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Eigenvalues of the p(r)—biharmonic operator with indefinite weight
under Neumann boundary conditions

S.Taarabti, Z. El Allali and K. Ben Hadddouch

ABSTRACT: In this paper we will study the existence of solutions for the nonho-
mogeneous elliptic equation with variable exponent Ag(x)u = \V(z)|u|9®) 2y, in a
smooth bounded domain,under Neumann boundary conditions, where X is a positive
real number, p,q : @ — R, are continuous functions, and V is an indefinite weight
function. Considering different situations concerning the growth rates involved in
the above quoted problem, we will prove the existence of a continuous family of
eigenvalues.
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1. Introduction

We are concerned here with the eigenvalue problem:

A2 u = AV (2)|u|2() -2y in &, (1.1)
% — %(|AU|P(I)—2Au) =0 on 09, '

where € is a bounded domain in RY with smooth boundary 9Q, N > 1, Ai(z)u =

A(|Au|P®) =2 Au), is the p(x)-biharmonic operator, A > 0, p, ¢ are continuous func-
tions on , and V is an indefinite weight function.

The aim of this work is to study the existence of solutions for the nonhomogeneous
eigenvalue problem (1.1), by considering different situations concerning the growth
rates involved in the above quoted problem, we will prove the existence of a con-
tinuous family of eigenvalues.

In recent years, the study of differential equations and variational problems
with p(z)-growth conditions is an interesting topic, which arises from nonlinear
electrorheological fluids and other phenomena related to image processing, elastic-
ity and the flow in porous media. In this context we refer to ( [10], [11], [6], [14],
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12), [13)).
This work is motivated by recent results in mathematical modeling of non Newto-
nian fluids and elastic mechanics, in particular, the electrorheological fluids (Smart
fluids). This important class of fluids is characterized by change of viscosity, which
is not easy to manipulate and depends on the electric field. These fluids, which are
known under the name ER fluids, have many applications in electric mechanics,
fluid dynamics etc...

The same problem, for V(z) = 1 and p(x) = ¢(x) is studied by Ben Had-
douch, El Allali, Ayoujil and Tsouli [2]. The authors established the existence of
a continuous family of eigenvalues by using the mountain pass lemma and Ekeland
variational principle.

Bin ge and Yuhu Wu in [15], studied the following nonhomogeneous eigenvalue
problem

2 _ q(z)—2 :
Al U AV (z)|u] u in Q, (1.2)
u=Au=0 on 0f.

They proved the existence of a continuous family of eigenvalues by considering dif-
ferent situations concerning the growth rates involved in the above quoted problem.
In the case where p(z) = ¢(z), the authors in [14] investigated the eigenvalues of
the p(x)—biharmonic with Navier boundary conditions. Ayoujil and El Amrouss
[1], studied the same nonhomogeneous eigenvalue problem in the particular case
when V(z) = 1.

In the case when max g(x) < minp(x) it can be proved that the energy functional
e Q

zTE
associated to problem (1.2) when V(z) = 1, has a nontrivial minimum for any
positive A (see Theorem 3.1 in [1]).

In the case when min¢(z) < minp(z) and ¢(x) has a subcritical growth, Ayoujil
zEeQ €N
and El Amrouss [1] used the Ekelands variational principle in order to prove the

existence of a continuous family of eigenvalues which lies in a neighborhood of the

origin.
, Np(z)

In the case when r;leagp(x) < fvne%l q(z) < r;leaé(q(x) <w- 20(7)
3.8 in [1], for every A > 0, the energy functional ®, corresponding to (1.2) has a
mountain pass type critical point which is nontrivial and nonnegative, and hence
A = (0,400). The authors established the existence of infinity many eigenvalues
for problem (1.2) if g(x) = p(z) and V(x) = 1 by using an argument based on the
Ljusternik-Schnirelman critical point theory. Denoting by A the set of all nonneg-
ative eigenvalues, they showed that sup A = 4oc.

