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Generalized Rough Lacunary Statistical Triple Difference Sequence
Spaces in Probability of Fractional Order Defined by Musielak-Orlicz
Function

Shyamal Debnath and N. Subramanian

ABSTRACT: We generalized the concepts in probability of rough lacunary statis-
tical by introducing the difference operator A of fractional order, where « is a
proper fraction and v = (7,,,,5) is any fixed sequence of nonzero real or complex
numbers. We study some properties of this operator involving lacunary sequence 6
and arbitrary sequence p = (prst) of strictly positive real numbers and investigate
the topological structures of related triple difference sequence spaces.

The main focus of the present paper is to generalized rough lacunary statistical
of triple difference sequence spaces and investigate their topological structures as
well as some inclusion concerning the operator A?Y‘.

Key Words: Analytic sequence, Musielak-Orlicz function, Triple sequences,
Chi sequence, Lacunary statistical convergence, Rough convergence.
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1. Introduction

A triple sequence (real or complex) can be defined as a function z : NxNxN —
R (C), where N;R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by Sahiner et al. [11,12], Esi et al.
[1-4], Datta et al. [5],Subramanian et al. [13], Debnath et al. [6], Savas et al. [10]
and many others.
A triple sequence x = (T, ) is said to be triple analytic if

1
SUPm, n,k |-Tmnk| mAntk < 00.

2010 Mathematics Subject Classification: 40F05, 40J05, 40G05.
Submitted June 03, 2016. Published December 28, 2016

Typeset by Bsg&style.
59 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v37i1.32155

56 S. DEBNATH, N. SUBRAMANIAN

The space of all triple analytic sequences are usually denoted by A3. A triple
sequence & = (Zyny) is called triple gai sequence if

(m+n+k)! |zmnk|)m+1"+k — 0as m,n, k — oo.

The difference triple sequence space was introduced by Debnath et al. (see [6]) and
is defined as

Aznmnk = Tmnk — Tmn+1,k — Tm,nk+1 + Tmn+1,k+1 — Tm+1,n,k + Tm+1,n+1,k +
Tm+1,n,k+1 — Tm4+1,n+1,k+1 and A01'7nnk - <xmnk> .

2. Definitions and Preliminaries

Throughout the article w?, x® (A), A3 (A) denote the spaces of all, triple gai
difference sequence spaces and triple analytic difference sequence spaces respec-
tively.

Subramanian et al. (see [13]) introduced triple entire sequence spaces, triple ana-

lytic sequences spaces and triple gai sequence spaces. The triple sequence spaces
of x? (A), A3 (A) are defined as follows:

X3 (A) = {:L' ewd: ((m+n+k)! |Azmnk|)1/m+n+k —0asm,n, k— oo} ,
A3 (A) = {:L' € W3 1 SUPm .k |Axmnk|1/m+n+k < oo} .

Definition 2.1. An Orlicz function ([see [7]) is a function M : [0,00) — [0,00)
which is continuous, non-decreasing and convex with M (0) = 0, M (x) > 0, for
x>0 and M (z) — 0o as x — co. If convezity of Orlicz function M is replaced by
M (z+y) <M (x)+ M (y), then this function is called modulus function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct
Orlicz sequence space.
A sequence g = (gmn) defined by

gmn (v) = sup{[v|w = (fmnk) (w) : w2 0}, m,n, k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given
Musielak-Orlicz function f, [see [9] | the Musielak-Orlicz sequence space t ¢ is defined
as follows

1/m+n+k

tf:{wa?’:IfﬂxmnkD —>0asm,n,k—>oo},

where Iy is a convex modular defined by

) [e'S) ) 1/m+n+k
I (@) = Yooy Yonty S0y Fomnk ([Tmns) ™ 2 = (i) € 1.

