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Properties of the First Eigenvalue with Sign-changing Weight of the
Discrete p-Laplacian and Applications.

Mohammed Chehabi, Omar Chakrone

ABSTRACT: By establishing some results around the first eigenvalue A1 (m) for the
following problem:
—Alpp(Auk = 1)) = Am(k)p,(u(k)), ke [l,n],
u(0) = 0=u(n-+1),
where m € M([1,n]) = {m:[1,n] — R / Jko € [1,n], m(ko) > 0}, as the con-
stant sign of the first eigenfunction with A1 (m), the simplicity of A1(m), the strict
monotonicity property with respect the weight and sign change of any eigenfunction

with A ( A > A1(m)), we prove the existence and non-existence of solutions of the
problem (1.1).
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1. Introduction

In recent years, equations involving the discrete p-Laplacian operator, subject
to different boundary conditions, have been widely studied by many authors and
several approaches. We recall here the works of Agarwal, Perera and O’Regan [1],
D. Jiang, J. Chu, D. O'Regan, and R. P. Agarwal [2], J. Chu, D. Jiang [3], Jong-Ho
Kim, Jea-Hyun Park and June-Yub Lee [6]; the variational approach represents an
important advance as it allows to prove multiplicity results as well.

Motivations for this interest arose in by different fields of research, such as
computer science, mechanical engineering, control systems, artificial or biological
neural networks, economics and others.

Consider the boundary value problem:

w(0) =0=wu(n+1), (1.1)
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where n is an integer greater than or equal to 1, [1,n] is the discrete interval
{1,...,n}, Au(k) = u(k + 1) — u(k) is the forward difference operator, and we only
assume that f € C([1,n] x R).

Define

F(k,t) = /Otf(k,s)ds, kell,n], teR.
Let A;(m) be the first eigenvalue of
— Alpy(Au(k = 1)) = Am(k)p,(u(k)), k€ [L,n], (1.2)
w(0) =0=wu(n+1),
where m € M([1,n]) = {m: [I,n] — R / 3ko € [1,n], m(ko) >0}, ¢, (s) =

p—2

[s|"“sand 1 < p < oo.

The class W of functions w : [0,n 4+ 1] — R such that «(0) =0 = u(n + 1) is
an n-dimensional Banach space under the norm

||u||<§|Au ~1)| )

We donote by A\; and ¢, the first eigenvalue and the positive eigenfunction of
(1.2) for m =1 such that ||¢,]| =1, and S ={u e W, |ul =1}}.

Define
n+1

Dy =Y B Auk— 1) F<k,u<kz>>] D uew,

k=1
Then the functional ®¢ is C* with

n+1
@50 = 3 [op(Bulk = 1)Av(k = 1) = f(k, u(k)u(k)]
n n+1
= > [Ae,uk— 1)]utk) — Sk, ulk)e(k),
k=1 k=1

v € W, so solutions of (1.1) are precisely the critical points of ®;.

Theorem 1.1. I’
3 p ( ) )

|t\—l>n-1i-oo [t|”

F(k,t)
and lim su ’
[t| —s+o00 P [t|”

S )\17 k € [1,TL],

# A1 for some k € [1,n], (1.3)

then (1.1) has a solution. More precisely, this solution is a global minimizer of ®y.
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Remark 1.2. If
y pE(k,t)
11m Sup ———5—
oo P [t|”

= >\17 ke [1,TL],

then (1.1) does not always have a solution, as is shown in the following propo-
sition ( Proposition 1.8 ).

Proposition 1.3. If
Flk,t) = A (m).m(k) [t|P >t + h(k), k€ [1,n], t R,

where h(k) > 0, k € [1,n], and h(k) # 0 for some k € [1,n], then (1.1) does
not have a solution. One can take as particular case m = 1.

Theorem 1.4. Suppose that
f(k’t) > ao(k), (kat) € [Ln] X [Oaa(k)]a (1'4)

for some nontrivial function ag > 0 and a function « such that a(k) > 0,
kell,n]. If
F(k,t F(k,t
A < lim infw, kell,n], \ # . lim inf]% for some k € [1,n],

t—s400 —

k,t
and Ay < lim inf f (k1)
t— 400 p—1

, kell,n], (1.5)

then (1.1) has a solution u > 0.

Theorem 1.5. If (1.4) holds and (1.1) has a supersolution w where w(k) > a(k),
k € [1,n], then (1.1) has a solution uy; < w. If, in addition, (1.5) holds, then there
1s a second solution us > ui.

