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Composition Operators on Hilbert Spaces of Sequences

Naim L. Braha

ABSTRACT: In this paper, we will introduce new sequence Hilbertian space and for
it we will show boundedness of composition operators.
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1. Introduction

If (X,X%,)\) is a finite measure space and @ is a nonsingular measurable trans-
formation on X into itself, then the composition transformation Cy on L,(\) is
defined by

Cof =fo®,

for every f € L,(\). If Co € B(L,())), the Banach algebra of all bounded linear
operators on Ly(A), then it is called a composition operator induced by ®. In this
paper we are interested in the study of composition operators when X is equal to
N, the set of all natural numbers and X is the counting measure on N. In this case
L,(X) is equal to £,.

Let us denote by Q the vector space of all sequences z = (x,) of complex
numbers. The set of sequence spaces is widely spreading and till now are known
many of them. The most important are £, sequence spaces, which are a Banach
spaces of sequences, and defined as follows

ly, = {1‘ = (xn) : Z|zk|p < oo},
k=0

for 1 < p < oco. And norm is given by

o0 »
|l = (ZIM”) 1<p<oo,
n=0
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and
lzlle = sup lau|, for p=oozeb,

<n<oo

In case where p = 2, /5 is Hilbert space and scalar product is given as follows

oo
= Z T, YT,y € Lo.
n=0

This space is widely studied by several mathematicians in connection with the
study of unilateral shift, bilateral shift, multiplication operators, composition op-
erators, cyclic, hyper cyclic operators and weighted composition operators (See [3],
[4], [5]). The symbol k(E) denotes the cardinality of the set E.

In [2] is defined the following sequence of real numbers as follows. (Ag) is a
nondecreasing sequence of positive numbers such that A\ — oo, as k& — oco. The
first difference is defined as follows: AXx = A\ — Ap_1, where \g = A_1 = A_o5 =0,
and the second difference is defined as A%(\r) = A(A(Ak)) = A — 2 p—1 + Ap_2.

In paper [1], the sequence space l;‘z was defined as follows:

oS} n P
A2 _ ) 1
Ep - {ZC— (ZC]C) ewnZ:O m;()\k_Q)\k—l‘i_)\k—Q)xk < 0

(1.1)
In this paper we will show some properties of the composition operators from
. 22 22
sequence space £;, into the subspace L, of sequence space {;, defined as follows

P
<oo},

(1.2)

n

Z (Ak2 = 221 + Ap2 o)k,
k=0

L;‘Q{z )Ew: i

=0

Ak? Ak? 1

and for sequence (\,,), we will suppose that

sup (Adgz — ANz 1) = K < 00, (1.3)
k

and

Z)\ 2 < 00,

n? — n -1
for every n € N.

Remark 1.1. The proposed sequence (\,) exists, let A\, ~ n%, for 1 < a < 2.
Then it satisfies conditions given above for the sequence (\y,).

The sequence space 62‘2 is a BK space(see [1]) related to the norm

o n p
1
||$||e;2 = Z N, Z Ak = 2Xk—1 + Ap—2) Tk
n=0|"" "7 k=0



COMPOSITION OPERATORS ON HILBERT SPACES OF SEQUENCES 21

For p = 2, L;Z is a Hilbert space under inner product

(z,y) = (Az, A%),
where

1 n
(A2;L')(TL) = )\2_7)\21 Z (M2 — 2021 + Np2 o)k, Vn € N

2. Bounded composition operators on Hilbert Spaces

Theorem 2.1. Let ® be a mapping on N into itself. Then Cs : £, — LQZ, for
1 < p < o0, if and only if there exists an integer M > 0 such that k(®~*({n})) < M
for every n € N. And

|Cpllaz = inf {M : k(@ 2({n}) < M for all neN}.

