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On the Existence Results for a Class of Singular Elliptic System
Involving Indefinite Weight Functions and Asymptotically Linear
Growth Forcing Terms

G.A. Afrouzi*, S. Shakeri and N.T. Chung

ABSTRACT: In this work, we study the existence of positive solutions to the singular
system

—Apu = Aa(z)f(v) —u™® in Q,

—Apv = Ab(x)g(u) — v~ in Q,

u=v=20 on 082,
where \ is positive parameter, Apu = div(|Vu[P72Vu), p > 1, Q C R™ some
for n > 1, is a bounded domain with smooth boundary 992 , 0 < a < 1, and
fy9:[0,00] — R are continuous, nondecreasing functions which are asymptotically
p-linear at co. We prove the existence of a positive solution for a certain range of A
using the method of sub-supersolutions.

Key Words: Infinite semipositone problems; Indefinite weight; Asymptotically
linear growth forcing terms; Sub-supersolution method.
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1. Introduction

In this article, we mainly consider the existence of a positive solution of the
following singular elliptic system

—Apu = da(z)f(v) —u™® inQ,
—Apv = Xb(z)g(u) —v™*  in Q, (1.1)
u=v=0 on 02,

where A is a positive parameter, A,u = div(|Vu[P=2Vu), p > 1, @ C R"some
for n > 1, is a bounded domain with smooth boundary 02, 0 < a < 1, and
fyg:[0,00] = R are continuous, nondecreasing functions which are asymptotically
p-linear at co. We prove the existence of a positive solution for a certain range of
A

We consider problem (1.1) under the following assumptions.
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(Hy) There exist o1 > 0,k; > 0 and s; > 1 such that
f(s) > o18P7 ! — Iy

for every s € [0, s1]

and that there exist g9 > 0, ko > 0 and sy > 1 such that

g(s) 2 028"t — ke
for every s € [0, s2],

_1
(Hs) For all M >0, limg_ 40 TMIgGP71) 5 for some o > 0.

sp—1

(Hs) a,b : Q — (0,00) are continuous functions such that a; = min, g a(z),
by = min, 5 b(x), az = max, g a(z) and by = max_gb(x).

(Hy) There exists 7 € R such that for each M > 0, f(Ms) < M7 f(s) for s > 1.

Let F(u) := Aa(x)f(u) — u~*. The case when F(0) < 0 (and finite) is referred
to in the literature as a semipositone problem. Finding a positive solution for a
semipositone problem is well known to be challenging (see [2,5]) . Here we consider
the more challenging case when lim,,_,q+ F(u) = —oo, which has received attention
very recently and is referred to as an infinite semipositone problem. However,
most of these studies have concentrated on the case when the nonlinear function
satisfies a sublinear condition at oo (see [6,7,9]). We refer to [15,16,17,18,19] for
additional results on elliptic problems. The only paper to our knowledge dealing
with an infinite semipositone problem with an asymptotically linear nonlinearity
is [8], where the author is restricted to the case p = 2. Also here the existence
of a positive solution is focused near %, where A is the first eigenvalue of —A.
See also [1,11], where asymptotically linear nonlinearities have been discussed in
he case of a nonsingular semipostione problem and an infinite positone problem.
Motivated by the above papers, in this note, we are interested in the existence of
positive solution for problem (1.1), where a,b are continuous functions in Q and
A is a positive parameter. Our main goal is to improve the result introduced in
[12], in which the authors study the existence of positive solutions for an infinite
semipositone problem with the nonlinearity f being not dependent of x. We shall
establish our an existence result via the method of sub and supersolutions.

Definition 1.1. We say that (¢, v5) (resp. (21, 22)) in (WP (Q)NC(Q), WP (Q)N
C(9)) are called a subsolution (resp. a supersolution) of (1.1), if ¥, (i = 1,2) sat-
isfy

Jo 1991 @) P2V 0, - Vunda < [ (Aa(@)f) = 97 Jwr(a)do

Jo IV (@)P 2V (@) - Vuada < [ (Ab(2)g(th)) — 03 )ws(w)de

V1,19 >0 in 2,

Py =9,=0 on 0,
(1.2)
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(resp. z; (1 =1,2) satisfy:

Jo IV21[P72V 21 - Vo (x)dx > [, (Aa(x) f(z2) — zfo‘)wl(ac)dx
Jo IV 22[P72V 25 - Vg (x)dx > [, (Ab(x)g(21) — z;o‘)wg(x)dx
21,22 >0 in €,

z21=29=0 on 0N

(1.3)
for all non-negative test functions w;(i = 1,2) € W, where W = {£ € C§°(Q) : { >
0 in Q}.

The following lemma was established by Miyagaki in [14]:

Lemma 1.1 (See [14]). If there exist sub-supersolutions (1,,s) and (z1, z2), Te-
spectively, such that 0 < 1;(x) < z;(x) (i = 1,2) for all x € Q, then (1.1) has a
positive solution (u,v) such that ¥ (x) < u(x) < z1(x) and Yy(x) < v(x) < zo(x)
for all xz € Q.

2. Main result

With the hypotheses introduced in previous section, the main result of this
paper is given by the following theorem.

