Bol. Soc. Paran. Mat. (3s.) v. 87 2 (2019): 145-155.
©SPM -ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.v37i2.32321

The Cesaro Convergence of Triple Chi Sequence Spaces of Fuzzy Real
Numbers Defined by a Sequence of Musielak-Orlicz Function

N. Subramanian

ABSTRACT: We have to find the necessary and sufficient Tauberian conditions of
convergence follows form [C, 1,1, 1] — convergence of triple sequence spaces of x2 of
fuzzy numbers.
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1. Introduction

A triple sequence (real or complex) can be defined as a function z : NxNxN —
R (C), where N,R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by
(sahiner et al.,2007,2008; Esi et al.,2014,2015; Datta et al.,2013; )
(Subramanian et al.,2015; Debnath et al.,2015) and many others.
A triple sequence x = (k) is said to be triple analytic if

1
SUPm .k | Tmnk] ™ FHF < o0

The space of all triple analytic sequences are usually denoted by A3. A triple
sequence & = (Zynk) is called triple chi sequence if

((m—+n+k) |:I:mnk|)m+1"+k — 0as m,n, k — oo.
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The space of all triple chi sequences are usually denoted by 3.
A fuzzy number is a fuzzy set on the real axis, (i.e) a mapping X : RxRxR —
[0, 1] which satisfies the following four conditions.
(i) X is normal (i.e) there exists an 0 € R such that X (0) = 1.
(i) X is fuzzy convex, (i.e) X A X + (1 =N Y] >min{X (z),X (y)} for all z,y €
R and for all A € [0,1].
(iii) X is upper semi-continuous.
(iv) The set [X]={X e RxR xR : X (z) > 0}, where

{X eRxRxR: X (z) >0},

denotes the closure of the set {X € R xR x R: X (z) > 0} in the usual topology
of R x R x R. The set of all fuzzy numbers on R is denoted by F' and a— level sets

[X], of X € F is defined by [X], = { fixiaiazaliteesn .

Let X be a non-empty set, then a family of sets I C 2X*X*X (the class of all
subsets of X) is called an ideal if and only if for each A, B € I, we have A|JB € I
and for each A € I and each each B C A, we have B € I. A non-empty family of
sets F' C 2XXXXX ig a filter on X if and only if ¢ ¢ F, for each A, B € F, we have
AN B € F and each A € F and each A C B, we have B € F. An ideal [ is called
non-trivial ideal if I # ¢ and X ¢ I. Clearly I C 2X*X*X is a non-trivial ideal
if F=F(I)={X/A:A€cI}is a filter on X. A non-trivial ideal I C 2X*X*X
is called admissible if and only if {{z}: 2 € X} C I. Further details on ideals of
2XX XXX can be found in Kostyrko. The notion was further investigated by Salat,
et. al. and others. Throughout the ideals of 2V *N*N and 2V XN XN wil] be denoted
by I and I respectively.

A fuzzy real number X is a fuzzy set on R, a mapping X : R x R X R — L x
L x L (= [0, 1]) associating each real number ¢ with its grade of membership X ().
The a— level set of a fuzzy real number X,0 < a < 1 denoted by [X] is defined
as [X]" ={t€e R: X (t) > a}. A fuzzy real number X is called convex if X () >
XANX()ANX(v) =min(X(s),X (r),X (v)), where s < t < r < v. If there
exists tg € R such that X (tg) = 1, then the fuzzy real number X is called normal. A
fuzzy real X is said to be upper semi-continuous if for each ¢ > 0, X1 ([0,a + ¢)),
for all @ € L is open in the usual topology of R. The set of all upper semi continuous,
normal convex fuzzy number is denoted by L (R) .

Throughout a fuzzy real valued triple sequence is denoted by (X,nnx) i.e a triple
infinite array of fuzzy real number X, for all m,n,k € N.

Every real number r can express as a fuzzy real number 7 as follows:

(1, if = r;
"o, otherwise

Let D be the set of all closed bounded intervals X = [X L X R] . Then X <Y if
and only if X» <Y and X% <Y£E,

Also d(X,Y) = max (| X* = YL|,|X® —YE|). Then (D,d) is a complete metric
space.

