—w)dw} (2.1)
= (o) .o+ (Wio) o) )

where

(W;g) (ba) = Y2 [ o (aw)g(w)dw, (2.3)
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e (—aw)§(—w)dw.

B B va [® -
(Wrg) o) = 32
Assume that g(w),g(w) are locally integrable in (—oo, 00) and

n—1

g(w) = Z w4 gp(w), as w — 0+,
r=0

and that as w — oo,

n—1 _
Bw) =Y diw P + ¢, (w),
i=0
where p; < p;1,Vi>0andn. <n..q,Vr>0.
Also assume that
Jw)=0w™), w—oo,a€R a+p,>1,
and

Pw)=0W™), w0+ BER B -1, < L.

29

(2.7)

(2.8)

Now by using [ [5],Theorem 2,3], we can also prove the theorem for asymptotic

expansion of wavelet transform for large value of dilation parameter a.

Theorem 2.1. . Assume that (i) g(w) and g(w) are locally integrable on (0,00),
(ii) §(w) satisfies (2.5) and (2.7),(iii) d(w) satisfies (2.6) and (2.8). Then, for

any n,m € N such that p,_1 —1,, <1 <p, — Nm_1,

00 _ n—1 _ R(r)—1
| e s = Zcr[M[as(w)em/a;Hm— S dBy(1+1,;a5h)
0 r=0 p=0
m—1
X Y 4 Mgt p)
1=0
1(i)—1
- > CjAj(l_pi§b):|
j=0
X a4 Ry m(a),
im(2—py) /2 b\"
By(xz;a;b) = e Py F(xpp)<a> ,

im(x . F(:L'+774>
Aj(z;b) = e (+’71)/2Tnjj.
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R(r) is the index r for which p; —n, <1 < p; —n,_1 and I1(i) is the index i for
which p;_1 —n, <1<p,—n,. If p, —n, =1 for some pair (i,r) then in (2.9), the
sum of the terms

R(r)—1

o [ MBI ] = Y By (14 mysai)|
p=0
1(i)—1
M@ o)=Y i - pat)|ar (2.10)
7=0

must be replaced by

1(6)—1
ar{a[ gt - p) = 30 6ai0 - pit) - crloga]

j=0
—dhliG ~ fogb =]+ iy | MBI 4 ] ()

zZ—r

r—1 d
deBp(Z+1+m;a;b)>j]},
p=0

and the remainder term Ry, ,(a) as a — oo+ is given by

O(a_pi + a_"h«_l), when - 777‘ 7& _pz + 1)
Ry m(a) = { } (2.12)

O(a=filoga), when —n,=—p,+ 1.

and ¢0( )+ goﬁl(w) = ¢(w). For any i there exists

Proof: Define go(w )
< p; — N,_;. For the given (i,7), the following integral

) =
r such that p,_; — 7, <
exists:

g(w
1

/0 e g, () 0y (). (2.13)

(a). For a given (i,r) satisfying p;_; —n, <1 < p; —n,_, do the following: If
pi =, <1 goto (b). If p; = n, > 1 go to (c). If p; —n, =1 go to (d).
(b). Use ¢;(aw) = di(aw)™* + ¢;(aw) in (2.13) and (iii) of Lemma(2) of [5], we
get

I(i)—1

dia™" {M[é(meib“; 1—p;] - Z ¢ A (1 —pg; b)]

/ T () )

+ /0 e §,(w) bip1(aw)dw, (2.14)
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ir(l—pitnj) —p. .
where A;(1 — p;;0) = D %
Go to (a) with ¢ replaced by 7 + 1.
(c). use gr(w) = cpw" + Gry1(w) in (2.13) and (iii) of lemma (3) of [5],we get

/ ibw gr(w) gi(aw) _ Cra*mfl |:M[(Ab(w>eibw/a; 1+ 7]7«]
0
R(r)—1

- Z dep(1+77r;a;b)}
p=0

+/ e g1 (w) b, (aw)dw, (2.15)
0

im(1+n,—pp)
where, By(1 +1,;a;0) =e— =2 ['(1+n,—p,) <%
Go to (a) with r replaced by r +1.