, by Theorem

Inspired by the above-mentioned paper, we will study the existence of solutions
for the non-homogeneous elliptic eigenvalue problem

ASyu = AV (@)[ul"2u i Q, (1.3)
% — %(|AU|P(1)*2AU) =0 on JN. -
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2. Preliminaries

In order to deal with p(x)— biharmonic operator problems, we need some re-
sults on spaces LP(®)(Q) and W*P()(Q) and some properties of p(z)—biharmonic
operator, which we will use later.

Define the generalized Lebesgue space by:

Lp(z)(Q) = {u : Q — R, measurable and / |u(x)|p(m)dx < oo} ,
Q

where p € C4(Q) and

Ci(Q)={heC(): h(z)>1, VzeQ}.

Denote

pt =maxp(z), p~ =minp(x),
e rEQ

and for all z € Q and k > 1

Np(z) ]
p* (ZL') _ N—p(x) if p(l‘) < N7
+00 if p(z) > N,

and

(@) :{ oG i kp(x) < N,

“+o0 if kp(z) > N.

p(x)
de <1,

Proposition 2.1. [28] The space (LP*)(Q), |.Ip(z)) is separable, uniformly convez,
reflezive and its conjugate space is LI (Q) where q(z) is the conjugate function
of p(x) i.e

One introduces in LP(*)(Q) the following norm

IU|p<z>=inf{u>0; / )
Q

i
and the space (LP(™)(Q), |.|,(+)) is a Banach.

T
p(x)  q(z)

For all u € LP(*)(Q) and v € LI®)(Q) the Holder’s type inequality

/ uvdx
Q
holds true. 1

— 1 1
Moreover, if p1,pa2,ps € C+(2) and + + = 1, then for any
pi(@)  pa(x)  ps(a)

=1, Vxe

1 1
< ( — + ) |u|p(x)|v|q(x) (2-1)
p q
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u € LP®)(Q), v € LP2(®)(Q) and w € LP**)(Q) the following inequality holds (see
[24],proposition 2.5):

1 1 1
[ huwelas < (54 =+ 2 ldoloolulee 22)
Q by Y2 P3

Furthermore, if we define the mapping p : LP®)(Q) — R by

pw) = [ P
Q

then the following relations hold

[ulp@) < U(=1,>1) & p(u) < 1(=1,>1), (2.3)
- +
lulpy > 1 = |ulj,y < p(u) < Julj,, (2.4)
+ -
[ulp@) <1= |U|Z(m) < p(u) < |U|Z(m) (2.5)
[un — ulpzy — 0 p(un —u) — 0. (2.6)

We recall also the following proposition, which will be needed later:

Proposition 2.2. ([3]) Let p and q be measurable functions such that p € L>°(Q)
and 1 < p(x)q(x) < oo, for a.e. x € Q. Let u € LI®)(Q),u # 0. Then

X .
[ulp@a) ST = lulpge < [l g < Tl )

- +
[ulp@ya@) 21 = Ul gm) < PO G < U0 27)

The Sobolev space with variable exponent W¥*(*)(Q) is defined by

WkP@)(Q) = {u e LPW(Q): D e LP@(Q), |a| <k},

where o]
«
Dau = (0% 80( = (e} I
0x]" 05> .0z
is the derivation in distribution sense, with o = (a1, as,...,ay) is a multi-index

i=N
and |a| = Z ;.

i=1
The space W*P()(Q), equipped with the norm

lullp) = D D% ulpa),
jal <k

also becomes a Banach, separable and reflexive space. For more details, we refer
to ([25], [4],[12], [28]).



EIGENVALUES OF THE p(2)—BIHARMONIC OPERATOR WITH INDEFINITE WEIGHT 199

Remark 2.1. [29] The norm ||ullspz) is equivalent to the norm |lull = [Aulp(g)
and (W2P@(Q);|.||) is a Banach, separable and reflexive space.

