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A New Approximation Method to Solve Boundary Value Problems by
Using Functional Perturbation Concepts

Somayeh Pourghanbar and Mojtaba Ranjbar

ABSTRACT: Functional perturbation method (FPM) is presented for the solution
of differential equations with boundary conditions. Some properties of FPM are
utilized to reduce the differential equation with variable coefficients to the equations
with constant coefficients. The FPM can be applied directly for many types of
differential equations. The exact solution is obtained by only the first term of the
Frechet series for polynomial cases. Four examples are included to demonstrate the
method.
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1. Introduction

Many real-world phenomena can be formalized in terms of differential equa-
tions. This equations should be supplied with boundary conditions to ensure that
there is a unique solution. Thus boundary value problems have played a main
role in the development of engineering and mathematics. They have many appli-
cations in fields such as mechanics [3], optimal control [21], geometric optics [16],
oceanography [13], finance mathematics [5] etc. There are mainly three types of
approaches for solving differential equations. One approach is solving equations
by analytical techniques. The other approach is designing numerical algorithms
to solve equations. For example step difference schemes [20], collocation method
[22,10,12] and tau method [17] are of this types. The third class of methods is
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based on semi analytical approaches like Adomian decomposition method [8], vari-
ational iteration method [7], homotopy perturbation method [15], etc. But this
paper proposes the functional perturbation method (FPM) which the main idea
behind that is to use Frechet series. This idea is successfully and effectively applied
in some papers. In 2003, the buckling load in equation is treated as a functional of
the bending modulus field by Altus and et al. [4]. They have applied a functional
perturbation to equation, therefore the buckling load was found analytically to any
desired degree of accuracy. In the same year the FPM has been used for calculating
the average deflections and reaction forces of stochastically heterogeneous beams
in [1]. In 2006, a one dimensional stochastically heterogeneous rod embedded in a
uniform shear resistant elastic medium is solved in [3]. The solution of natural fre-
quencies and mode shapes of non-homogeneous rods and beams was studied based
on the FPM in 2007 [14]. Also in the same year the buckling load of heterogeneous
columns has been found by applying the FPM directly to the buckling differential
equation in [18]. The FPM is generalized in [19] for solving eigenvalue functional
differential equations in 2008. In the current study, we use the FPM to approxi-
mate the solution of linear and nonlinear ordinary differential equations. Despite
some methods like Galerkin and Rayleigh-Ritz, the accuracy of the FPM dose not
depend on the arbitrarily chosen shape functions. The solution for each problem is
founded by only convoluting its functional derivatives. We expand the equations
functionally, yielding some ordinary differential equations which have constant co-
efficients.

In a concise manner, our first aim is to find an approximate solution of the equation
by counsidering Ey = (E) as an average of function E. It is worth pointing out that
finding the best choice of Fy is an important subject of optimization which is under
investigation. Our second aim is to improve the approximate solution obtained in
the previous step by using properties of Dirac function and functional derivative
rules.

Four examples are given to show the efficiency of the method. To the best of our
knowledge this is the first time that the FPM is proposed to solve a nonlinear
differential equation.

The remaining of this paper is organized as follows. Section 2 is outlined some
necessary preliminaries. The FPM and theoretical aspects of the method are elab-
orated in Section 3. In Section 4, we employ FPM for four examples. Finally,
major conclusions are drown in Section 5.

2. Preliminaries

First we introduce some mathematical definitions that will be used in the sequel.
Derivatives of a function u(z) = w will be written as:

du dPu

E Eu,m, @ Eu,ww.