To prove these theorems we need the following results:

Lemma 1.6. ( see [2] ) If

—Alpp(Au(k—1))) = —Alp,(Av(k—1))), ke [L,n],
u(0) > w0(0), un+1)>v(n+1),

then either u > v in [1,n] or u = v. In particular, if

—Ap,(Au(k—1))) > 0, kelln],
u(0) > 0, u(n+1)>0,

then either u > 0 in [1,n] or u = 0.
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Lemma 1.7. If u is a subsolution of (1.1) and wu is a solution of the modified
problem:

Aley(Bulk—1)) = fulk,u(k)), ke L],
w(0) = 0=uln+1),
where
fulk:1) { Hr ), ol
then u > wu.

Recall that A\j(m) is characterized by

n+1

A1 (m) = inf {Z [Au(k = D", we W and Y m(k) Ju(k)]” = 1} : (1.6)
k=1

k=1

which is also expressed in the form

1
Al(m)

5> m(k) [u(k)[”
k=1

= Sup N (¢
CEWMOR LS | Au(k - 1))
k=1

is the first eigenvalue of (1.2) in the sense that A\;(m) < A for any other positive
eigenvalue X of (1.2).

Proposition 1.8. Let u; be an eigenfunction with eigenvalue Ay (m), then uy does
not change sign in [1,n]. Moreover uy does not vanish in [1,n).

Proposition 1.9. Let u be an eigenfunction with eigenvalue A\ such that A\y(m) <
A, then u changes sign in [1,n].

Proposition 1.10. The first eigenvalue A1 (m) is simple: let u and v be two eigen-
functions associated with \1(m), then there exists ¢ € R such that u = cv.

Proposition 1.11. \i(m) verifies the strict monotonicity property with respect to
the weight m: If my,mg € M([1,n]), such that my; < mg and my(k) # ma(k) for
some k € [1,n], then A1(ma) < A\1(my).
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k t F(k,t
Remarks 1.12. 1- If lim sup f(k,?) <M\, k€[l,n], then lim supp (k,?)
e tr— t—+oo tP

< A1, k€ [l,n]. The converse is false.

k.t
If M1 < lim inf f(: ), k€ [l,n], then Ay < lim inf
t— 400 tp—1 t—s 400

The converse is false.

2- In the Theorem 1.5, one can consider w(k) = t1, where t1 > a(k), and

fk,t1) <0, k € [1,n)].

F
m, ke [1,n].
P

In the present paper, we study the problem (1.1) following a variational ap-
proach, based on the properties of the first eigenvalue A;(m). The paper is orga-
nized as follows: in Section 2, we prove the Lemma 1.7 and the propositions 1.3,
1.8 1.9, 1.10 and 1.11, in Section 3, we prove the theorems 1.1, 1.4 and 1.5.

2. Proofs of Propositions and Lemma

Proof of Lemma 1.7

By absurd, assume that there exists h € [1,n] such that u(h) < u(h).
Let k1 = max {k € [0,n + 1], u(k) < u(k)} and kg = max {k € [0, k1], u(k) > u(k)}.
We get k1 #n+ 1, u(ko) > w(ko), u(ky) < u(k1), u(ks +1) > u(ks + 1) and for

k € [ko + 1, k1], u(k) < u(k). Then for every k € [ko + 1, k1],

—A(py(Auk = 1)) = fulk, u(k)) = f(k u(k)) = —A(p,(Au(k - 1))).

Let for every k € [0, k1 — ko + 1], v(k) = u(k + ko) and v(k) = u(k + ko),
then

—Ap,(Av(k —1))) = —A( p(Ay(k:— ), Vk e [1,k — ko),

’U(kl 7]604’1) = ’U,(k1+1) zy(kl 7]604’1) :Q(kl +1)

By Lemma 1.6, for every k € [1, k1 — ko], v(
In particular v(ky — ko) = u(ky) > v(k1 — ko) =
Thus u > wu.