Through this paper, we will consider the following space
0
X = {uecw?@ Q). a—u|aQ = 0}.
v

which is considered in ([18]) and ([2]). They have proved that X is a nonempty, well
defined and closed subspace of W2P(*)(Q). For this they have showed the following
boundary trace embedding theorem for variable exponent Sobolev spaces.

Theorem 2.3. ([18]) Let  be a bounded domain in RN with C* boundary. If
2p(x) > N > 2 for all x € Q, then for all g € C+ () there is a continuous boundary
trace embedding

W2r@)(Q) < L1)(9Q), (2.8)

and

WP (Q) — WLP@)(5Q). (2.9)
Proposition 2.4. ([18]) If 2p(x) > N for all v € Q, then the set

X = {ue W (Q): %bg =0}

is a closed subspace of W2P®)(Q).
Remark 2.2. (X;||.||) is a Banach, separable and reflexive space.

Proposition 2.5. If we put

I(u) = / | Au|P®) d,
Q
then for all w € X then the following relations hold true
(i) lu <1 (=1;>1) <= I(u) <1 (=1;>1),
g + -
(i) lJull <1 = [[ullP" < I(u) < ull”,

(iii) |ul] > 1= [ulP” < I(u) < Jul”",
for all u, € X, we have

() ||unpl] — 0 <= I(u,) — 0,
(v) ||un]| — 00 <= I(u,) — 0

A pair (u,\) € X x R is a weak solution of (1.3) provided that
/ |Au|P®) 2 AuAvdz = )\/ V() |u| "™ 2uvdz, Yo e X.
Q Q

In the case where u is a nontrivial solution, such a pair (u, A) is called an eigenpair,
A is an eigenvalue and u is called an associated eigenfunction.
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Proposition 2.6. If u € X is a weak solution of (1.3) and u € C*(Q) then u is a
classical solution of (1.3).

Proof:
Let u € C4(ﬁ) be a weak solution of problem (1.3) then for every ¢ € X, we have
/ |AulP® 2 AuApdr = )\/ V() |u|?™® ~2updz. (2.10)
Q Q

By applying Green formula, we have:

/A(|Au|p(z)_2Au)gﬁdx:—/V(|Au|p(z)_2Au).Vg0d:c
Q Q

+/ @£(|Au|p(z)_2Au)d9€, (2.11)
o0 v

and
/|Au|p(z)_2AuA<pdx:—/ V(| AuP™ 2 Au). Vdz
Q Q

+/ |AuP@ =2 Ay, 0
0 9

v

(p)dz, (2.12)

0 _
As o € X, then a—(go) = 0. For ¢ € D(Q), we have
v

A(|AuP@ 2 Au) = AV (2)|u]? 2y a.e z € Q.
For each ¢ € X, we have
3(|Au|p(z)72Au)<pdac =0,
o0 Ov
then for ¢ € D(Q), we have

0
— (|AuP@ =2 Au)pdx = 0,
| ptaupe 2

which implies that
0
a—(|Au|p(m)_2Au) =0 aex el
v

the result follows.

Proposition 2.7. [2] Let p € C(Q) such that 2p(x) > N for all x € Q, then

(1) there exists a continuous and compact embedding of WP (Q) into L) (),
for all g € CL(Q).

(2) there exists a continuous embedding of WP (Q) into C(Q).

In what follows, we assume that the functions p,q € C ().
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3. Main results and proofs

In this section we prove two theorems for problem (1.1). First, we prove the
existence of a continuous family of eigenvalues for problem (1.1), in a neighborhood
of the origin.

Theorem 3.1. If

Hi(p,q,5): gt <p~ < & < s(z),Va € Q, where s(z) € C(Q).

H,(V) : V(z)e€ L*®(Q) and there exists a measurable set Qo C Q of positive
measure such that V(x) > 0, a.e.x € Q.

