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The ¢-difference Operator Associated with the Multivalent Function
Bounded by Conical Sections
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ABSTRACT: In this paper we obtain some inclusion relations of k - starlike functions,
k - uniformly convex functions and quasi-convex functions. Furthermore, we obtain
coefficient bounds for some subclasses of fractional g-derivative multivalent functions

together with generalized Ruscheweyh derivative.
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1. Introduction

Let A, denote the class of all analytic functions f(z) of the form

flz)=2"+ i anz",
n=p+1
defined on the open unit disk
U={z: 2zeC : |z| <1},
and let Ay := A. For f(z) given by (1.1) and g(z) given by

g(z) =2 + Z b, 2",

n=p+1
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their convolution (or Hadamard product), denoted by (f * g), is defined as

(frg)(z)=2"+ Y anbp2".

n=p+1

With a view to recalling the principle of subordination between analytic functions,
let the functions f(z) and g(z) be analytic in U. Then we say that the function
f(2) is subordinate to g(z) if there exists a Schwarz function w(z), analytic in U
with

w(0)=0, Jw(z)| <1l (zel),

such that
f(z)=gw(z) (2€D),

we denote this subordination by

f=g or [f(z)<g(z) (2€0).

In particular, if the function g is univalent in U, the above subordination is equiv-
alent to

f(0) =¢(0),  f(U) C g(U).
If f € A, satisfies
2f'(2)

2f'(2) )
R < —a| >k —-p
f(2) f(2)
for some (0 < o < 1) and k(0 < k < 00), then we say that f(z) is k-uniformly
starlike of order c. We denote this class by k — 8T, («). If f € A, satisfies

R )2

for some (0 < o < 1) and k(0 < k < o0), then we say that f(z) is k-uniformly
convez of order a. We denote this class by k — UCV,(a). (see Al- Kharsani and
Al-Hajiry [3]). We observe that, if p = 1 and k& = 0, the classes k — 8T («) and
k — UCV,(«av) reduces to the well known classes 8*(«) and C(a) of starlike and
convex functions of order « in U, respectively. If we put p =1 and £ = 1 in the
inequality (1.3), we get the class UCV introduced by Goodman [6] and studied
extensively by Rgnning [21] and independently by Ma and Minda [22]. Further,
when p =1 and a = 0, the class k — 8T, (a) reduces to the class k — 8T studied by
Rgnning [21].

Conical sections introduced and studied by Kanas ([9], [10]), Kanas and Wis-
niowska ([13]-[15]), and recently studied by Kanas and Rodacanu [16] and Sim et
al. [23].

Al-Kharsani [2] extended this conic sections for p-valent functions for 0 < k <
oo and defined the domain 2, , as follows:

' (z € U) (1.2)

—(p—l)’ (z €U (1.3)

Qo = {u+iv: (u—a)* > k*(u—p)? + k*v?}
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with p(z) = J;/((ZZ)) or p(z) =1+ J;,((ZZ)) and considering the functions which map U

onto the conic domain €y, o such that p(z) € Qi o, we may rewrite the conditions
(1.2) or (1.3) in the form p(z) < Q.. We note that the explicit form of function

Qk,o(z) for k=0and k=1 are

1+ (1 -20)2

Qo,a(2) = (z €U,

1—=2

and

2(]7*04) 10g2(1 + \/E

Quale) =p+ gD log?(() (€ D).