Let d: L(R) x L(R) x L(R) = R x R x R be defined by

)
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d(X, Y) = S’upogagld([X]a s [Y]a) for X, Y € L (R) .
Then d defined a metric on L (R) .

2. Definitions and Preliminaries

Definition 2.1. An Orlicz function (Kamthan et al.,1981) is a function M :
[0,00) — [0,00) which is continuous, non-decreasing and convexr with M (0) =
0, M (x) >0, forxz >0 and M (x) = 0o as x — oo. If convexity of Orlicz function
M is replaced by M (x +y) < M (x) + M (y), then this function is called modulus
function.

(Lindenstrauss et al.,1971) used the idea of Orlicz function to construct Orlicz
sequence space.

A sequence g = (gmn) defined by

gmn (V) = sup{|v|uw — (frank) () 1w >0}, mn,k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given
Musielak-Orlicz function f, (Musielak,1983) the Musielak-Orlicz sequence space
t¢ is defined as follows

1/m+n+k

tf:{xGwB:If(|:cmnk|) %Oasm,n,k%oo},

where Iy is a convex modular defined by

%) (e’ %) 1/m4+n+k
I () = S0 320 S fank ()™ 2 = () € t

We consider ty equipped with the Luzemburg metric
1/m+n+k )

d (fEa y) = Z::l fo:l 220:1 Jmnk (lzmnkrlnnk

is an exteneded real number.

Definition 2.2. Let X,Y be a real vector space of dimension w, where n < m.
A real valued function dp(z1,...,x,) = [[(d(21,0),...,d(zn,0))||, on X satisfying
the following four conditions:

(i) ||(d(x1,0),...,dp(xn,0)]l, = 0 if and only if d(z1,0),...,d(xy,,0) are linearly
dependent,

(i) ||(d(x1,0),...,d(zn,0))||, is invariant under permutation,

(iii) |(ad(1,0), .., d(zn, )|, = la] [(d(&1,0), . ., d(zn, 0))lp, @ € R

(iv) dp (1,91, (22,52) (T, Yn)) = (dx (21,02, 20)? + dy (Y1, Y2, yn)?)/?
forl <p < oo; (or)

(v) d((z1,91), (T2, 92), - (Tn, yn)) = sup {dx (21, @2, - &n), dy (Y1, Y2, -~ yn)},
forxy, a0,y € Xoy1,y2, - yn €Y is called the p product metric of the Carte-
sian product of n metric spaces (subramanian et al.,2016).

Definition 2.3. A triple sequence spaces of X = (Xpnk) of fuzzy numbers is a
function X : N x N x N — F. The fuzzy numbers X,,nr denotes the value of the
function at m,n,k € N and is called the [m,n,kz]th section of the triple sequence
spaces. By w3 (F), we denote the set of all triple sequence spaces of fuzzy real
numers.
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Definition 2.4. A triple sequence spaces (Xpmnk) C w* (F) is called convergent
with limit 0 € F, if and only if for every e > 0 there exists an monoko = monoko (€) €

N such that D (Xmnk, 0) < € for all m,n, k > mongko.

Definition 2.5. A triple sequence spaces X = (Xpnk) of fuzzy real numbers is
said to be Cauchy if for every e > 0 there exists a positive integer monoko such that

D (Xpnk,0) < € for all m,n, k > monoko.

The Cesaro convergence of a triple sequence spaces of fuzzy numbers defined as
follows:

Definition 2.6. Let (X,nk) (m,n,k=0,1,2,---) be a triple sequence spaces of
fuzzy numbers. The arithmetic means o s (Xmnk) s defined by

T s t
Jrst:(mt)%ZZZank(r,s,t:O,l,Q,...), (2.1)

m=0n=0 k=0

We say that the triple sequence spaces of (Xmnk) is Cesaro convergent, which we
will denote by ((C,1,1,1) — convergent), to a fuzzy numer 0 if

limrst%ooo—rst = () (22)

Definition 2.7. Let A be a particular limitation method. Any additional condition
on a triple sequence spaces, which together with the A—limitability of that triple
sequence spaces implies the convergence of that triple sequence spaces, is called a
Tauberian condition for the limitation method. The theorem which establishes the
validity of the condition is called a Tauberian theorem.