Then any X > 0 is an eigenvalue for problem (1.1). Moreover, for any A > 0
there exists a sequence (uy,) of nontrivial weak solutions for problem (1.1) such that
Up — 0 1n X.

In order to formulate the variational problem (1.1), let us introduce the func-
tionals F, G, @y : X — R defined by

W= [ Aaur@de ctw) = [ v ) )@ da
Pl = [ —Sl8upe, )= [ Vi@

and

Dy (u) = F(u) — NG(u).

Denote by s (z) the conjugate exponent of the function s(z) and put a(z) =
(@)@ Phyg by the proposition 2.7 the embeddings X —» L* (#)a(=)(Q) and

X < L*®)(Q) are compact and continuous.

The Euler-Lagrange functional associated with (1.1) is defined as @) : X — R,
B (1) = / 1A dz — /\/ L v(@)uf@da.
o p(z) ()
We will show that @) € C1(X,R) and
(@ (u),v) = / |Au[P®) =2 AulAv da — )\/ V() |u| "~ 2yvde, Yo € X.
Q Q

We only need to prove that G € C*(X,R), that is, we show for all h € X,

lim G(u +th) — G(u)
t—0 t

= (dG(u), h),

and dG : X — X' is continous, where we denote by X " the dual space of X.
For all h € X, we have
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G(u +th)|i=o

_ (2 [ V() a()
_(dt/ﬂ( lu + 39 dz ) 1=

d (V(z a(a)
= (q(z) |u + th [t=0dx
)

|u 4 th|?®)=2 (4 4 th)h|—odx

(=)

v\/

V(2)|u|?®~2uhdx

The differentiation under the integral is allowed for ¢ close to zero. indeed, for
[t| < 1, using inequalities (2.2), (2.7) and condition Hi(p, ¢, s), we have

/|V(x)|u+th|q(z)’2(u+th)h|d:cg/ |V ()| |u 4 th|"®) =1 h|dx
Q Q
< [ IV@I(ul + ) hlds
Q

i1
< 3|V|s(z) ||u| + |h||g(x) |h|a(z)

< +00,
where i = + if |lu[+|h||,,) > 1 and i = — if |[u[ + A4 < 1. Since
X — L*@)(Q), X — LI®)(Q) and V € L*®)((Q)).
On the other hand, we have X < L*®)(Q) (compact embedding). Furthermore,

there exists ¢; such that |h|o(,) < ci||h||. Therefore, by condition Hi(p,q,s), we
have

|(d h)| = ‘/ (2)|u|?® =2 uhda
</W@WWHWM
Q

«i+q++imm@wWHumwm>
Chn q+ -1 - q(z)—1
1 q"
S+ e )|V|s(m)|u|q(m) Ml a(a)
1 q* q'—1
< 01(; + o —1 + _,)|V|s(x)|u|q(z) IR,

for any h € X. Thus there exists c; = ¢1(= + qiﬁ 4+ )| Vs@ |u|q "1 such that

[(dG(u), h)| < ezl
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Using the linearity of dG(u) and the above inequality we deduce that dG(u) € X*.

a(z)
The map defined in L) (Q) by u +— |u|?®) =2y € L3 1 (Q) is continuous. For
the Fréchet differentiability, we conclude that G is Fréchet differentiable. Further-
more,

(G (u),0) = /Q V(@) [u]"® 2 uuda,

for all u,v € X. Similarly, we can also show that F' € C'(X,R).
Which implies that ®) € C*(X,R) and

(@ (u),v) :/Q|Au|p(m)72AuAv dzf)\/QV(z)|u|Q(I)72uvdz.

for all u,v € X. Thus the weak solutions of (1.1) coincide with the critical points
of ®,. If such a weak solution exists and is nontrivial, then the corresponding A is
an eigenvalue of problem (1.1).