Proof of Proposition 1.3
Suppose that

f (k1) = M (m).m(k) [t t + h(k), k € [1,n], t € R,
where h(k) > 0, k € [1,n], and h(k) # 0 for some k € [1,n], and (1.1) has a

solution u, then

{0 Quth = D) = ) ) ) 8, R,
u(0) =0 =u(n+1).
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We prove that u > 0.
By absurd, suppose that v~ # 0, where u~ = max{—wu,0} and multiply (2.1)
by —u~, we obtain

n+1 n

= pp(Au(k — 1)Au™(k — 1) = M (m)> m(k) [u™ (k)" = > h(k).u (k).
k=1

k=1 k=1
Distinguish the cases of signs of u(k — 1) and u(k), we prove that

n+1 n+1
S Aum(k=D)" < = o, (Aulk = 1)Au” (k- 1),
k=1 k=1
then
n+1
0< Y |Au=(k-1))
k=1
< A(m) Y m(k) [u” (8)[" =D (k)™ (k)
k=1 k=1
< Mi(m)y_mik) [u= (k)]
k=1
S0 v + is also a minimizer of A;(m) and u™ is an eigenfunc-
(S )
k=1

tion with eigenvalue A;(m), then u~ > 0 (Proposition (1.8) ), and hense

> h(k).u™ (k) =0,
k=1

and h = 0, which is a contradiction.

k
Let ¢ a positive eigenfunction with eigenvalue A;(m) and ¢ = min M, there
ke[1,n) (k)
u(ky)

,then v < wandv(ky) = u(ky), where v = ).
Q/J(kfl) (1) (1) w

exists k; € [1,n], such that ¢ =
We get
~A(pp(Av(ky = 1)) + Aa(m)m™ (k) (0(k0)" ™ = Ar(m).m™ (k) (0(ka)P ™"

where m* = max{m,0} and m~ = max{—m, 0} so that m =m™ —m~, thus

—A(p,(Au(ky — 1)) + A (m).m™ (kr) (u(k2))" ™" = Ai(m).m™ (k) (u(ka))"™!
+h(k1)
> Ai(m).m " (ky) (v(k1))P ™"
= —(Ap,(Av(k —1)))
A1 (m).m™ (k) (v(k)" ™",

V
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then
—A(p,(Aulky — 1)) = =A(p,(Av(kr — 1)),

and
o, (Du(ky)) + g (Aulky — 1)) > —g,(Av(k1) + ¢, (Av(k; — 1)).
We have
Au(kl) = u(kl + 1) — ’U,(kl) Z ’U(kl + 1) — ’U(kl) = A’U(kl)

and
Au(kl — 1) S A’U(kl — 1),

therefore
0 < pp(Au(kr)) — pp(Av(kr)) < @, (Au(ks — 1)) — ¢, (Av(kr — 1)) <0,

and
u(ky — 1) =v(ky — 1) and u(ks + 1) = v(ks + 1).

Step by step we prove that u = v , then h = 0, which is a contradiction.

Proof of Proposition 1.8
Let u be an eigenfunction with the first eigenvalue A1 (m) of the problem (1.2),
then

{ —(Ap,(Au(k —1))) = A1 (m).m(k) |u(l<:)|p*2 u(k), ke[l n],
u(0) =0=wu(n+1).

If u= # 0, multiply (2.2) by —u~, we obtain

(2.2)

n+1 n
= ey (Au(k — 1)Au (k= 1) = M (m)>_m(k) (u™ (k)"
k=1 k=1
As
n+1 n+1
S Aum(k = D)" < = o, (Aulk — 1)Au (k- 1),
k=1 k=1
we get

n+1

0< Z |Au™ (k- 1)‘1) < Al(m)Zm(k) (uw(k))",
k=1 k=1

and w~ is an eigenfunction with eigenvalue A1 (m).
Let us prove that u~ > 0. By absurd, suppose that there exists ko € [1,n] such
that v~ (ko) = 0, then
—A(p,(Au” (ko — 1)) =0,
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and

ey (ko)) = 9, (A~ (ko — 1)),
sou (ko+1)+u (ko—1)=0and u (ko +1) =u (ko — 1) = 0.
Step by step we prove that ©~ = 0, which is a contradiction.

Thus v~ >0 and u = —u~ < 0.
If u= =0, then u > 0 and v > 0 ( by the same techniques as the above ).

Proof of Proposition 1.9
Let (u, A) a solution of (1.2) with A > A;(m). Suppose that u keeps a constant
sign, we can suppose that u > 0, we have

—A(p, (Au(k — 1)) + Am™ (k) (u(k))P~" = Xm™ (k) (u(k))P .