In this paper, we introduce some Tauberian type of theorems for triple sequence
spaces of fuzzy numbers and defined as following sets.
Let f = (fmnk) be a Musielak-Orlicz function, and

(X @ (@) d(as) - d@a)l,)

be a triple sequence spaces of fuzzy luzemburg p— metric spaces respectively. (i)

J)

Hmni (X) = D (((m 4 B (A X )T ,0)) -0,

.

(L

where

as m,n, k — oo and

d(z) = (d(21),d(x2) -+ ,d(xn-1)).
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3. Main Results
Theorem 3.1. If [Xf(F) [(d(z1),d(22), - ,d(xn-1))l,| is convergent then
GO @ @) d (@), d (@)l s [C,1,1,1] convergent.

Proof. Let X = (Xpni) € [ 8(F) ,

H ] Then, there exists 0 € F such that
[fmnk <H;Lmnk (X), t’iv(z)Hp)} = 0. Write the following inequality
D100 = D |t Shuco Sico Shco | e e (0.0 ||
< bt Sinco Tico T D |t (s 0. )|
Since limmnk o0 D {fmnk (Humnk (X), d(a) | )] =0
Lygr (X H )] = 0. We obtain

limrst%mw Z:n:O ZZ:O Z;:O D |:frst (‘

limrst%ooD [O—rstv (_)] =0.
The fact that the converse does not hold follows from the following example:

z)H ] as follows:
P

Example: Consider the fuzzy triple sequence spaces {x?(F), d

[ 3(F) Hd H } Mooo (X)vﬂooo (Y),)

1—t, ftelo,1],
0, otherwise,

Hooo (X (t)) = {

and
1+¢, iftelo,1],
0, otherwise.

tooo (Y (1)) = {

Then the a— level set of the arithmetic means o,¢ [X?C(F),"J(x)" ]
P

[ = (rst) (rst) +1
[0arst)], = {W (1-a), 20rst) + 1 (1- 04)]

and

—_

[Fa(raty1] . = [—5 (1-a), % (1- a)] .

So, [0(rsr)] Is convergent to pogg (Z) = 5 [1o00 (X) + 100 (Y)] but [Xfc(F)a Hg(x)

is not convergent.

D'd
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Theorem 3.2. If a triple sequence spaces [Xi(F), I(d(x1),d(z2), - ,d(zn=1))l }

p)] =0 (3.1)

is [C,1,1,1] — convergent to a fuzzy number 0, then for each \ > 1,

Ar As

limrst—wo rst* Tst Z Z Z |:fmnk (Humnk )

m=r+1n=s+1k=t+1

and for each 0 < \ < 1,

limem et Y 5 1 ([ ().

”t Al n=As41k=A,+

where A\t we denote the integral part of the product A (rst), in symbol \pg :=
[Arst].

Proof. Case A> 1. If A > 1 and (rst) is large in the sense that A.s > rst, then

D Arst— (TSt) Zm r+1 Zn s+1 k t+1 fmnk( Hmnk (X),d(x)‘p):H =
D Arst— (Tst) Zm r+1 Zn s+1 Zk t+1 fmnk

D st — (Tst) Zm r+1 Zn s+1 Zk t+1 fmnk ( Homnk (X) O—TStvd(z)

Hmnk (X JTSt) ) J(:L‘)

D [orst, 0] and so

Hmnk (X) Orsts d(l‘)

TSf

D (Tst) Z’m r+1 Zn s+1 Zk t+1 fmnk

D st — (Tst) Zm r+1 Zn s+1 Zk t+1 fmnk ( Homnk (X) O—TStvg(z) >

D] _
Bk

Arst — (rst) Zm r41 Zn s+1 k t+1 |:fmnk (H:u’mnk( ) Orsty ( )
(Tst)-l-l Zm Ozn Ozk 0 |:fmnk (H:umnk >:|

[D]

ﬁzm r4+1 Zn s+1 k t+1 [fmnk (Hlu’mnk (X),d(x)