(d). use first ¢;(aw) = d;(aw)Pi + (}Hl(aw) and then g, (w) = ¢,w" + §r41(w) in
(2.13) , we get

)(1+m—pp)

/oo pibw Gr (w) gl (aw) _ /OO pibw [di (aw)*PigT (w) + CTwnrgﬁ_l (aw)]dw
0 0

+ /0 e () B (a0

Define the function

E; (z,w) =w® [dia_piw_pigT(w) + cTw"T(biH(aw)] zeC.

Then

/OO e g, (w) gi(aw)dw = /OO e By (0, w)dw + /OO e gr(w) G414 (aw)duf2.16)
0 0

0

On the one hand §,(w) = ¢,w™ + O(w"); when w — 0+. On the other hand
$i1(W) = —diw™P + O(w™*i~1); when w — 0+. Hence,E;,(z,.) € L'[0,00) for
Max (p; —n,.+1,p;—1-n,) =1 < Re(z) < Min(p; —n, =1, p;+1-n,) — 1. Choose
two numbers zo and zj, satisfying Max (p; — 1, + 1,0, =1 —1,) — 1 < zp < 0 and
0<z < Min(p,—n,—1,p;, +1 —n,) — 1. Then we have that for zg < Re(z) < z1:

|E;i r(w,2)] < Hjp(w) =< |Eir(w, 20)| forw € [0,1] and | E; - (w, z1)| for w € [1, oo)}

and that H; ,(w) € [0,00). using the dominated convergence theorem, we get

© . oo .
/ eitw Ei;(0,w)dw = lim ewaEi,T(z,w)dw
0 z—0 0
— 4P F P pibw
a”’+ lim ; [diw* P e™ g (w)
b

tera Fw e s ng(w)]dw. (2.17)
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From p;= 141, and from Lemma 2 and 3 of [5], we have that M[$(w); z+147,] and
M[g(w); z+1— p;] have a common strip of analyticity: a—n, —1 < Re(z) <1, +Db.
we have that a —ny—1 < 0 <17y +b and then the point z = 0 belongs to that strip
of analytic. Therefore,

[ e n@itwas = o fa |y @1 - p)
O z
1(i)—1

Z cjAj(z+1—p;;b) —d; e’
=0

j=

rea M@ 24 14,
R(r)—1
_ Z dpBp(z+1+ nr;a;b)] }
p=0

+ /0 e G, (w) s 1 (aw) dew. (2.18)

Using a=* = 1 — zlog(a) + O(2?); when z — 0 and

Mpw)e™s 2 +1+1,] / € 51 (@) (@)™ duo
0

di
= — +0(1);when z — 0. (2.19)
z

We find that the above expression can be rewritten as

0 _ I(i)—1
/ " g (W) (aw)dw = a_’”{di [M[ér(me“’“;lm] = > A (1= p;b)
0 =0

ibw

- choga] +cp 1im0 {M[éﬁ(w)e e sz4+14mn,)
zZ—r

R(r)—1 d.
-y dep(Z+1+m;a;b)j]

p=0
i > ibw ~ B
- crdi[?flogbfv] + e gr(w)@; 41 (aw)dw.
0

(2.20)
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Hence,

(Wig)(b,a) = —/{ | eibwg(wﬁ(aw)dw}

q~M—1/2

R(r)—1
- Z dpBp(1 + 1,5 a; b)}
p=0

m—1
+ > di
1=0
(i)—1
— c;jA; (1 — p;; b)} a=Pitl/2 4 Rnym}. (2.21)

Jj=0

" [M[mmeib% 1 - pi

~

If p, —n, = 1 for some pair (i,7) then in (2.21), the sum of the terms

R(r)—1
cr [M[éﬁ(w)eib“’/“; L+n,]— Y dpBy(l 4,0 b)} a2
p=0
1(i)—1
b M = p] = Y A= pah)|a i (22)
§=0

must be replaced by

I(i)—1
a—pi+1/2{di [M[g(w)eibw; 1—p] — Z c;jAj(1—p;b) — crloga]

Jj=0

—cpd; [zg —logb — ] + ¢, lir% {M[g(w)eibw/a; z+1+n,]
z—

r—1
d;
=Y dpBy(z+ 1+ n,50;b) — ;]} (2.23)

p=0
and the remainder term R, ,,(a) as a — oo+ is given by

O(a=Pit1/2 4 q=1=1/2)  when —n, # —p; + 1,

Rpm(a) = { } (2.24)

O(a=?i*t'2loga), when —n, =—p, + 1.