We consider ¢y equipped with the Luxemburg metric

1/m+n+k)

d(z,y) = 270710:1 220:1 21?;1 Jrmnk (lzmni‘nnk
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3. Some new difference triple sequence spaces with fractional order
and rough lacunary statistical convergence

Let T' («) denote the Euler gamma function of a real number «. Using the
definition T' () can be expressed as an improper integral as follows: T'(a) =
fooo e~ P2 1dx, where a is a proper fraction. We have defined the generalized
fractional triple sequence spaces of difference operator

oo 00 00 ut+v+w
-1) I'la+1)
Z'mnk: uzovzowzo ’U,+U+’U_) 'F (O{* (’U,+’U+’U_)) T 1)$m+u,n+v,k+w.

(3.1)
In partlcular7 we have
(1) A% (k) = i — 5 -
mnk mnk 16vm+1,n+1,k+1
1
- 5
(11) 2 (-Tmnk) = Tmnk + 16 Lm+1,n+1,k+1 +
4
(111) Ad (xmnk) = Tmnk — ﬁxm—i-l,n-i-l,k-l-l -
Now we determine the new classes of triple difference sequence spaces A (2)
as follows:

{:c (Tomnk) cw: (Aﬁ:c) € X}, (3.2)

where A (znk) = Z ST S (DNt and
vy \Emnk) = 2 y=0 Ziv=0 Zow=0 (uto+w)'T (a—(utuv+w)+1) = mtuntvkt+w

X € X?A (ZC) :Xi (A:xmnk)
“HMmnk (A:SC)
= [ (Gt k2|51 75 0]

Proposition 3.1. (i) For a proper fraction o, A*: W XW XxW — W xW xW
defined by equation of (2.1) is a linear operator.
(it) For a, >0, A* (AP (2mnk)) = AP (@mnk) and A (A7 (Zynk)) = Tmnk-

Proof: Omitted.

Proposition 3.2. For a proper fraction o and Musielak-Orlicz function f, ifx‘;’c (x)

o

. . 3A . .
is a linear space, then Xy () is also a linear space.
Proof: Omitted.

Definition 3.3. The triple sequence 0, ; = {(mi,ne, k;)} is called triple lacunary
if there exist three increasing sequences of integers such that

mo=0,h; =m; —m;_1 — 00 as i — oo and
no=0,hp=ng —ny_1 — 00 as { — .
k():(),hj:kj—kj,lﬁoo as j — oQ.

Let mie,; = mingkj, hiﬁgﬁj = hihghj, and oiﬁzﬁj is determine by
Lio; = {(mnk):mi_1 <m<miandng <n<ngandk;—1 <k <k;}, ¢ =

T, e J
715q€ To_ 1’q-7_kj71'
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Definition 3.4. Let « be a proper fraction, f be an Musielak-Orlicz function
and 0 = {anskt}(rst)eNUO be the triple difference lacunary sequence spaces of

(Aﬁ‘ank) is said to be AS— lacunary statistically convergent to a number 0 if for
any € > 0,
lim_1 H m,n, k) € Lst : frnk HA ank,OH > e}} =0, where

hrst

Irsi = {(myn k) :my_1 <m < myandns_ 1<n§nsandkt 1<k<kt},q =

my Ns k¢ ; : « So «
e s = o @ = - In this case write ASX —°° Afz.

Definition 3.5. If o be a proper fraction, 5 be monnegative real number,f be
an Musielak-Orlicz function and 0 = {anskt}(mt)eNUO be the triple difference
sequence spaces of lacunary. A number X is said to be A5 — Ng— convergent to a
real number 0 if for every e > 0,

1Myt — 00 hm Zme[ Zne[ Zkelt fmnk HA ank,OH = 0. In this case we write
AVX"””C —No (.

Definition 3.6. Let o be a proper fraction, 8 be nonnegative real number,f be an
Musielak-Orlicz function and arbitary sequence p = (prst) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AS—
rough lacunary statistically convergent in probability to ASX : W x W x W —
R x R x R with respect to the roughness of degree 3 if for any €,6 > 0, lim,st— o0
P {1 E) € Do = P ([t (83 (w7 B+0) 2 0} = 0 and we
write AS Xk —>§P 0. It will be denoted by BSY.

