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1. Introduction

A triple sequence (real or complex) can be defined as a function x : N×N×N →
R (C) , where N,R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by
(sahiner et al., 2007, 2008; Esi et al., 2014, 2015;Datta et al., 2013; )
(Subramanian et al., 2015; Debnath et al., 2015) and many others.
A triple sequence x = (xmnk) is said to be triple analytic if

supm,n,k |xmnk|
1

m+n+k < ∞.

The space of all triple analytic sequences are usually denoted by Λ3. A triple
sequence x = (xmnk) is called triple chi sequence if

((m+ n+ k)! |xmnk|)
1

m+n+k → 0 as m,n, k → ∞.
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The space of all triple chi sequences are usually denoted by χ3.
A fuzzy number is a fuzzy set on the real axis, (i.e) a mapping X : R×R×R →

[0, 1] which satisfies the following four conditions.
(i) X is normal (i.e) there exists an 0̄ ∈ R such that X (0̄) = 1.
(ii) X is fuzzy convex, (i.e) X [λX + (1− λ)Y ] ≥ min {X (x) , X (y)} for all x, y ∈
R and for all λ ∈ [0, 1] .
(iii) X is upper semi-continuous.
(iv) The set [X ] = {X ∈ R× R× R : X (x) > 0} , where

{X ∈ R× R× R : X (x) > 0} ,

denotes the closure of the set {X ∈ R× R× R : X (x) > 0} in the usual topology
of R×R×R. The set of all fuzzy numbers on R is denoted by F and α− level sets

[X ]α of X ∈ F is defined by [X ]α =
{

{X∈R×R×R:X(t)≥α},(0<α≤1)
{X∈R×R×R:X(t)≥α},(α=0)

}
.

Let X be a non-empty set, then a family of sets I ⊂ 2X×X×X (the class of all
subsets of X) is called an ideal if and only if for each A,B ∈ I, we have A

⋃
B ∈ I

and for each A ∈ I and each each B ⊂ A, we have B ∈ I. A non-empty family of
sets F ⊂ 2X×X×X is a filter on X if and only if φ /∈ F, for each A,B ∈ F, we have
A
⋂
B ∈ F and each A ∈ F and each A ⊂ B, we have B ∈ F. An ideal I is called

non-trivial ideal if I 6= φ and X /∈ I. Clearly I ⊂ 2X×X×X is a non-trivial ideal
if F = F (I) = {X/A : A ∈ I} is a filter on X. A non-trivial ideal I ⊂ 2X×X×X

is called admissible if and only if {{x} : x ∈ X} ⊂ I. Further details on ideals of
2X×X×X can be found in Kostyrko. The notion was further investigated by Salat,
et. al. and others. Throughout the ideals of 2N×N×N and 2N×N×N will be denoted
by I and I2 respectively.
A fuzzy real number X is a fuzzy set on R, a mapping X : R × R × R → L ×
L×L (= [0, 1]) associating each real number t with its grade of membership X (t) .
The α− level set of a fuzzy real number X, 0 < α < 1 denoted by [X ]

α
is defined

as [X ]
α
= {t ∈ R : X (t) ≥ α} . A fuzzy real number X is called convex if X (t) ≥

X (s) ∧ X (r) ∧ X (v) = min (X (s) , X (r) , X (v)) , where s < t < r < v. If there
exists t0 ∈ R such thatX (t0) = 1, then the fuzzy real numberX is called normal. A
fuzzy real X is said to be upper semi-continuous if for each ǫ > 0, X−1 ([0, a+ ǫ)) ,
for all a ∈ L is open in the usual topology ofR. The set of all upper semi continuous,
normal convex fuzzy number is denoted by L (R) .
Throughout a fuzzy real valued triple sequence is denoted by (Xmnk) i.e a triple
infinite array of fuzzy real number Xmnk for all m,n, k ∈ N.
Every real number r can express as a fuzzy real number r as follows:

r =

{
1, if t = r;
0, otherwise

Let D be the set of all closed bounded intervals X =
[
XL, XR

]
. Then X ≤ Y if

and only if XL ≤ Y L and XR ≤ Y R.
Also d (X,Y ) = max

(∣∣XL − Y L
∣∣ ,
∣∣XR − Y R

∣∣) . Then (D, d) is a complete metric
space.
Let d : L (R)× L (R)× L (R) → R×R×R be defined by
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d (X,Y ) = sup0≤α≤1d ([X ]
α
, [Y ]

α
) for X,Y ∈ L (R) .