Similarly by setting h(w) = g(—w) and f(w) = §(—w), we get the asymptotic

expansion of (W g (b,a), as a — co+
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(W 0) (ba) = —/{ | e at-wpt- s

= s S Mt
r=0
R(r)—1 -
— Z (—1)depo(1+77r;a;b)}
p=0

m—1
< a2 S (1), [M[mw) b1 ]
1=0

1(i)—1
S S er]
=0
w a-PitU2 4 Rn,m} (2.25)
If p, —n, = 1 for some pair (i,7) then in (2.25), the sum of the terms
(-1 | MR- 1 4 ]
R(r)—1
- > (=1)d,B,(1+ m;a;b)]a’””2 (2.26)
p=0
I(i)—1
) M) ] = Y (1) AT )|
7=0
(2.27)

must be replaced by

et 1y e M) i1 - )

r—1
di
=2 ()rdyBy(z + T4 ,50:0) - <—1>’”—}

p=0

—(=1)"~ plcrdz[ —logb — 7]} (2.28)
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Therefore by using (2.21) and (2.25) in (2.2), we get the required asymptotic ex-
pansion of wavelet transform for large a— oo+ is

(Weg) (b, a) %{ ZCT {M[g(w) ibwfa) 4] 4 (71)"TM[E(W) —ibw/a. 1 4 p ]
r=0
R(r)—1

> 4B (1+nr;a;b)(l+(—1)"r-ﬂp e_i”(lJr”r_Pp))]a—m—é

p=0
m

1
+ Zdz[ g o] 4 (—1)"P Mg(—w)e ™51 — p;
1=0
I(i)—1

cj Aj(1—p;;0) <1 + (=1)1F em(lJr"jpi))} a Pita

+ Rn,m(a)}. (2.29)

If p; —n, = 1 for some pair (i,7) then in (2.29), the corresponding sum of (2.22)
and (2.26) must be replace by

a it {dz— [M [G(w)e™ 1= pi] + (~1) " Mg(~w)e™ ™51~ p;]
I(i)—

S et pin i o)

e, hm[ MIB(@)e™/%; 2 + 14+ m] + (-1 M[B(-w)e= ™% 2 114 1,]

r—1
N Z dpBp(z+14n,;a;b) (1 + (=)™ e_i”(”l““_pp)ﬂ } (2.30)
p=0
O
3. Application

Using the aforesaid technique, we find the asymptotic expansions of Mexican
Hat wavelet and Morlet wavelet transform.

3.1. Asymptotic Expansion of Mexican Hat Wavelet Transform

We consider ¢(t) = (1 —t2)e 2 to be a Mexican Hat wavelet.Since Fourier
N w2
transform of Mexican Hat ¢(w) = v2rw?e 2 is locally integrable in (—oo, 00)

and has an asymptotic expansion of ¢(w) as w — oo+ [1]

d(w) Zd w2t (3.1)
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where, d, = a,e @D (2r — 1) and a, = %

dw)=0(1) asw — 0+. (3.2)

Now, assume §(w) satisfies (2.5) and (2.7) with 1, > 1. Then by using (2.29) and
by means of formula [[2],(10,30),pp.318,320], we get the asymptotic expansion of
Mexican Hat wavelet transform at a — oo+ is

(W¢g> (b, a) %{Sc {21“{\/%(— é\/i(—l—i—(—l)"r)bi

r=0

% F[(4—;77T)]1F1|:(4—;77T)’;’Z;Ti2:| + (1+(_1)nr)r[(3';77r)]

. R(r)—1
(3+m,) 1 b2l2})] im(op_1
X 1F1[ Do 2o = S Ty -]
2 2" 2a =0

m—1
X By(1+m,:a;b) (1 _ (_1)—me—iwm)]a—m—% + Z a;
=0

X e%"(%—l)r[% —1] [M[g(w)e"”“; 2r] — M[g(—w)e_ibw; 2r]

o '7r77j 0,27“7% a
- X e (1= Comem )@t Rt .
(3.3)

where R(r) is the index r for which (1 —2r)—n, <1< (1—2r)—n, —1 and I(4)
is the index i for which —2r —n, <1 <(1—2r) —7,.