Let E is a scalar function of z and u[FE] is a functional of F, i.e., a mapping from
a normed linear space of functions (a Banach space) M = {E|E : R — R} to the
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field of real or complex numbers, u : M — R or C. The % tells how the value

of the functional changes if the function E(z) is changed at the point x1. Thus the
functional derivative (Frechet derivative) itself is an ordinary function depending
on z1. First order and higher orders Frechet derivatives of the functional will be
written as:
ou 6u B
SE(ry) PV SE(21)0BE(zy) PR

We consider a measure space (Rd, Q,v), where v is a Borel measure, d is a positive
integer. Also u : LP(v) — R be a real functional over the normed space L”(v) such
that v maps functions that are L? integrable with respect to v to the real line. The
bounded linear functional u g, is the Frechet derivative of u at (E) € LP(v) if

ul(E) + E'] — u[(E)] = u,p, + [(E), E'I|E|| Lo (1),

for all E' € LP(v), with e[(E), E'] — 0 as |E’| 1r(,) — 0. Intuitively, what we are
doing is perturbing the input function (E) by another function E’, then shrinking
the perturbing function E’ to zero in terms or its LP norm, and considering the
difference u[(E) + E'] — u[(E)] in this limit. For the second variation u g, g,, we
have

ul[(E) + E'] — u[(E)] = ug, + %U,Elm +e[(E), E'IIE | e ),

where €[(E), E'] — 0 as ||E'||z») — 0 (see [9]). According to [6], the functional
derivative is represented as the limit of divided differences:

1 ulE(x) + ed(x — x1)] — u[E(2)]
u g, = lim )

e—0 €

(2.1)

The = dependence on the right hand side of (2.1) is only a formal one. It can be
written €(- — x1) with the notation F(-) instead of E(x). The Dirac function § in
(2.1) is (see [6]):

. 1 =2,

As a matter of fact, by considering u[E] = E(x), we have:

U p = 5%([51]) = 151%%(E(x) +ed(x —x1) — E(x)) =6(x — #1) = 040, = B, -

Therefore we can denote the derivative of Dirac function as:

0E(x)
(SR =6

The average (E) and the deviation function E’(z) of function E are defined as (see

20): 1
(B) = /O E(z)dr = E %1, (2.3)
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E'(z) = B(z) — (E). (2.4)

n (2.3), sign () is convolution and 1 is a unit function. The property of the Dirac
function which we need them in FPM frequently is (see [11]):

dxFE=FE, (2.5)
because:

0+« F = /5(x1 — x9)E(x9)dxe = E(x1). (2.6)

It is worthwhile to know where E(x2) is a sufficiently smooth function, (2.6) is
called the sifting property or reproducing property of the Dirac function [11].
For multiple convolutions we have:

U By * xE1 By = // o 5E @ >)E(x1)E(x2)dx1dx2,
1

and since u g, g, is symmetric, we can write also (see [4]):

5%

(5E($1)(SE($2) ¥ EQ.

U1E1E2 **ElEQ = E1 *uﬂElEz *EQ = E1 *

Besides, the indispensable relation between the derivative of Dirac function ¢ and
convolution is:

00 oF OF
E=9§ = . 2.
(2.7) can be extended to the differential operator L of each order:
(LO)* E =0+ L(E)=L(E). (2.8)

We refer the interested reader to [6,11] for more discussion. The Frechet expansion
(see [4,14,18,19]) of a function f around (F) is as:

f

1

ﬂm+ﬂn+%ﬂa+u_ (2.9)

Expansion (2.9) is exact for a polynomial P(z) = a,2™ +an—12" "1+ -+ a1z +ao.
As a matter of fact, by considering F(z) = a", ( 3) and (2.4) we have:

n+1
We rewrite P(z) as

Ay —
a2 g — g+ R
’ nn—1) " ’

P(z) = an nn—1)---x2 " n!
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Now, for the first term of the Frechet expansion of P, we have:

Qn

PO =p =a,(E) = y
n

E=(E)

Also for the second term of the expansion of P:

Gn—1

1 _ r ag
pL = Py |p_ iy * Bl = (@B m, + Eap +-+ HE’“EJ‘E#
= (and+ L5, 4o a—?éwn) « B}
n n!
Ap—1 Ap—2 Qg
= a, B+ 22— (E) s+ —""(E))ga+-+—(E) o
an oy + " (E1), +n(n71)( 12z + +n!( 1),
_ n 1 an—1 n—1
= ap(z p— 1) + (na"™)
Ap—2 n—2 aop
—1 oo —(n!
ey tnln = Da" ) 4+ T )
_ n an n—1 n—2
= anpr — +an—1x + anp—o2x + -+ a1 + ag,
n+1
and because of £ g, g, =0, E g g, =0, -, etc:
P® =Ppp, E—(E) * «E/Ey =0, P® =0, -, ete.
Therefore
1
pP=pPO 4 p® 4 aP@) 4= apt" Fap 12" 4 FarT + ao.