Next, we write &/, as

N=F - )G,
where F/, G’ : X — X' are defined by

(F'(u),v) :/ |Au[P® =2 AuAwv dz,
Q

(G (u),v) :/V(x)|u|‘J(””)_2uvdx.
Q

We have
Proposition 3.2. [17, Proposition 2.5]

(i) G is completely continuous, namely, u, — u in X implies G’ (un) — G'(u)
in X'.

(ii) F' satisfies condition (S), namely, w, — u, in X and limsup(F" (uy), u, —
u) <0, imply u, = u in X.

We want to apply the symmetric mountain pass lemma in [8] to prove the
Theorem 3.1.

Theorem 3.3. (Symmetric mountain pass lemma) Let E be an infinite dimen-
sional Banach space and I € C*(E, R) satisfy the following two assumptions:

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-Smale
condition (PS), namely, any sequence uy,, in E such that I(uy,) is bounded and
I'(up) = 0 in E as n — oo has a convergent subsequence.

(A2) For each k € N, there exists an Ay € L'y such that sup,¢ 4, I(u) <0.
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Then, I(u) admits a sequence of critical points uy such that

I(ug) < 0,ug #0 and lilgnuk =0,

where Ty, denote the family of closed symmetric subsets A of E such that 0 ¢ A
and v(A) > k with v(A) is the genus of A, i.e.,

Y(K) = inf{k € N:3h: K — R*\{0} such that h is continuous and odd }.

We start with two auxiliary results.

Lemma 3.4. The functional ®y is even, bounded from below, satisfies the (PS)
condition and ®5(0) = 0.

Proof:
It is clear that ®y is even and ®,(0) = 0. Since the embedding X — L¥ (9)a(@)(()
is continuous, we can find a constant ¢ > 0 such that

|u|s/(m)q(m) < C3HUH5 Vu € X. (31)
According to the fact that
Ju(@)[1) < fu(@)|" + u(@)|”, Vel (32)

From the (3.2), we obtain:

/ V(@)u|1® da < V] s(a) ‘|U|Q(m)
Q

qt q )
s’ (x) = |V|S(I) (|u|q(1)é/($) + |u|q(z)s/(z) :
(3.3)
Combining ((3.1)) and ((3.3)), we obtain

" + + - -
/{ymw“ 4w < Vi) (f lul*" + ] Jlull*) - (3.4)

Hence, from (3.4), we deduce that for any v € X, we have

= [ L awr@gr -y [ V@)@ g,
00 = | e = [ S

1 A + + - _
> galul) = Z1VEo (87Tl +e§ ).

where a : [0, +00[— R is defined by

o ift <1
H=14" =5 35
a(t) {ﬂ it 1. (35)

)

As gT < p~, ®, is bounded from below and coercive because, that is, ®(u) — oo
as |Jul] = oo.



EIGENVALUES OF THE p(2)—BIHARMONIC OPERATOR WITH INDEFINITE WEIGHT 205

It remains to show that the functional ®, satisfies the (PS) condition to com-
plete the proof. Let (u,) C X be a (PS) sequence of ®, in X; that is,

P (uy,) is bounded and @'\ (u,,) — 0 in X' (3.6)

Then, by the coercivity of @y, the sequence (u,,) is bounded in X. By the reflexivity
of X, for a subsequence still denoted (u, ), we have

Up —u in X.

Since ¢t < p~, it follows from proposition 2.7 that u, — u in LI®)(Q). We will
show that

lim [ V(2)|un|"® 2w, (u, —u)dz = 0. (3.7)

n—o0 O

In fact, from the Holder type inequality, we have

|tn, |q(z)72un (wp —u)

/ V (@)t 12 (1 — )l < V(@)oo
Q

S (@)

|un|q(z)*2un

<V (@)]s(2)

q(z) |un - u|oz(m)
q(x)—1

+_
< |V|s(z)(1 + |un|g(m)1)|un - u|oz(z)'

Since X is continuously embedded in L) (Q) and (u,,) is bounded in X, so u,
is bounded in L) (Q). On the other hand, since the embedding X < L**) (1)

is compact where a(x) = %, we deduce that |u, —u|q ) — 0 asn — +00.

we deduce that

’

(G ()t — ) = /Q V() 1t |92 (i, — )z — 0. (3.8)

In view of (3.6) and (3.8), we obtain
B (tn) + MG (n), un — 1) = (F (up),un —u) — 0 asn — oo.