If (—=2r +1) —n, =1 for some pair (i,r) then, in (3.3), the corresponding sum of
the terms must be replace by

23 {ai e%"(%—l)r[% —1] [M[g(w)e“”’, 2] — M[g(—w)e™™; 27]
I(i)—1
- Z c; Aj(2r;b) (1 — (1)’7:‘6”’71)]
=0

'27 242

A+ z+m,) 1 3 b%?
/AT e S
x bl s\ *TET )5 g

X I‘[(:H_Zf—“m] 1F1B(3+z+m) L b2i2} —2\/5(_1_;_(_1)7%)
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- ap €@V 2p — 1] B,(1+41n,;a;b) (1 - (—1)_7“6_”””)} a e
p=0
m—1 )
+ Z a;ed Ui — 1] [M[g(w)eib“’; 2r] — M[§(—w)e ;2]
i=0
1(6)—1
- ¢j A;(2r;b) (1 - (—1)"1'@-”%)]@2“% } (3.4)
7=0

and the remainder term R, n,(a) as a — oo+ is given by

Rym (a) =

O(a?~2 4 a~""2), when —mn, # 2r,
{ } (35)

O(a*~%loga), when —n, =2r.

3.2. Asymptotic Expansion of Morlet Wavelet Transform

. 2 ~
In this application, we consider Morlet wavelet ¢(t)= ewot="2  Since o(w) =

—(w—wo 2 . . . . .
V2me (e5rel s locally integrable in (—oo,00) and has an asymptotic expansion
as w — oo+ [4].

g(w) = Z a, T O 4 1w+, (3.6)
r=0

where
[r/2] ” —2j
o (_1)J ('LWO)T %
"= 2 e 2 o7
and
g(w) =0(1) asw—0+. (3.8)

Now, assume §(w) satisfies (2.5) and (2.7) with n, > 1. Hence, using (2.29) and
formula [[2],(11, 31), pp.318, 320], we get the following asymptotic expansion of
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Morlet wavelet transform for ¢ — oo+ as

(Wsg) (b, a) =%{ nz_:l cr {2"%@%3 ((1 n (—1)’7r)1“[(1 +277r)]

X 11;1_[)(1 J;"T),%, (bi J;Z;”)Q” - %\/5( 1+ (—1)%)
y F[<2+2m)] 1F1[(2+2m)% (bi ;Z;uﬂ(bwawo)ﬂ

m—1

+ a; e%ﬂ(”l)l"[i +1] [M[g(w)eib“’; —r]

=0
— (1) M[g(~w)e™ " —r] (3.9)
1(i)—1
- ciA; (= b) (1= (1) e T ) 10T L Ry o
> e ) |
(3.10)

where R(r) is the index r for which (r+1) —n, <1< (r+1)—mn, —1 and I(i) is
the index ¢ for which r — 7, <1< (r+1) —n,.

If (r+1)—n, =1 for some pair (¢,r) then in (3.9), the corresponding sum of the
terms must be replace by

o= FOIT 4 1) MIg)e™; 1] - (-1) M)

1

~

—~
M@.
a2

cis(=rit) (1 (1) reintn 0 )|

Jj=0

. w3 1
+ o lim 25(Z+77T)e_7\/7_r((1 + (—1)’%)1“ [5 (1 + 24 77)]
zZ—r

1 1 (bi+ aw,)? 1
1F1]=(1 ol 22 =14 (—1)
x [2( +z+m),2, 5o } a\f( +(-1) )

1 1 3(bi+awo)2
—12 1F1|=(2 - ; o
S G I R S el I CREE)

R(r)—1 v
— > ap TP+ 1By (2 + 1, + 15a5b) (1 - (1)"T—Pe—W(z+m—p)> }7

p=0
(3.11)
and the remainder term R, ,,(a) as a — oo+ is given by
O(a_r_% + a_"r_%), when —mn, # —r,
Ry m(a) = { } (3.12)

O(a~""zloga), when —n,=—r.
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