)\rst—l(rst) E:n:O ZZ:O ZZ:O fmnk (H:u’mnk (X) ’ d(x) p) )
W Zrm:O Z’ZZO ZZ:O |:fmnk (H:u’mnk (X) Orst, d(z>Hp :| =+

m Ym0 Some 2ok | Frmk <Humnk (X), J(z)”p) =
[D] ] -

Arst — (rst) Zm r41 Zn s+1 k t+1 |:fmnk (H:u’mnk (X) d(ZE)
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% (Tst)-i-l S mm0 om0 k0 {fmnk (HMm”k (%), J(x)Hp)] -
(D]

1 Arst+1
Arst+1 )\Tst:?;st Zm r+1 Zn s+1 k t+1 |:fmnk (Hlu’mnk (X) d(ZE)

T s t
et b Shnco Sco Shco | fnt [l (). d00)
|:/\ Arst+1 i| D

rst—(Tst)

T To—o Lm0 ko [fmnk <Humnk (X),J(@Hp)],
1 Zico Sico Shco [fk (1 (0.0 )] =

)\T);:S:Z’;lst) D [o-krsta Urst] .
Now, (3) follows from (2) and the fact that for large enough(rst),
A Ars Arstt1 A(rst)+1 < 22

—1 /\(rst)ft(rst) < Arst—(rst) A(rst)—(rst)—1 = X—1°
In case 0 < A < 1 then the following inequality:

D (Tst)l—)\rst ZTWZXT—i-l ZZ:AS+1 ZZ:AH—l |:f77wzk (H,umnk (X> ,J(SC)HP>:|:|

< MD [O’Amtaa’rst] + D [Urst; (_)] .

= (rst)—Arst
Suppose (rst) is large, in the sense that A.s; < 7st; then the inequality for large
Apsrt1 22
(TSt) ’ (rst)t—kmf, < —1" 0
Theorem 3.3. If a triple sequence spaces [X?C(F), I(d(x1),d(z2), - ,d(zn-1))l }
is [C,1,1,1] — convergent to a fuzzy number 0, then
. 3(F) =
Jim [ @) d (@) d (@), =0

if and only if one of the following two conditions are satisfied

[t 3553 [ (w0

m*rJrln s+1 k=t+1

is extended real number (or)

rsltiLnOOD l rst) rst Z Z Z |:fmnk (H:u’mnk )

=ArFHln=A+1 k=X +1

1s extended real number.

Proof. (Necessity) The necessity of condition (3) follows from theorem (4.1).
(Sufficiency): Suppose that condition (3) holds. Then, for any given € > 0, there
exists A > 0 such that,

llmrst%oo
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D |5 S Stes S [ [ 000,80 )] <

On the other hand, since D H Fok (H P (X) ,J@)Hp)” -

91 [ F s (0 )| )] +

—<zm S5 5D o Y Y § PG S
st St St Do | o e (00,0 )|+

D[ e S S Do [t s 000 )]

We conclude that lim,.g_yo0 D Hfmnk (Humnk (X) ,J(x)H ﬂ < e] is an extended
P

real number, since € is arbitrary.

)

Remark 3.4. The triple sequence spaces convergent of fuzzy numbers is slowly os-
cillating, which follows from the Cauchy criterion. On the other hand, the sequence

[t (s 0000 )] = 32 525 [ (e .00 )]

=0 k=0

where
_ ; < 1
o (¥ () = { 17 () + Dt (028 < G )
0, otherwise

is mot convergent, but p is slowly oscillating since for all
(rosoto) < (rst) < (mnk) < X(rst),

with 1 < A <1+¢,
D [ [ o (s (X, (@ (@1)  d (@) -+ s d @n-)]], )]

|:Zu 0 2= Ozw 0 [fmnk (Hﬂmnk p)” <
AITS D v | T <Humnk (%) de H )H
Zum:rﬂ ZZ:S+1 ZIZ}:tJrl (uv'ulj)+1 < ((ngt];) 1) <( <

Proposition 3.5. A triple sequence spaces (Xpnk) of fuzzy numbers be slowly
oscillating. Then
[t soo0rst = 0 = zz'mmHoo[[ Fonmi <H fmie (X () )] ~0.