Claim
n+1
1nf{Z|Av —1|p+)\Zm ,vEWandZm ) [v(k )|p1}
k=1
Proof of Claim
Let
n+1 n
lnf{Z|A’U —1 |p+)\Zm P’ veW and Zm-l-(k) |’U(k/‘)|p:1},
k=1
and prove that g = A.
It’s clear that ug = “ - € Wand Y m*(k) |ug(k)[" =1, s0
(S @ oy -
n+1
M<Z|A“0 —1|p+)\Zm ) |uo(B)[P = A

There exists w € W such that > m™ (k) |w(k)|” =1 and
k=1

n+1

w= Z|Aw —1|p+)\Zm

As
n+1 n+1
> 1A w| ( —1|p<Z|Aw —1)PP,
k=1

then, |w| minimizes also p, so we can suppose that w > 0 and w # 0.
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We have
— (Ap,(Aw(k = 1)) + Am™ (k) (w(k))"™" = pm™® (k) (w(k)"™ (2.3)
= max w(k) ere exists n], such that ¢ = w(ko)
Letc_keu,n]u(k)’th ts ko € [1, n], such that ko)
We have w < v and w(ko) = v(ko), where v = cu.
We get
~Alp, (Aw(k = 1)) + A (k) (k)" = pem™ (k) (w(k)""
< Amt(k) (u(k)"
= —Alpy(Av(k —1)))
+Am” (k) (v(k))"

in particular for k — ko, we obtain
—A(p,(Aw(ko — 1)) < —A(p,(Av(ko - 1)),
and
0 < ¢, (Aw(ko — 1)) — ¢, (Av(ko — 1)) < ¢, (Aw(ko)) — ¢, (Av(ko)) <0,

w(ko +1) =v(ko + 1) and w(ky — 1) = v(ko — 1).

Step by step we prove that w = v.
Replacing w by v in (2.3),

pem (k) (0(k))" T = —(Ap,(Av(k — 1)) + Am™ (k) (v(k))"
= AmT(k) (k) kelln],
then u = A

Returning to the proof of Proposition 1.9
Let ¢ a positive eigenfunction with eigenvalue A;(m) such that

kzz:ler(k) (¢(k))? = 1. We have

n+1 n n
S 1AG(k =)+ A (m). Y m” (k) (k)" = Ai(m).> mT (k) ((k))”
k=1 k=1 k=1

= /\1(m),

n+1 n
0< Y [A¢(k = 1)[" = Ai(m) (1 = m (k) <w<k>)p> : (24)
k=1
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By the Claim

n+1 n

A<D T AGE = DI+ A mT (k) (k)
k=1 k=1

then
and

by (2.4), we get

‘Which is a contadiction.

Proof of Proposition 1.10

Let u and v be two eigenfunctions associated with A\ (m) of the problem (1.2),
then v and v does not change sign in [1,n]. We can suppose that u > 0 and v > 0.

Let ¢ = kgﬁr}ﬂ%, there exists ko € [1,n], such that ¢ = ZEZO)% Then
ep(Av(ko — 1)) — ¢, (Av(ke)) = Ar(m)m(ko)e,(v(ko))

Ax(m)m(ko)p,(cu(ko))
= ¢p(Alcu)(ko — 1)) = ¢, (Alcu)(ko)),

and
0 < ¢,(Av(ko)) — ¢, (Alcu) (ko)) = ¢, (Av(ko — 1)) — ¢, (A(cu) (ko — 1)) <0,

v(ko + 1) = (cu)(ko + 1) and v(ko — 1) = (cu)(ko — 1),

Step by step we prove that v = cu.
Proof of Proposition 1.11

Let my, ma € M([1,n]) such that my < ma, my(k) # mo(k) for some k € [1, n]
and uy the positive eigenfunction with Aj(m;y) such that ||ui] = 1. We get
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1
N(m)  ues {Zml }
= Zml |’LL1
< ZTI’LQ |’LL1

1
{ZW } = NGma)

IN

thus /\1(m2) < )\1(7’)@1).
3. Proofs of Theorems

Proof of Theorem 1.1. By (1.3), for € > 0 there exists C. > 0 such that

|¢”

F(kat) S (5(k) + 5)? + Csa
where 0(k) = |t\h—n>loo sup %. For uw e W,
n+1
B = 3|3 1Aulk - D - Flkub)]
k=1
L o Ju(k)[”
> ; L) |Au(k —1)] <(5(k) + ) ——+— ) + C: ﬂ
n+1 n+1
> llulp Zé W =X [uk)f| + (n+1)C,
k=1
then, by (1.6)
(u) > % {1 - %(5) - ﬂ lull” + (n + 1)C...