Proof. First we will prove the boundedness of the operator then we will evaluate
norm. Let x € £, then

[e'e] n p
)\k2 — 2)\]62,1 + )‘k272
1Caalla = 1> = T
n=0 | k=0 n ne=

P
o0 n

2Ak2 L+ Ak2o "Mz — 2021 Ao ) C
Z Z n2 — An2_1 |x¢(k)|p Z A

n2 — )‘n2—1

n=0| k=0 k=0
Mt — A (k)
n=0 k=
(o] o0 1
< Z )\kz — 2>\k2—1 + >\k2—2)|x¢(k)|p; m
o0 o0 1
< K 2 — 2 2 2 P h K == - < .
< (Anz = 221 + Ap22)|zar) [P, where > Y W
k=0 —k
Respectively
|Coxl[s2 < Ky Z |Za ()" = K1 Z Yo lwemlP=F1Y > P <
k=0neT—1(k) k=0neT-1(k)

o0
Ki- MY |agfP = Ky - Mllz|]b,
k=0
where K1 = K - sup, (Apz —2\p2_1 + A\j2_3). Hence Cg is a bounded operator.
Now we will determinate it’s norm.

K@~ ({n}) = [ICs(en)l}z < [ICa IRz - [lenll” = [ICa [},
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where (e,) is a bases for the sequence space l,. Since this is valid for any n € N,
then we get

inf {M : k(® *({n})) < M, forall neN}< [|Call}2

On other side, suppose that k(®~({n})) < M, for all n € N. Then we have
|Ce fll}e < MIf|IP, forall [ el

Hence
||Cal|Re < inf{M : k(@ '({n})) < M, forall necN},

and theorem is proved. O
Proof of the following two corollaries, are immediately implication of the above
theorem, so we omit the proof.

Corollary 2.2. Let ® be a mapping on N into itself. Then Cy : £, — L{D\Q 18
one-to-one if and only if Ce is a bounded operator and ||Csl|| = 1.

Corollary 2.3. If Cy : £, — L{D\Q 18 a bounded operator, then the range of ® has
infinitely many elements.

Theorem 2.4. Let Cg be a bounded operator defined as Cg : £, — L{f. Then Cg
is invertible if and only if ® is invertible.

Proof. We omit it, because it is similar to the proof of Theorem 2.2 given in [4]. O

Corollary 2.5. Under conditions given in the above theorem, if ® : N — N is a
constant function, then Cg is a not bounded operator in LA

Proof. Let us suppose that ® : N — N is a constant function given by ®(n) = ny,
for all n € N. Take z € L;}z, such that x,, # 0. Then we have

[e’e} n p
1
||Cox||az = Z N o, Z (A2 = 2Ap2 1 + M2 2)Ta(r) | =
n=0 k=0
o] n p
3 (o) [ e oo =

Z <m) |(/\n2 - )‘nz—l)xno|p

n=0
[e'S)
= Z |‘Tk0|p =00
n=0
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Corollary 2.6. Under conditions given in the above theorem,2 if the transformation
® is unilateral shift operator, then composition Cg : by — LY, is bounded operator
for every x € £5.

Proof. Let x € {5, then

2
o0 1 n
ICol[a = VP > (e = 2Nt + Nema)Ta | =
n=0|"\" n*=1 k=0
1 1 2
jii 2;: Mz = 2M2 1+ M2 2\ 7 Mz = 2N 1 + Ay i _
Ap2 — Ap2_1 A2 — Ap2_1 BHL =
n=0 | k=0
(from Holder’s inequality)
e Mz — 22021+ A2 e Ak2 — 202 g+ Ap2 o -
> M — Mg > Mo — Mg [l =
7=0 k=0 k=0

o0 o0 1 o0
1;) (M2 = 2021 + A2 o) |zpga | Zk N, S KI;) |zt ]?

= K|la[[}, < o,

where
= 1
K= A2 — 22 A2 _— .
Sl;p(k k2—1 T Ak 2)2)\"2_)\n271<00
Hence Cg : 05 — LQZ, is bounded operator for every x € /5. O
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