Definition 3.7. Let a be a proper fraction, 8 be nonnegative real number,f be an
Musielak-Orlicz function and arbitary sequence p = (prst) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AS—
rough Ng— convergent in probability to ASX : W xW xW — RxR xR with respect

to the roughness of degree 3 if for any € > 0, limyst— o0 — =D el 2omel. Zkeh
HP [fmnk ‘A,Yank‘)]pm >B+e¢ }’ = 0, and we write AS Xk —>ﬁ9 ASX.
The class of all B — Nog— convergent triple difference sequence spaces of random
variables in probability will be denoted by ﬂNéD.

Definition 3.8. Let 0 = {anskt}(mt)eNUO be lacunary triple difference sequence
spaces of lacunary refinement of 0 is a triple difference lacunary sequence spaces of

’

0 = {anSkt}(rst)eNU satisfying 0 = {m,ns kt}(rst yenyo C { m, ‘Skt}(rst)eNuo'

Remark 3.9. Let f be an Musielak-Orlicz function and triple sequence spaces of

i@ = [ (ns (00 ), )] where

s (X) = (414 )X )74 0)

and
d(z) = (d(z1),d(22), - d(zn-1)).
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4. Main Results

In this section by using the operator AS, we introduce some new triple difference
sequence spaces involving rough lacunary statistical and arbitrary sequence p =
(prst) of strictly positive real numbers, o be a proper fraction, 8 be nonnegative
real number, f be an Musielak-Orlicz function, the following theorems are obtained:

Theorem 4.1. Let 0 = {anskt}(rst)eNUO be a triple difference rough lacunary
statistical sequence spaces. Then the followings are equivalent:

(1) {|x} (AS Xomnk) ,d(x)

bility to 0.

(i) HX; (A2 X k) ,d(m)H is B — Ny convergent in probability to 0.
P

is B— triple lacunary statistically convergent in proba-
P

Proof: (i)= (ii) First suppose that foc (A2 X k), d(x)

can write

ZmEI ZnEI Zke]t

Sg &
—3 0. Then we
P

hopst

{P (|| [ fron (s (A5%) = 1 (A5X)) d@)]])] >ﬁ+e)
) -

) j
hrst Zmel Znel Zkelt (||[fmnk (B (A2 X)=p(A2 X)) d(=) | )}>Ig+€)2%
{2 (|| [ (Gt (25%) = 0 (85)) )], )] >ﬂ+e)} +
T Somer, Loner, Zkeh P([| [Fort (e (35 X) ~a(25.))@)]], )] 24+) <

o (s (A3X) — 1 (A3X)) (@), )] 2 5+ ¢) }] <
P (|| [t (Gt (22) = e (23)) d@),)] = 5 ¢) = 8} + .
(i) Next suppose that condition (ii) holds. Then Zmeh Znels Zkelt

([t (e (45) = e (232)) @), )] 2 5+ ) }| =
€l, Znels Zkeh

S
o
o

W

r—’HM 9:‘

P (| [t (G (35) ~ 1 (33) up)} >5e) 25}
> 6 [{P (|| [t (i (A;vx) —u (A;vx)) Jd@)]|,)] = 8+¢) = 5} Therefore
%h:sf, ZTTLGIT ZHGIS szIt

{P (|| [Fronr (i (25%) =11 (82X)) cd@)],)] = 8+ ¢) }| =
P (} {fm"k (('um"k (AﬁX) —H (AS?X)) ,d(ac)”p)} > B+ 6) > 5}} . Hence
HX? (A Xonnk) H %29 0.