According to the fact that F satisfies condition (S), we have u,, — u in X. The
proof is complete.

Lemma 3.5. For each n € N*, there exists an H,, € ', such that

sup @y (u) < 0.
ueH,

Proof: Let v1,vs,...,v, € C§°(Q) such that supp(v;) Nsupp(v;) = 0 if i # j
and meas(supp(v;)) > 0 for 7,5 € {1,2,...,n}. Take F,, = span{vi,va,...,vp}, it
is clear that dim F,, = n, supp(v;) C Qo and

/ lu(z)|"®dx >0 for all v € F, \ {0}.
Q
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Denote S ={v e X : |jv]| =1} and H,(t) = t(SN F,) for 0 < t < 1. Obviously,
Y(Hn(t)) = n, for all ¢ €]0, 1].
Now, we show that, for any n € N*, there exist ¢,, €]0, 1] such that

sup D, (u) <0.
wEH,, (tn)

Indeed, for 0 <t <1, we have

sup Py(u) < sup Py (tv)

u€H, (t) vESNF,
(@)
- sw { ()P dz — A / V(@) [o(x) 1) di)
veSmF o ()
< sup {t—/ |Av(z) )P@®) dae — il V(x)|v(x))2®) dz}
vESNE, P q+ Qo
-1 A 1
< su tP ———7—/Vx v(z)|7®) dz) .
vesan{ (pf R 2 (@)lo(=) )}
Since m := nsl%nF / V(z)|v(x)|?® de > 0, we may choose t, €]0,1] which is
veSNEn Jo
small enough such that
1 A 1 0

This completes the proof.

Proof:[Proof of Theorem 3.1]
By lemmas 3.4, 3.5 and theorem 3.3, ®, admits a sequence of nontrivial weak
solutions (uy,), such that for any n, we have

up #0, ®\(up) =0, Pr(u,) <0, limu,=0. (3.9)

Theorem 3.6. If

Ho(p,q,8): q~ <p~ and q" < p3(x), for all v € Q.

Hy(V): Ve L*®)(Q) and there exists a mesurable set Qg C Q of positive measure
such that V(z) > 0 a.e.x € Q.

Then there exists \* such that any X € (0, \") is an eigenvalue for problem (1.1).

For applying Ekeland’s variational principle. We start with two auxiliary re-
sults.

Lemma 3.7. There exists \* > 0 such that for any \ € (0, \*) there exist p,a > 0
such that ®x(u) > a >0 for any u € X with ||u| = p.

Proof:
Since the embedding X «— L* ®)4®)(Q) is continuous, we can find a constant
cg > 0 such that:
|u|s/(z)q(z) < C3HUH5VU € X. (310)
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Let us fixe p € (0,1) such that p < % Then relation (3.10) implies [uly ;)4 < 1,
for all u € X with |Ju|| = p. Thus,

(@) 0 < q(x) < q
[ v@hde s < Wl ], < Wl G
for all u € X with |Ju|| = p.
Combining (3.10) and (3.11), we obtain
/V(x)|u|q<w>dx < Voo T (3.12)
Q

Hence, from (3.12) we deduce that for any u € X, with ||u|| = p < 1 we have

= [ awr@gr -y [ V@)@ g,
) = [ e = [ T

1 el _
> —af||ul)) = 2=V s |1l
oF (Jlll - V(@ lull

1+ )\cg7 -
= pp - _ Vv s(x pq
pt q WVl
- 1+ - )\Cg7
= pq pp 1 - _ Vv s(x .
<p+ q Vi@
Putting
P g

A=

207 el Vg

L
then for any A € (0,A™) and v € X with |lu]| = p, there exists a = % such

that
®y(u) >a>0.