This shows that the Frechet expansion is exact for polynomials.

3. Functional Perturbation Method

13

(2.10)

!
E>*E1

(2.11)

In this section, we demonstrate the theoretical aspects of the FPM. For this

purpose let us consider the differential equation:
Lu(z) = f(z), x€][0,1],
L is a general linear differential operator with boundary operator:
Bu(x;) = u;.

The Frechet expansion of the unknown function u(z) is:

1

We denote:

u((E)) = u(?, u7E1|E:(E) « By = uY, 1L1,L;I,L;2‘E:(E> s« « B B = u®

(3.1)

(3.2)

(3.3)
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Therefore (3.3) can be written as u = u(®) +u() + %u@) +---. Let us assume that
Eq. (3.1) can be expressed as:

Lu= ¢ (E)u+ ¢n)(E)uz + ¢ (E)ugs + - = f(z). (3.4)
For functions ¢;),i =0, 1,-- -, the Frechet expansion around (E) is:
1
by = by (E)) + by, * B+ gﬂﬁ(i),ElEZ * % B By + - (3.5)

by considering
0 1 2
b ((E) = ¢§i)>, Sy, * Bl = ¢§i)>, Bliy. iy * ¥E By = (bEi)), ete.  (3.6)

(3.5) will be written as ¢(;) = qﬁg?)) + qﬁgg)) + %Qﬁg)) + ---. Now, by using the Frechet
expansion for the differential operator L, we will have:

1
L= Lu((B)+L(), 5|y *Fi+ 5800, 5l g oy o+ B Byt - = [(@). (37)

As the first step, by the special case E' = (E), we suppose:

Therefore we should have:
L(u) g, |E:(E> x F] =0, L(U),ElEz‘E:<E> xx B FEy =0, etc. (3.8)
For the product of two functionals, the ordinary product rule applies:

Lu g, = ¢y, g, U+ d0)U,E T P1), 5, %z T P1)UaE +O2) B, Uz T P2)UhzaB, T -
(3.9)
For brevity, we denote (3.9) as:

Lu g, = ¢(i)7E1.u7I¢ + d)(i).u’ziEl, 1 =0,1,--+, (3.10)

which (-) is inner product. Now when we use E = (E), Eq. (3.4) can be shown as:
o + o) ul? + 6 ul) + - = f(a), (3.11)

u(9) will be known from solving Eq. (3.11) subject to (3.2). By using (3.10) for (E)

and inner integral product (convolution) Ef and then considering the first equality
in (3.8) we have:

'C’U,E1|<E> * Ei = ¢(i),E1'u,zi E=(E) * Ei + ¢(z)u,11E1 |E:<E> * Ei

= ot ) + ol ull) = 0. (3.12)
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Inasmuch as u(9) is known from the solving of Eq. (3.11), we obtain u(*) by solving
(3.12) subject to homogeneous boundary conditions. Also from (3.10) and the
product rule for functionals, we will have:

LU,EIEZ = ¢(i),E1E2 .U,mi + ¢(i),E1 .’Lt,miE2 + ¢(i),E2 'u,ziEl + (b(l) 'u,ziElEz . (313)
Applying multiple convolution on (3.13):

Lu g g, x xE1E) = D), By By Uzt * *x B B + D(i), By Wi By * xF| B
+ ), By Waim ¥ *E1Ey + Gy U 4ip, By * ¥ E1 Fy
= ¢(i)7E1E2.U,mi * x B By + ¢(z‘),E1 * Ei.u,miEz * B
+ By, * Ejuip, * E] + biy Ui By By * xF| F)
= 0. (3.14)

Also
d)g)) = ), Es * ¥ By, ufjf = Ui p, * *E1Fy. (3.15)

By using (3.15), we can rewrite Eq. (3.14) as:

ol + 200 ) + 60 ) = 0. (3.16)
We ponder homogeneous boundary conditions for obtaining u(?) by solving Eq.
(3.16). The solution of the Eq. (3.1) is:

u:Mm+¢m+%Mm+nw

which u(?), i = 0,1,2,--- are obtained from solving respectively (3.11), (3.12),
(3.16), etc.