Then d defined a metric on L (R) .

2. Definitions and Preliminaries

Definition 2.1. An Orlicz function (Kamthan et al., 1981) is a function M :
[0,∞) → [0,∞) which is continuous, non-decreasing and convex with M (0) =
0, M (x) > 0, for x > 0 and M (x) → ∞ as x → ∞. If convexity of Orlicz function
M is replaced by M (x+ y) ≤ M (x) +M (y) , then this function is called modulus
function.

(Lindenstrauss et al., 1971) used the idea of Orlicz function to construct Orlicz
sequence space.

A sequence g = (gmn) defined by

gmn (v) = sup {|v|u− (fmnk) (u) : u ≥ 0} ,m, n, k = 1, 2, · · ·

is called the complementary function of a Musielak-Orlicz function f . For a given
Musielak-Orlicz function f, (Musielak, 1983) the Musielak-Orlicz sequence space
tf is defined as follows

tf =
{
x ∈ w3 : If (|xmnk|)

1/m+n+k → 0asm, n, k → ∞
}
,

where If is a convex modular defined by

If (x) =
∑∞

m=1

∑∞
n=1

∑∞
k=1 fmnk (|xmnk|)

1/m+n+k
, x = (xmnk) ∈ tf .

We consider tf equipped with the Luxemburg metric

d (x, y) =
∑∞

m=1

∑∞
n=1

∑∞
k=1 fmnk

(
|xmnk|

1/m+n+k

mnk

)

is an exteneded real number.

Definition 2.2. Let X,Y be a real vector space of dimension w, where n ≤ m.
A real valued function dp(x1, . . . , xn) = ‖(d(x1, 0), . . . , d(xn, 0))‖p on X satisfying
the following four conditions:
(i) ‖(d(x1, 0), . . . , dn(xn, 0))‖p = 0 if and only if d(x1, 0), . . . , d(xn, 0) are linearly
dependent,
(ii) ‖(d(x1, 0), . . . , d(xn, 0))‖p is invariant under permutation,
(iii) ‖(αd(x1, 0), . . . , d(xn, 0))‖p = |α| ‖(d(x1, 0), . . . , d(xn, 0))‖p, α ∈ R

(iv) dp ((x1, y1), (x2, y2) · · · (xn, yn)) = (dX(x1, x2, · · ·xn)
p + dY (y1, y2, · · · yn)

p)
1/p

for1 ≤ p < ∞; (or)
(v) d ((x1, y1), (x2, y2), · · · (xn, yn)) := sup {dX(x1, x2, · · ·xn), dY (y1, y2, · · · yn)} ,
for x1, x2, · · ·xn ∈ X, y1, y2, · · · yn ∈ Y is called the p product metric of the Carte-
sian product of n metric spaces (subramanian et al., 2016).

Definition 2.3. A triple sequence spaces of X = (Xmnk) of fuzzy numbers is a
function X : N × N × N → F. The fuzzy numbers Xmnk denotes the value of the
function at m,n, k ∈ N and is called the [m,n, k]

th
section of the triple sequence

spaces. By w3 (F ) , we denote the set of all triple sequence spaces of fuzzy real
numers.
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Definition 2.4. A triple sequence spaces (Xmnk) ⊂ w3 (F ) is called convergent
with limit 0 ∈ F, if and only if for every ǫ > 0 there exists an m0n0k0 = m0n0k0 (ǫ) ∈
N such that D (Xmnk, 0̄) < ǫ for all m,n, k ≥ m0n0k0.

Definition 2.5. A triple sequence spaces X = (Xmnk) of fuzzy real numbers is
said to be Cauchy if for every ǫ > 0 there exists a positive integer m0n0k0 such that
D (Xmnk, 0̄) < ǫ for all m,n, k ≥ m0n0k0.