Lemma 3.8. There exists 1» € X such that ¢ > 0, ¥ # 0 and ®x(ty)) < 0, for
t > 0 small enough.

Proof:
Since ¢~ < p~, there exist g9 > 0 such that

q +eo<p .
Since g € C(Qp), there exist an open set Q1 C Qg such that
lg(z) — ¢~ | <eo, forall zeyNy.
Thus, we deduce

q(x) <q 4+eg<p, forallzeQNQ. (3.13)
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Take ¢ € C§°() such that Q; C supp, ¥(x) =1 for x € Q; and 0 < < 1in
0p. Without loss of generality, we may assume ||| = 1, that is

/ |AY|P®) dog = 1. (3.14)
QU
By using (3.13), (3.14), for all ¢ €]0, 1], we obtain
a0 = [ Sl as < [ Sy
A = —_— T — —Vi(x T
o p(z)  q(z)
P A
<o [1aup@de - 2 [ 0@y @y
P Ja ar Jo,
D
< — = 1@V () || 1) da
= qt Ja, @)l
P \te teo
S—-—= V() || da.
p q oh

S T -
Then, for any ¢t < dr —a —=0, with 0 < § < min{l,%/ V(x) [y ™ dx}, we

931
conclude that
qD,\(ﬁ/)) < 0.
The proof is complete.
Proof: [Proof of theorem 3.6]
By lemma 3.7, we have
inf & > 0. 3.15
o 22 () (3.15)

On the other hand, from lemma (3.8), there exist ¢ € X such that ®,(ty)) < 0 for
t > 0 small enough. Using 3.12, it follows that

1 + A -
Py (u) > FHUH’” - q—_cg Vls@llull® for u € By(0).
Thus

)

—00 < ¢y 1= Bin(f)@b\ <0,
pO

Let

0<e< inf &) — inf .
9B,(0) B,(0)

Then, by applying Ekeland?s variational principle to the functional

®,:B,(0) > R,
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there exists u. € B,(0) such that

(I))\(us) < inf &, + ¢,
B, (0)

Pr(ue) < Pa(u) +ellu —ue| for u # u..
Since @ (u.) < infB—(O) )\ +e <infyp, (o) Pr, we deduce u. € B,(0). Now, define
. P
I, :B,(0) = R by
I(u) = ®x(u) + ¢|lu — ue|.
It is clear that u. is an minimum of I. Therefore, for ¢ > 0 and v € B1(0), we

have
In(ue + tv) — Iy (ue)

>0
; >
for t > 0 small enough and v € By (0); that is,
P tv) —
)\(ua + U) X(U/E) +EH’U|| Z O

t

for ¢ positive and small enough, and v € B1(0). As t — 0, we obtain
(D (ue),v) +¢l|v]| >0 for all v € By(0).

Hence, ||®)(uc)|x» < e. We deduce that there exists a sequence (uy)n, C B,(0)
such that
Dy (uy) — ¢, and @\ (u,) — 0. (3.16)

It is clear that (u,,) is bounded in X. Thus, there exists v in X such that u,, — u
in X, we will show that u, — u in X.

We have lim,, o0 / V(@) |un| "~ 2u,, (u, — u)dz = 0. Moreover, since @ (u,) — 0

Q
and (uy,), is bounded in X, we have

(@ ()t — )| < () (1), )| + [( @) (1), )]
< 1@ ()| x= | + 1@ () [ [l
that is, ,
nli)l}»loo<q)k(un), Up, — u) = 0.