Theorem 4.2. Ifo?c AO‘ank) d(x)H %25 0 and
P

HXf (Ag Ymnk H —>ﬁ9 0 then

([

3 (Angnk A5 Ymnk H ’ > 6+€)} = 0.
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Proof: Consider |[x] (A9 X,unx) . d(x) | —50. and
‘xf (A2Ypi) s d(@)|| =57 0. Then we can write
TS s, Ser, Sier,
{P ([l (U (4550 = (2579), d@), )] 2 5+ €]} =
Fose Somel, 2anel, el p P (|| [fmnt ((Bomnr (82 X)=n(A5Y))d(@)]| )] 26+¢) >4
{P ([t (s (25 X) = e (A27)) d@)]|, )] = B+ ¢) }| +
oot St 2onete e, (| (e (35%)-(357)) )] ) 254 <
{P (|| [ £ (s (85X = (85)) s d@)]],)] = B+¢) }| <
i [{P (|| [ (Gt (35X) =11 (837)) d@)]], )] = B+¢) = §}| +3
? $ef202r:16[ Zné] Zkeft
7 ([ (e (053 (257 o )} >p+c)}| >
e [P ([[[Fnnt (s (A55) = 0 (25Y)) d(@)],) | 2 B+ €) = 8}

Hence foc (Aﬁank - A?;Ymnk,‘) ,d(x)H —>§9 0.
P

i

Theorem 4.3. Let§ = {m n.k be a triple lacunary refinement of the

r'vsivt

}(rst)ENUO
triple lacunary sequence spaces of 0 = {anSkt}(rst)eNUO' Let h, = (my—1,m;],

hs = (ns—1,ns], he = (kt—1, by ], 7y 8,6 =1,2,3 -+ . If there exists an > 0 such that

I"IL;I‘\ > n for every hyst C Irst. Then ngf’ (A?Y‘ank) ,d(x) , %25 00—
st _
fo (A2 Xpnnk) » d(z) p_>ﬁ6 0.
Proof: Let foc (A ank H HBG 0 and €, > 0. Therefore
rst—>oo
H ( {mnk ank A X) (AO‘X H )}Zﬁ—l—e)Z(SH = 0. For ev-
ery h,s we can find I.¢ such that h,.q C Irst We obtain
i [ ([ (s (455 = (852)) @], )] 2 6-+-) 2 0}
— |Irst| 1
T Nhrst] [Trse]
{0 (] [ (s (8520 1 (2520 )] )] 2 8) 28] <

|
{2 ([ (Gt (25X) = (85X)) d@)], )] 2 8 +¢) = 5}

Remark 4.4. In this refinements 0 of 0 exists. The following example, let (u, v, w) €
N\ {1, 1,1} and introducing (u — 1,v — 1, w — 1) points in the interval h, = (my_1,m,|,
hs = (ns—1,ns],he = (kt—1, hy] 78,6 =1,2,3--+ . Then
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hoy =

ha = ((mo, mo, ko) , (mo, mo, ko) + k]
(

(
(mo,n0, ko) + (uvw) ; (mo, no, ko) + (35;)}

h’(uvw) = ((m07n07 kO) + Ma (mvna k):|

(uvw)

husto1,0e1) = ((ml, ni1, k1), (my,ny, k) + (u{}—zw)}

hus2,042,042) = ((ml,nl, ki) + (uffw),(mhnl,kﬁ + (fﬁfﬂ)}
h2u,20,2w) = ((mlanla k1) + %, (ma, na, kz)]

hy
hr—l(u+1,v+1,w+1) == ((mr 1, Mp— 17 ) My—1,Npr— 17krfl)+mi|

(
hrfl(u+2,v+2,w+2) = ((mr 1, My — 1ak )+ (uvw) (mr 1, Np— 1,k/’7« 1)+ (37}}1”)}

hr—1(2u,2v,2w) = ((mTflanrflakal) e Dl (iq)y(:j; Loy (mTvnTakT):| :

|h7‘st|
[Irst] = (uvw)

Then |hyrst| = 00 as r,s,t — 0o and

for every hyst C Ipgt.
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