On the other hand, §(k) < Ay, k € [1,n], and §(k) # Ay for some k € [1,n], by
the strict monotonicity property with respect to the weight (Proposition 1.11) and

(16), we get Al(Al) < )\1(5) and )\1(A1) = 1, then 1 —

> (0. We choose € > 0
A1(9)

1
such that 1 — )\—(6) ; > 0, thus ®; is bounded from below and coercive, then
1 1

the problem (1.1) has a solution.
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Lemma 3.1. If

Fk,t
A< lim infz%

t— 400

EF(k,t
Eell,n], \ # tﬁg_looinfz% for some k € [1,n],

A < lim inff(k’t) and lim f(k;?)

T t—r4o0 p—1 t—s—00 |t|p 1

=0, kelln], (3.1)

then @y satisfies the Palais-Smale compactness condition (PS): every sequence
(uj) in W such that ®¢(u;) is bounded and 't (u;) — 0 has a convergent subse-
quence.

Proof of lemma 3.1
It suffices to show that (u;) is bounded since W is finite dimentional , so

suppose that p; := [|u;|| — oo for some subsequence. We have
O B CATHRIE
where u; = max{—u;,0} is the negative part of u;.

n+1

il
(@ (uy),uy) = Z pp(Au;(k — 1)) Aug (k —1)] Zf (; uj(k))uy (k)
k=

n+1

= [op (A (k = 1) Auy (k= 1)] = > f(k, —uj (k))uj (k).
k=1

k=1
Distinguishing the case of signs of u;(k — 1) and w;(k), we prove that

n+1
> lep(Auy(k — 1)) Auy (k= 1)] < —[luy]]”,
k=1

SO

n+1

(@ () ;) < = Jluy |[” = Zf uj (k),

it follows from (3.1) that (u;); is bounded. So for a further subsequence,
aj = converges to some u > 0 in W with H H = 1. We may assume that for
each k, elther (uj(k)); is bounded or u;(k) — +oc.

If (u;(k)); is bounded, then w; (k) —» 0, (k) = 0 and W — 0.
Pj
f(k, t)

If uj(k) — +oo, since tﬁ}rﬁm inf pr > A1, we get f(k,u;(k)) > 0 for large
n+1 k

j, by (3.1). Since > wv(k,

k=1 p]

) — 0, it follows from
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p?il k=1 p§71
that
n+1
> e, (Au(k —1))Av(k —1) >0, Vo >0, (3.3)
k=1

and hense, « > 0 in [1,n] by Lemma 1.6. Then wu;(k) — oo for each k, and
hence, (3.2) can be written as

n+1
S [l (k= 1) Ao(k — 1) — oy (W) (07 0(k)] = 0(1),  (3.4)
k=1
f(k, u;(k))
where Oé](k) = W

Now choosing v appropriately and passing to the limit, we get (k) converges
to some a(k) > A1 and

~ Al Ak~ 1) = a(k) ()" . ke (L] (3.5)

uw(0)=0= u(n+1).

Fk,t
Suppose that for cach k € [1,n], a(k) = Ay. Since A < _lim inf 2E 1)

ST
EF(k,t
k€ [1,n], and lim inf 2 (p’ )
t— 400 |1f|

C: > 0 such that

# A1 for some k € [1,n], for € > 0 there exists

|¢[”

F(k’t) > (6(1{7) _5) p +CE)

then
n+1
‘I’f(ua)<—||ua||p—2((5(k’) L) +cg),
k=1
and
(I)f(uj)

=3[~

1 = |us (R)[” ¢
< (1_2 (v - >> T
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Since (®f(u;)); is bounded and ||u;|| — +o0, we get

we tends ¢ — 0,

k=1
Since 1 = HEHP = nila(k) ‘ﬂ(k)‘p = )\1nz+:1 u(k) p, we get
k=1 k=1
1 n+1 N »
o<l (Z(xl — (k) [ )
P \iz1

as A\ < B(k), k € [1,n], and Ay # (k) for some k € [1,n], we get
1 n+1 »
- (Z(xl — Bk [fi(w)| ) <0,
P \im
hence the contradiction. So a(k) > A1, k € [1,n], and Ay # a(k) for some k € [1,n],

and from the strict monotonicity property with respect to the weight (Proposition
1.11),we get 1 = A1 (A1) > A\ ().

Since ( 3.5 ) and u > 0, then by Proposition 1.8 and Proposition 1.9, % is the
first eigenfunction and A\ («) = 1. Hence the contradiction.