Using the last relation we deduce that

n—-+oo

lim / | A, [P =2 Ay Ay, — u)daz = 0. (3.17)
Q

From (3.17) and the fact that w, — u in X it follows that

lm (F (), un — u) =0,

n—-+oo



210 S.TAARABTI, Z. EL ALLALl AND K. BEN HADDDOUCH

and by proposition 2.5 (ii) [1], we deduce that u, — w in X. Thus, in view of
(3.16), we obtain

Py(u) =cx <0 and @, (u)=0.
The proof is complete.

Theorem 3.9. If
H3(p,q): pt<q <qt <ps(z) foralzeQq,
H3(V) :  V(z) € L*® and there exists a measurable set Qg C Q of positive
measure such that V(x) > 0, a.e.x € Qo,
then for any A > 0, problem (1.1) possesses a nontrivial weak solution.

We want to construct a mountain geometry, and first need two lemmas.
Lemma 3.10. There exist n,b > 0 such that ®x(u) > b, for u € X with ||u|| = .

Proof:
Since the embedding X < L* (?)4(*)(Q) is continuous, we can find a constant ¢z > 0
such that
|u|s/(m)q(m) < C3HuHa Vu € X. (318)

According to the fact that
lu(2)|1®) < Ju(@)|?" + |u(z)|]?, Ve (3.19)

From the (3.19), we obtain :

q(=) q(=) < ( q+ )
(3.20)
Combining 3.18 and 3.20, we obtain
[ Viultde < Vi (el + e ful). (321)
Q
Hence, from (3.21), we deduce that for any u € X, we have
By (u) = | Au|P@ dz — /\/ V@), @ gy
( ) o q(@)
+ + - -
> —af(jul) - —|V| ) (e Il 4§l )

+ ot - -t + .
— 20 (f e e e )IIUII” if flull <1,

1

1
+ - - -y R

%—%Ml e a7 =" e ) Y Pl > 1

Since p* < ¢~ < ¢, the functional g : [0,1] — R defined by

1 A S — g —pt
g(s) = — — —DM; (cq s 7P 4l 51 7P )
( p+ q 3 3

is positive on neighborhood of the origin. So, the result of lemma 3.10 follows.
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Lemma 3.11. There exists e € X with |le|| > n such that ®y(e) < 0, where 1 is
given in lemma 3.10.

Proof:
Choose ¢ € C§°(2), ¢ > 0 and ¢ # 0. For t > 1, we have

+ _

tP Atd

Ba(te) < 0= [ |Bplae)r@de - " [ V@le)da.

P Ja q Q

Then, since p™ < ¢~, we deduce that
tliglo D, (typ) = —o0.

Therefore, for t > 1 large enough, there is e = ty such that |le|| > n and @y (e) < 0.
This completes the proof.
Lemma 3.12. The functional ®) satisfies the condition (PS).

Proof:
Let (un) C X be a sequence such that d := sup,, ®x(un) < oo and @) (u,) —
0 in X’. By contradiction suppose that

|un]] = +o0 asn — oo and |juyl >1 for any n.

Thus, for sufficiently large n we have

1
d+ 1+ [Junll = ®x(un) - q—_@&(un),um

1 A 1 1
= [ —|Au,|P®dx — —/ Au, [P da + /\/ — — —— V(@) |un 1™ da
/gp(w)‘ | o Jo A o a@
1 1 /
>(—-—— A, [P da:
B (p+ q‘) §z| |
1 1 -
(7 = 2 unll”

This contradicts the fact that p~ > 1. So, the sequence (u,,) is bounded in X and
similar arguments as those used in the proof of lemma 3.5 completes the proof.

Proof:[Proof of theorem 3.9]
From Lemmas 3.10 and 3.11, we deduce

max(Py(0),Pyr(e)) = A (0) < inf Py(u) =: L.

llull=n

By lemma 3.12 and the mountain pass theorem, we deduce the existence of critical
points u of @ associated of the critical value given by

c:=1inf sup Pyr(v(t)) > 5, (3.22)
Y€l tef0,1]

where I' = {y € C([0,1], X) : v(0) = 0 and ~(1) = e}. This completes the proof.
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