The Cesàro convergence of a triple sequence spaces of fuzzy numbers defined as
follows:

Definition 2.6. Let (Xmnk) (m,n, k = 0, 1, 2, · · · ) be a triple sequence spaces of
fuzzy numbers. The arithmetic means σrst (Xmnk) is defined by

σrst =
1

(rst) + 1

r∑

m=0

s∑

n=0

t∑

k=0

Xmnk (r, s, t = 0, 1, 2, · · · ) . (2.1)

We say that the triple sequence spaces of (Xmnk) is Cesàro convergent, which we
will denote by ((C, 1, 1, 1)− convergent), to a fuzzy numer 0̄ if

limrst→∞σrst = 0̄ (2.2)

Definition 2.7. Let A be a particular limitation method. Any additional condition
on a triple sequence spaces, which together with the A−limitability of that triple
sequence spaces implies the convergence of that triple sequence spaces, is called a
Tauberian condition for the limitation method. The theorem which establishes the
validity of the condition is called a Tauberian theorem.

In this paper, we introduce some Tauberian type of theorems for triple sequence
spaces of fuzzy numbers and defined as following sets.
Let f = (fmnk) be a Musielak-Orlicz function, and

(
X, ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

)

be a triple sequence spaces of fuzzy luxemburg p− metric spaces respectively. (i)

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
=

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

where

µmnk (X) = D
((

(m+ n+ k)! (∆mXmnk)
1/m+n+k

, 0̄
))

→ 0̄,

as m,n, k → ∞ and

d̃(x) = (d (x1) , d (x2) , · · · , d (xn−1)) .
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3. Main Results

Theorem 3.1. If
[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
is convergent then

[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
is [C, 1, 1, 1] convergent.

Proof. Let X = (Xmnk) ∈

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
. Then, there exists 0̄ ∈ F such that

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
= 0. Write the following inequality

D [σrst, 0̄] = D

[
1

(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]

≤ 1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0 D

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
.

Since limmnk→∞D

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
= 0,

limrst→∞
1

(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0 D

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
= 0. We obtain

limrst→∞D [σrst, 0̄] = 0.
The fact that the converse does not hold follows from the following example:

Example: Consider the fuzzy triple sequence spaces

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
as follows:

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
= (µ000 (X) , µ000 (Y ) , · · · )

µ000 (X (t)) =

{
1− t, ift ∈ [0, 1] ,

0, otherwise,

and

µ000 (Y (t)) =

{
1 + t, ift ∈ [0, 1] ,

0, otherwise.

Then the α− level set of the arithmetic means σrst

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
are

[
σ2(rst)

]
α
=

[
− (rst)

2 (rst) + 1
(1− α) ,

(rst) + 1

2 (rst) + 1
(1− α)

]

and
[
σ2(rst)−1

]
α
=

[
−
1

2
(1− α) ,

1

2
(1− α)

]
.

So,
[
σ(rst)

]
is convergent to µ000 (Z) = 1

2 [µ000 (X) + µ000 (Y )] but

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]

is not convergent. ✷
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Theorem 3.2. If a triple sequence spaces
[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]

is [C, 1, 1, 1]− convergent to a fuzzy number 0̄, then for each λ > 1,

limrst→∞
1

λrst − (rst)

λr∑

m=r+1

λs∑

n=s+1

λt∑

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
= 0̄ (3.1)

and for each 0 < λ < 1,

limrst→∞
1

(rst) − λrst

r∑

m=λr+1

s∑

n=λs+1

t∑

k=λt+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
= 0̄,

where λrst we denote the integral part of the product λ (rst) , in symbol λrst :=
[λ rst] .