Proof of Theorem 1.4
The problem

—Apy(Au(k —1))) = ao(k), kell,n,
u(0) = 0=u(n+1),

has a unique solution ug > 0 by Lemma 1.6. Let £ €]0, 1] such that u := cup <
a(k), k € [1,n]. Then by (1.4)

A, (Au(k — 1)) = fk,u(k)) < —(1 —eP"Hag(k) <0, ke [1,n],

and u is a subsolution of (1.1). Let

_ [ f(k), t > u(k),
fulk,) = { fkouk), t<uk).

Consider Fy(k,t) = [y fu(k,s)ds, k € [1,n], t € R.

~—
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. pFu(k7t> . pFu(k7t>
It’'s clear that, lim sup—F——— < A and lim sup—— =
t——0o |t| t—+o0 tP
L pF'(k,t) . pFu(k,t)
= t_lg?oosup m < A1, k € [1,n] and t_l}+moo sup ———— # A1 for some
ke [l,n]
E,(k,t ) Ly (k,t
Thus lim sup]Lp) < X, k € [l,n] and lim supup) # A\ for
|| =00 t| || —o00 |t]
some k € [1,n] , so the modified problem
— Ap,(Au(k = 1)) = fulk,u(k)), k€ [1,n], (3.6)

u(0) =0=u(n+1),
has a solution u which is a global minimizer of ®;, by Theorem 1.1. By lemma

1.7, u > u, and hence, also a solution of (1.1).

Proof of Theorem 1.5
As in the proof of theorem 1.4, u is a subsolution of (1.1).
We have w is a supersolution of (3.6), let

_ fl(kz,w(kz)), t> w(k),
fi (k) = { Rkd, | t<uw(k).

Consider F) (k,t) = [) f(k,s)ds, k € [1,n], t € R.

pFy (k1) pFy (k1)
It’s clear that lim sup——— < A;, k€ [l,n] and lim sup ———
|t]— o0 t [t|— 00 |tP|
A1 for some k € [1,n], so, the modified problem

u(0) =0=u(n+1),
has a solution u; which is a local minimizer of ®;, . Indeed, u; is a global
minimizer of <I>fu+ by Theorem 1.1. By Lemma 1.7 and Lemma 1.6, u < u; < w
and uy < w, so fif (k,ui1(k)) = f(k,ui(k)) and u; is a solution of (1.1). Thus
(I)fu = @y, near u;. Let

f(kat)’ tZul(k)a
Fus (k) = { Pk s (k)), t < ui (k).

As w; is a subsolution of (1.1), by the same argument with u; in place of u, we
see that @y, has a local minimizer strict uj also noted by u;.
Fort>1T = max (ui(k)), we get fu,(k,t) = f(k,t) and
SRS

/ Juy (K, 8)ds
0
T
/ (fUI(k,S)7f(k,8>>dS+F(k,t>,

0

Ful (k’ t)
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Fo, (k, t
i PEu (k1)

so lim lim infw. For € > 0, there exists C. > 0
t—s+00 p t—s+00 tr
such that v
t
Fulk0) = (800 -/ 4 .,
where S(k) lim i pr(k’t) As
T T
n+1 1
B0 = 3 3 18uk = D = Fo (b.u(h)]
1 LP
we get
n+1 1
Bt = 3 [5IA @) (k- 1P - Fuulh wl(k))}
k=1
n+1 |¢ n+1| ¢
< —Hw [ Zﬂ ! Z L - (n 4 1)C,
S0,
Sl ®l |, K- ¢>1

Dy, (t¢1) < —Ht¢ I - Zﬂ

y T,

tP 1 3
< *E <1+m+)\_1> 7(n+1)C€'

We have f(k) > A1, k € [1,n] and B(k) # A\ for some k € [1,n], so, from the
strict monotonicity property with respect to the weight (Proposition 1.11), we get

n+1)C.

)\1(5)<>\1 (Al)zland -1+ > 0.

1
A1(B)

1
We choose € > 0, such that —1 4+ —— 4+ — > 0, thus
A(B) /\1

li tP( 1+ ! +€) (n+1)C
m —— | — ——t+— |- e = —O0Q.
t—o0 P M(B) A

So, for t large, we get

tP 1
(I)ful (t¢1) < _E (_1 + m + )\il) — (7’L+ 1)05 < (I)ful (ul)

Since ®y, ~satisfies (PS) by Lemma 3.1, the mountain- pass lemma [7] now
gives a second critical point ug, which is greater than u; by Lemma 1.6.
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