P
Proof. If the triple sequence spaces (X,nk) is slowly oscillating, then the following
from the inequality

[E—
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)

[D] st — (Tst) Zm r+1 Zn s+1 Zk =t+1

[fmnk <Humnk (X) J(z)H )} _

[D] Arst— ’I“St) Zm r+1 Zn s+1 Zk t+1

Arst— (rst) Zm =r+1 Zn s+1 Zk t+1[ ]

e (e 000 )] <
)]

91 (Humnk (X))

7|

Proposition 3.6. Let [XB(F (d (1),

spaces of fuzzy numbers. Then

D] e s 000 00| )] ,

|:frlslt1 (’ Hop_1s—1t— 1

spaces (Xmnk) 18 slowly osczllatmg

,urst

H

prst (X)), d(z)

fmnk (

d(za), -,

i) =

o ( o (X) ()

-fmnk ( Hmnk (X) ) dv(‘r)

m Zm r41 Zn s+1 k t+1 |:f’mnk (H:u’mnk (X) ’ d((E)

) . Hence the equation (3) holds.
r/ ]

s
IN ~—

3
N—
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d(zn-1))] } be a triple sequence

—= zmplies that the triple sequence

t

Proof. If the triple sequence spaces (X,,nk) is slowly oscillating, then the following

from the inequality

[D] st — (Tst) Zm r+1 Zn s+1 Zk =t+1

[fmnk <Humnk (X) J(z)H )} _

[D] Arst— ’I“St) Zm r+1 Zn s+1 k t+1

ﬁ Zm r41 Zn s+1 k t+1 |:f’mnk (H:u’mnk (X) ’ d((E)

Arst— (rst) Zm =r+1 Zn s+1 Zk t+1[ ]

ot (s 0.0 )] <
91 (Humnk i) )|

ot ([ () 0

,urst

/—\

_fmnk (
fmnk (

Hannk (X)), d()
|

[ () ()

fmnk (

Hapnk (X)), d()
|

) . Hence the equation (3) holds.
r/ 1

)

S
IN ~—
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Proposition 3.7. Let [X N(d (1), d(x2), -+ d(Tn-1))] } be a triple sequence

spaces of fuzzy numbers. Then
(D) | Frat (Jl1trse (X, (d (1), (22) - ,d<xn_1>>|\p)} :
v (o (X, @ (@) d (w2) - d @), )| = O () implies

that the triple sequence spaces (Xpmnk) is slowly oscillating.

J)
)=o)

Proof. Let [D] |:frst (‘ fper (X)), d(2)

|:frlslt1 (‘ Hy—1s—1¢—1 (X) . d(z)
Then, there exists B > 0 such that

D1 | frot [t 0.0 )]
Fr1s—1t—1 ’Mr71571t71 (X ,J(x)H ﬂ < % for r,s,t € N.
P
So, for all 1 < (rgsotg) < (rst) < (mnk) < A5, we obtain

)
) [t ([l ). 8] )]
rrecion s 0.0 )] <
zu e Eien St 0] s ([ 00, 0] )]
fu—lv—lw—l O P 1v—1w—1 (X) ,J(m)”p)} <

Zum r+1 Z’U s+1 Zw =t+1 (uvw) S B ((mnkg;(rst)) =B (TTntk — 1) < B(A — 1) .
Hence, for each e > 0 and 1 < X\ < 14 5 we get for all (rosoto) < (rst) < (mnk) <
Arst. We have

J)

91 [ s . )
[fm (\ oot (X) ,d(z) )} < c. Hence {xfﬂ ', |dle)

Corollary 3.8. A triple sequence spaces (Xmnk) of fuzzy numbers which is
[C,1,1,1] — convergent a fuzzy number 0. Then

D] [ frst (1170 (X) - (d (1) s d (w2) - d @m0, )]
[ (Hur,u,m (X), (@) d(2), s d )], )| = 0 () =
[X?C(F), [(d(z1),d(z2), - ,d(zn_1))]l } is convergent to a fuzzy number of 0.

H ] is slowly oscillating. O
P
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