Proof. Case λ > 1. If λ > 1 and (rst) is large in the sense that λrst > rst, then

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
=

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X σrst) , d̃(x)
∥∥∥
p

)]]
=

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) σrst, d̃(x)
∥∥∥
p

)]]
+

D [σrst, 0̄] and so

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) σrst, d̃(x)
∥∥∥
p

)]]
=

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) σrst, d̃(x)
∥∥∥
p

)]]
=

[D]

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) σrst, d̃(x)
∥∥∥
p

)]
,

1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[D]

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
+

1
λrst−(rst)

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) σrst, d̃(x)
∥∥∥
p

)]
+

1
λrst−(rst)

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[D]

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,
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λrst+1
λrst−(rst)

1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[D]

1
λrst+1

λrst+1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

λrst+1
λrst−(rst)

1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[
λrst+1

λrst−(rst)

]
D

1
λrst+1

∑λr

m=0

∑λs

n=0

∑λt

k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

1
(rst)+1

∑r
m=0

∑s
n=0

∑t
k=0

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

λrst+1
λrst−(rst)D [σλrst

, σrst] .

Now, (3) follows from (2) and the fact that for large enough(rst) ,
λ

λ−1 = λrst

λ(rst)−(rst) <
λrst+1

λrst−(rst) <
λ(rst)+1

λ(rst)−(rst)−1 ≤ 2λ
λ−1 .

In case 0 < λ < 1 then the following inequality:

D

[
1

(rst)−λrst

∑r
m=λr+1

∑s
n=λs+1

∑t
k=λt+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]

≤ λrst+1
(rst)−λrst

D [σλrst
, σrst] +D [σrst, 0̄] .

Suppose (rst) is large, in the sense that λrst < rst; then the inequality for large
(rst) , λrst+1

(rst)−λrst
≤ 2λ

λ−1 . ✷

Theorem 3.3. If a triple sequence spaces
[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]

is [C, 1, 1, 1]− convergent to a fuzzy number 0̄, then

lim
rst→∞

[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
= 0̄

if and only if one of the following two conditions are satisfied

lim
rst→∞

D

[
1

λrst − (rst)

λr∑

m=r+1

λs∑

n=s+1

λt∑

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
= 0,

is extended real number (or)

lim
rst→∞

D

[
1

(rst)− λrst

r∑

m=λr+1

s∑

n=λs+1

t∑

k=λt+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
= 0,

is extended real number.

Proof. (Necessity) The necessity of condition (3) follows from theorem (4.1).
(Sufficiency): Suppose that condition (3) holds. Then, for any given ǫ > 0, there
exists λ > 0 such that,
limrst→∞
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D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
< ǫ.

On the other hand, since D

[[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
=

[D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
+

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]

≤ 1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
+

D

[
1

λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
.

We conclude that limrst→∞ D

[[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
≤ ǫ

]
is an extended

real number, since ǫ is arbitrary. ✷

Remark 3.4. The triple sequence spaces convergent of fuzzy numbers is slowly os-
cillating, which follows from the Cauchy criterion. On the other hand, the sequence

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

r∑

m=0

s∑

n=0

t∑

k=0

[
fmnk

(∥∥∥µmnk (Y ) , d̃(x)
∥∥∥
p

)]
,

where

µmnk (Y (t)) =

{
1− ((mnk) + 1) t, if

(
0 ≤ t ≤ 1

(mnk)+1

)
;

0̄, otherwise

}

is not convergent, but µ is slowly oscillating since for all

(r0s0t0) ≤ (rst) ≤ (mnk) ≤ λ (rst) ,

with 1 < λ ≤ 1 + ǫ,

D
[[
fmnk

(
‖µmnk (X) , (d (x1) , d (x2) , · · · , d (xn−1))‖p

)]]
=

D

[∑m
u=0

∑n
v=0

∑k
w=0

[
fmnk

(∥∥∥µmnk (Y ) , d̃(x)
∥∥∥
p

)]]
≤

∑m
u=r+1

∑n
v=s+1

∑k
w=t+1 D

[[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]]
=

∑m
u=r+1

∑n
v=s+1

∑k
w=t+1

1
(uvw)+1 ≤

(
(mnk)
(rst) − 1

)
≤ (λ− 1) ≤ ǫ.