Theorem 2.1. Assume the conditions (Hy) — (Hy4) are satisfed. Then there exist
positive constants s§(o,Q), J*(Q), As, and A (> Ai) such that if min {s1,s2} >
and min{al,bl}'mj;n{al,ag} > J*

D
(o)p=1+7

8§ , problem (1.1) has a positive solution for A\ €

Dy Al

Proof: Let j; is the principal eigenvalue of operator —A, with Dirichlet boundary
condition. By anti-maximum principle (see [10]), there exists & = £(€2) > 0 such
that the solution z, of

—Apz —plz[P?2= -1 in Q,
z=0 on 0f2

%Z: < 0 on 09, where v is

for p € (py,py + &) is positive in Q and is such that

outward normal vector at 9.
Since z, > 0 in © and % < 0 there exist m > 0, A > 0, and 6 > 0 be such
that [Vz,| > m in Qs and 2, > A in Q\ Qs, where Q5 = {z € Q : d(z,09) < 6}.

We first construct a supersolution for (1.1). Let

_1
(21, 22) = (Maep, Nbg (M ey )] 7Ty )
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where M) > 1 is a large positive constant and e, is the unique positive solution of

—Ape, =1 inQ,
ep =10 on 0f2.

By the hypothesis (Hs), we can choose My > 1 such that
1
20 _ F(Ib2g(Malep))7)

" (alley <)

Then )
aaf ([b2g(Mleplloc)) 77 )

Az = MPTE>
A 20 ey 1"

L — = A4x We have

Now since A\ < o=
lleplIBst (20) P=TF7

p—1+

T _1
NTE aalleg 12577 1 (ag (Mallep )] 77 )

[
oo

*Apzl Z

llep

>Aa2 27T [legl| S (29 (Mallep o)) 7T ).
Note that (Hs) implies g(s) — oo as s — co. Hence from (Hs) for My > 1 we get
1 1
~Apz1 = Aanf (A7 [leglloc bag(Malle o)) 77 )

= 2af (JlepllocPo2g(Millep )77

1 (2.1)
Z )\agf(ZQ) ~ o
“1
1
> Aal@)f(22) — ==
“1
Also
1
— Apzo = Abag(Ma|leplloo) = Ab2g(Mrep) > Abag(z1) — o > Ab(x)g(z1) — et
2 2
(2.2)
Hence, from relations (2.1) and (2.2) we see that (z1,22) is a supersolution of

problem (1.1) when A < L
llep I3 (20) P=TF7

Define B B
(V1,19) = (kozl]flm ) kOZﬁAM)
where kg > 0 is such that

ap
1 ( kk§zp 't

—= — < min {(x1,x2)} (2.3)
kg ||ep|€ol<2a>—w#)
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ith k = _ ((mra—e)p-1pr p \'
with k = max{kq, ko} and (21, 22) ity N ey A'). Then

Vi, = ko(%)zﬁv,@

1+«
and
- A}ﬂ/)l
= —div(|Vy, [P7*Vy,)
1 P p—1 (1;3)(13;1) _
() s
p—1 p Pt e p—2 G
= —ko (m) V[ZM ]|VZ#| VZH + ZN A:DZ#
i p Y A=)l = == -
=k (p—1+a) { p—1+a * B
p—1 p(p—1) P p—1 (d—o)(p=1)
— kp—l(#) P—1ta kp—l (7) —Tta
0 p*l+0{ /’[/ZN 0 p71+a zﬂ
Ko (1 —a)(p — 1)|Vz, P
- 1+apg e
(2.4)
Now we let s3(0,Q) = kollzf " ||co. If we can prove
p—1 2= 1
—Appy < Aarorky 2L — M — ———, (2.5)
kg zp—te
then it implies from (H7) that
1 1
—Apthy S Aarf(Yy) — —= < Aa(z)f(vs) — —=-
(G (G
p p—1
Let us prove (2.5) holds true. Let A\, = min{l;(l"l;ll}+rgi)n(gl o For A > A\, , we get
_ p—1 p(p—1) B p&pfl(l
0 1(%) pap Y < Aarork Tzl T, (2.6)
p—1 p poloneEl p—1_5re
kO (m) HZp S )\blo'gko em . (27)
Also since A\ < My = ———1L PT
llepll (20) P=TF7
1 1 k
Ak + a— < o — + p —
W R el (20)
(2.8)

ap
R 1 (1+ kkgzp e )
i [TV e it (20) 70
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Now in Qs, we have [Vz,| > m, and by (2.3)

1 ( kkgzi )<"WU—QKP—DM”
BTN s (20) 7T (p=1tap
Hence,
1 p=lpp—1(1 — —1 P
A + <R P A== DIVa® g (2.9)

GETT G- ltapte
From (2.6) and (2.9) it can be seen that (2.5) holds in 5. A similar argument

shows that ) )
*Azﬂ/fz < )‘blg("/)l) - —= = /\b(x)g(7/’1) - Ta
5 5

We will now prove (2.5) holds also in £\ ;. Since z, > A in Q\ Qs and by (2.3)
and (2.8) we get

1 k! p=1
N ——m— < —t (—2 . ) s
k8‘2571+a Zﬁfpra p— (0%

(2.10)

p—1 (-o)(p-1)
< kPt (L) z, P in Q\ Q5.
=0 p—1+a«a " \ 92

From (2.6) and (2.10), (2.5) holds also in €\ Q.
Thus (¢4, 1,) is a positive subsolution of (1.1) if A € [\, A\ix]. We can now
choose My > 1 such that ¢, < 21,19 < 29. Let

p—1 o p—1
THQ) = 275 eyl u(——) .

p—1+a
If mm{al’bl}mzf?(”l’”) > J* it is easy to see that A\, < Ay, and for A € [A, A\i] we
(20)P—1+7
have a positive solution. This completes the proof of Theorem 2.1. O
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