4. Examples

In this section, we apply the above method for some examples. The first one has
a polynomial solution and the FPM is exact for it by only one term of the expansion.
Two other examples are linear ODEs and the last one is a nonlinear case which
FPM solutions are compared with the exact solutions of them. We measure the
accuracy by considering the root mean square error (RMSE) as follow:

where n is the number of interior nodes and e; is the error. If uepact(x;) = 0;

we use absolute error €; = Uegact(2;) — upparr(x;), otherwise we use relative error
Uezact(Ti) —urpy (i)
uemact(zi) '

€; =
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4.1. Example 1

As the first example, we consider

3
ut (z—uy, — §$2u,m =1, (4.1)

with ©(0) = 0 and u _,(0) = 1. The exact solution of this problem is u(z) = 22 + x.
By E(z) = 2% and considering Eq. (4.1) as Eq. (3.4), we have:

1 1 1 3 3
(4.2)
Also
! 1 1
<E>/Ox2dx§, E’:E—<E>:z2—§. (4.3)
As the first step, by (4.2) and (4.3) we have
© _ B ©_1 1 _
¢(0) - ¢(0)‘E:<E> 2(<E>),zz =0, ¢(1) - 2(<E>),w 2(<E>),ﬂm =0,
©_ _3py 1
In this step, the equation ¢yu + ¢yu,z + G2yUee = —1, is as:
0 u® + 6 ul® + 6 uld) = —1.
Therefore by (4.1) we have:
_ lu(o) - 1.
2 s LT
(4.5)
Solving Eq. (4.1) with conditions u(?)(0) = 0 and uY (0) =1, we have
u® = 22 + .
For the next step:
. 1 1 1 1 1
¢EO§ = ¢(0),E1 * By = §E,MEE1 * By = 5579696 x B = i(Ei)m = §(z2 - g)xm =1,
and
1 1 1 1
6 = b).m, * Bf = (5Ewm, = 5Baon) * Bl = 500 % B = 3000 x B} =
1 1
= §(E{),m - §(Ei)7ww =z -1,
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and

a .3 3 3., 3,5 10 3,51
Do) = P(2).m*E1 = (—QE),El*Ei = —55*E1 = —§Ei =5 —3)= 3% t5
So by the last equality of Eq. (3.12) we have:

1 1
u® 4+ (z - Dul? + (—§$2 + )u® — —u) =o.
’ 2 27 2
Therefore 1
- 5“% =0

(4.6)

Eq. (4.1) differs from Eq. (4.1) of step.1 by the right hand side part only. We solve
Eq. (4.1) by homogeneous conditions u(!)(0) = 0 and u(i)(O) =0, then
u) = 0.

For the next steps u) =0, j=2,3,---. Therefore the FPM solution is

1
UFPM = u(o) =+ u(l) =+ Eu@) = :L'2 + x.

It is observed that the FPM gives the exact solution only by the first term of
Frechet series.

4.2. Example 2

Consider
—xu, + (1 - x2)u,m =0,

(4.7)

with u(0) = 0 and u(0) = 1. Considering (4.2) as ¢(yuz + d2)t,zz = 0 and
E(r) =1 — 2%, we have

1
by =-T=5Es P =1- w? = E,

Also

and
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In the first step which we use E = (F), Eq. (4.2) is
D + 22, =0,

therefore by (4.8) we have:

2
gufg?; =0. (4.9)

Applying conditions u(?(0) = 0 and w2 (0) = 1, yields:

u® =gz, (4.10)
For the next step:
1
2

1 1 1
¢Elg = ¢(1),E1 * Ei = §E,IE1 * Ei = 55,96 * Ei = (EDI =

and
¢(1)_¢ «E = F E =5 EI—E’—1_2
(2) — ¥(2).E 1=Lb g xbE=0xE = =3 22,
so by the last equality of (3.12) we have:

2 1
24— + (5 22l = (1)

“ul) =2 (4.12)

We solve Eq. (4.12) subject to homogeneous conditions u(")(0) = 0 and u(;) (0) = 0:
L s

Inasmuch as fbg; = ¢(1),E1E2**E£Eé = %E11E1E2**E£Eé = Oand fbg; = ¢(2),E1E2*
xE{El = Ep, g, *«xE{E5 = 0, and according to (3.16):

2 9

gu(zi = 5303 — . (4.13)
As we see, Eq. (4.13) differs from Eq. (4.9) and Eq. (4.12) by the right hand side
only. Solving Eq. (4.13) with u(®(0) = 0 and v (0) = 0, leads to:

27 1
u® = 25 3

g0 1"
Therefore the FPM solution is
1 1 1 27 1 1 27
_ (0 1, 2@ _ s Lal s 1 3y_ 13, 40 5
wppa =T U = gt oG = gat) = o gr o+ g

We have showed FPM solution, exact solution (u(z) = arcsinz) and absolute error
in Table 1. The graph of exact and FPM solution is depicted in Fig. 1.
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Figure 1: Exact and FPM solutions (Example 2).

Table 1: Absolute error of Example 2

T; FPM Exact Absolute error
0 0 0 0

0.1 0.1001 0.1002 1.0E — 04
0.2 0.2011 0.2014 3.0FE — 04
0.3 0.3038 0.3047 9.0E — 04
0.4 0.4097 0.4115 1.8£ —03
0.5 0.5209 0.5236 2.7E — 03
0.6 0.6401 0.6435 3.4E — 03
0.7 0.7712 0.7754 4.2FE — 03
0.8 0.9193 0.9273 8.0E — 03
0.9 1.0908 1.1198 2.9E — 02
RMSE =3.1E —03

4.3. Example 3

As the third example, consider
Ug+ (14 2)uze =0, (4.14)
with u(0) = 0 and u ,(1) = }. By considering E(z) = 1+ x, we will have:

<E>:/O (1 +a)de =3, Ee) = Ba) —{E) =2 3.

Comparing (4.14) with ¢1yu s + doyuze = 0 yields ¢y = 1 = E, and ¢y =

1+ 2z = E. We obtain ¢§§;, i=1,2for E = (E), as follow

N W

o) = ((2).. =0, 9 = (E) = (4.15)
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For the first step, (4.14) is

by (4.15), we have:
“ul®) = 0. (4.16)

Applying conditions u(0) = 0 and u (1) = &, yields

1
w0 —

=T.

As the second step, we obtain qﬁ( ) i =1,2 as follow

1

(bgg - ¢(1)7E1 *Ei =E.p, *Ei =0 % Ei = (ED,I = (o — 5)11 =1,
1 _ ;o ;o L 1
¢(2)7¢(2),E1*E1*E1E1*E1—5*E1fE171',§.

According to the last equality of Eq. (3.12) we have

3 1
5“% +ul) + (@ - 5)“,(233 =0,
then 5 )
O 417
2 ,II 6 ( )
Now, we consider homogeneous conditions «(0) = 0 and u ,(1) = 0. Therefore
1 1
uV = fﬁz + 9:0

To obtain u(?, from Eq. (3.16) we have
o200 + 32u®, + 200 u® + 260D + ¢ Du® 4 o Pu, =0, (4.18)

Apparently when ¢;) = E i, then ¢ g, g, = 0. So

2
(bEi)) = Oi),By B, * *E1Ey = 0.
Therefore, from Eq. (4.18) we have
32 4, 1

gtes = T T 3

with homogeneous conditions u(?)(0) = 0 and u(g)(l) =0, u® can be obtained
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Figure 2: Exact and FPM solutions (Example 3).

The solution of Eq. (4.14) is

21

The exact solution (u(z) = +In(1 + z)) and the FPM solution are shown in Fig.
2. The accuracy of the solution is clearly seen by RMSFE = 6.9957F — 04 with z;
from Table.2.