Proposition 3.5. A triple sequence spaces (Xmnk) of fuzzy numbers be slowly
oscillating. Then

limrst→∞σrst = 0̄ =⇒ limrst→∞[

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
= 0̄.

Proof. If the triple sequence spaces (Xmnk) is slowly oscillating, then the following
from the inequality
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[D] 1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[D] 1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
≤

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1 [D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
≤

[D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
. Hence the equation (3) holds. ✷

Proposition 3.6. Let
[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
be a triple sequence

spaces of fuzzy numbers. Then

[D]

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
,

[
fr−1s−1t−1

(∥∥∥µr−1s−1t−1 (X) , d̃(x)
∥∥∥
p

)]
= O

(
1
rst

)
implies that the triple sequence

spaces (Xmnk) is slowly oscillating.

Proof. If the triple sequence spaces (Xmnk) is slowly oscillating, then the following
from the inequality

[D] 1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
=

[D] 1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
≤

1
λrst−(rst)

∑λr

m=r+1

∑λs

n=s+1

∑λt

k=t+1 [D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
≤

[D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
. Hence the equation (3) holds. ✷
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Proposition 3.7. Let
[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
be a triple sequence

spaces of fuzzy numbers. Then

[D]
[
frst

(
‖µrst (X) , (d (x1) , d (x2) , · · · , d (xn−1))‖p

)]
,

[
fr−1s−1t−1

(∥∥µr−1s−1t−1 (X) , (d (x1) , d (x2) , · · · , d (xn−1))
∥∥
p

)]
= O

(
1
rst

)
implies

that the triple sequence spaces (Xmnk) is slowly oscillating.

Proof. Let [D]

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
,

[
fr−1s−1t−1

(∥∥∥µr−1s−1t−1 (X) , d̃(x)
∥∥∥
p

)]
= O

(
1
rst

)
.

Then, there exists B > 0 such that

[D]

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
,

[
fr−1s−1t−1

(∥∥∥µr−1s−1t−1 (X) , d̃(x)
∥∥∥
p

)]
≤ B

rst for r, s, t ∈ N.

So, for all 1 < (r0s0t0) ≤ (rst) < (mnk) ≤ λrst, we obtain

[D]

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
,

[
fr−1s−1t−1

(∥∥∥µr−1s−1t−1 (X) , d̃(x)
∥∥∥
p

)]
≤

∑m
u=r+1

∑n
v=s+1

∑k
w=t+1 [D]

[
fuvw

(∥∥∥µuvw (X) , d̃(x)
∥∥∥
p

)]
,

[
fu−1v−1w−1

(∥∥∥µu−1v−1w−1 (X) , d̃(x)
∥∥∥
p

)]
≤

∑m
u=r+1

∑n
v=s+1

∑k
w=t+1

(
B

uvw

)
≤ B

(
(mnk)−(rst)

rst

)
= B

(
mnk
rst − 1

)
< B (λ− 1) .

Hence, for each ǫ > 0 and 1 ≤ λ ≤ 1+ ǫ
B we get for all (r0s0t0) ≤ (rst) < (mnk) ≤

λrst. We have

[D]

[
fmnk

(∥∥∥µmnk (X) , d̃(x)
∥∥∥
p

)]
,

[
frst

(∥∥∥µrst (X) , d̃(x)
∥∥∥
p

)]
≤ ǫ. Hence

[
χ
3(F )
f ,

∥∥∥d̃(x)
∥∥∥
p

]
is slowly oscillating. ✷

Corollary 3.8. A triple sequence spaces (Xmnk) of fuzzy numbers which is
[C, 1, 1, 1]− convergent a fuzzy number 0̄.Then

[D]
[
frst

(
‖µrst (X) , (d (x1) , d (x2) , · · · , d (xn−1))‖p

)]
,

[
fr−1s−1t−1

(∥∥µr−1s−1t−1 (X) , (d (x1) , d (x2) , · · · , d (xn−1))
∥∥
p

)]
= O

(
1
rst

)
=⇒

[
χ
3(F )
f , ‖(d (x1) , d (x2) , · · · , d (xn−1))‖p

]
is convergent to a fuzzy number of 0̄.
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