Table 2: Absolute error of Example 3

T FPM Exact Absolute error
0 0 0 0

0.1 0.0304 0.0318 1.4F — 03
0.2 0.0587 0.0608 2.1E —03
0.3 0.0851 0.0875 2.3E —03
0.4 0.1097 0.1122 24F — 03
0.5 0.1327 0.1352 2.4F — 03
0.6 0.1542 0.1567 2.4F — 03
0.7 0.1744 0.1769 2.5FE — 03
0.8 0.1934 0.1959 2.5E —03
0.9 0.2113 0.2140 2.6FE — 03
RMSE = 6.9957E — 04
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4.4. Example 4

As the last example, we consider a nonlinear differential equation
U g — U2, = —2, (4.19)
with 4(0) = 1 and u 4(0) = 1. By rewriting Eq. (4.19) as

Ul g — U gU p = —2.

We can consider ¢y =0, ¢(1) = —u and ¢o) = . First of all, we use two terms
of Taylor expansion for u(x)

u(z) ~ a(x) = u(0) + zu 4 (0) = 1 + .

If we consider E(x) = 4 = 1+ x, then:

Also
and
Now, we obtain qﬁé?)), i=1,2for E = (E) as follow

3
5

0) _ _ 0) _ _
¢(1) - _Eam‘E:<E> =0, ¢(2) - E‘E:(E) -

In first step we have

SO

By using v(®(0) = 1 and ufg)(O) =1 we have
2
u(® = f§z2 +x+ 1.

Also gbg)), 1= 1,2 are obtained as

) _ g _ M _ g1
oy =—Er=-1, dp=F=z—z.
So by Eq. (3.12) we have
3 (1) o 1
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with homogeneous conditions u()(0) = 0 and u(;)(O) =0, uM) is obtained

1

w_1o

u 9£C
Inasmuch as 63 = ¢y g, g, * *B{ By = —Epp, * BBy, = 0 and ¢(3) =
P(2),E B, * *E1E = Ep, B, * *E1E) = 0, Eq. (3.16) is reduced to

3 2

3,2 _ 2

2u7m 9

In this step we use homogeneous conditions too, so

2
(2) — 2
u 2730 .
Therefore uppys is obtained
1 2 1 1, 2 14
UFPM = ul® + u + EU@) = —§$2 +r+1+ 51'2 + 5(?'12) =1l+xz— §$2-

The exact solution (u(x) = sinz + cosz) and the FPM solutions are depicted in

Table 3: Absolute error of Example 4

xT; FPM Exact relative error
0 1.0000 1.0000 0

0.1 1.0948 1.0948 0

0.2 1.1793 1.1787 4.0FE — 04
0.3 1.2533 1.2509 2.0E — 03
0.4 1.3170 1.3105 5.0E — 03
0.5 1.3704 1.3570 9.8 — 03
0.6 1.4133 1.3900 1.68E — 02
0.7 1.4459 1.4091 2.62F — 02
0.8 1.4681 1.4141 3.82FE — 02
0.9 1.4800 1.4049 5.34F — 02
RMSE =74FE — 03

Fig. 3. The relative errors of them are shown in Table. 3.

Remark 4.1. We have verified all the examples with the aid of MATLAB R2013a.

5. Conclusion

In this article we have studied the functional perturbation method (FPM) which
is an effective tool for analytical solution of linear problems and can be used for
some nonlinear problems too. We expand differential equations functionally, yield-
ing some ODEs which have constant coefficients and differ only in their right hand
side. The right hand side functions that exist in each step, correct the incon-
sistencies of all previous approximations. The initial condition is fulfilled by the
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Figure 3: Exact solution and FPM (Example 4).

zero-order approximation only. Higher-order approximations are considered with
homogeneous conditions. We have successfully applied the proposed approach to
solve four equations. First, the idea of FPM is applied for linear equations, then
we generate the idea to a nonlinear differential equation. In the nonlinear case, the
unknown u is replaced by two terms of Taylor expansion u. For polynomial case,
the exact solution is obtained by only the first term of expansion. The results have
shown that the new described idea produces acceptable results.
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