For 0 < k < 1, we have

Quale) = L8 cosfamiog 172 - L2 e )
and 2
Quale) = B st () + T )

for k > 1, where A(k)
the first kind

2 arccos k, and F(w,t) is the Legendre elliptic integral of

G

“ dx
?(w, t) = ’
0 val —$2\/1—ﬁ2$2
and ¢ € (0,1) is chosen such that k = cosh Z’Z/(%)
the conic domains are, respectively for 0 < k < 1,

kp—a 2 2
R M _ v >1
k() Vo
and for k > 1,

k2p7a 2 2
. U+ k21 v
Qk7a: U+ T p—aN + P—a <1
k(=) T

K(t) = F(1,1)

which maps the unit disk U onto

Qk,oz

By virtue of

p(z) = Z}f (S) < Qio(z) and p(z) = 1 + ZJ{ (g) < Qral?) (1.4)
and the properties of the domains, we have
kp+ «

R(p(2)) > R(Qk,a(2)) > (1.5)

k+1°
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Define UCC(k, o, B) to be the family of functions f € A, such that

zf'(2)
9(2)

Similarly, we define UQC(k, «, B) to be the family of functions f € A, such that

/ /
% < Qk.a(z), forsome g(z) € k —UCV(«). (1.7)
We note that UCC(0, «, B) is the class of close-to-convex of univalent functions of
order a and type 8 and UQC(0, e, B) is the class of quasi-convex univalent functions
of order « and type £.

< Qk.a(z) for some g(z) € k — 8T (). (1.6)

2. Preliminaries

The theory of relativity, or simply relativity in physics, usually encompasses
two theories by Albert Einstein: special relativity and general relativity. Special
relativity applies to elementary particles and their interactions, whereas general
relativity applies to the cosmological and astrophysical realm, including astron-
omy. Special relativity theory rapidly became a significant and necessary tool for
theorists and experimentalists in the new fields of atomic physics, nuclear physics,
and quantum mechanics. In our g¢-difference operator plays an vital role in the
theory of hypergeometric series and quantum physics.

Now we study about some subclasses of fractional g-derivative multivalent func-
tion together with Ruscheweyh derivative introduced and studied by Wongsaijai
and Sukantamala [24].

In the theory of g-calculus, the g-shifted factorial is defined for o, ¢ € C, n € Ny =
NU {0} as a product of n factors by

1 n=>0

(0‘;‘1)"{ (1-a)1-ag)...(1-ag""), neN 21)

and in terms of the basic analogue of the gamma function

Dgla+n)(1—g)"

(@*5q)n = . (n>0)
Ly(a)
where the g-gamma function is defined by
2q) oo 1 — 11—z
r,(x) = (¢ 9)(1 )" 0<q<1)

(4% @)oo
We note that, if |¢| < 1, the g-shifted factorial (2.1) remains meaningful for n = co
as a convergent infinite product:

oo

(@:q)ee = [J(1 - ag").

k=0
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It is well known that I'y(x) — I'(x) as ¢ — 1, where I'(x) is the ordinary Euler
gamma function. In view of the relation

(45 O)n
(1—g)
we observe that the g-shifted factorial (2.1) reduces to the familiar Pochhammer
symbol (o), = a(a+1)(a+2)...(a+n—1).

Let p € C be fixed. A set A C C is called a p-geometric set if z € C, uz € A.

Let f be a function defined on a g-geometric set. The Jackson’s g-derivative and
g-integral of a function on subset of C are, respectively, given by (see Gasper and

Rahman [5])
f(z) = f(zq)
Z(l—q)

[0t =20 -0) 3 e 23
0 k=0

Definition 2.1. [20] The fractional q-integral operator Ig,z of a function f(z) of
order 6(0 > 0) is defined by

limq—>—1 = (a)na

D,f(z) = (2 0,4 £0), (2.2)

and

z

B =Dt = s [ = tanar i (24)

0

where f(z) is analytic in a simply connected region of the z-plane containing the
origin. Here, the term (z —tq)1—-s s a binomial function defined by

1-— tq/Z fqé
6 1 I I o+1. . .
z — (I) . 2.
( tq |:1 tq/Z S+k— 1:| 21 |: ’ 145 P ( 5)

According to [5], the series 1P[0; —; q, 2] is single-valued when |arg(z)| < , there-
fore, the function (z — tq)1_s in (2.5) is single-valued when |arg(—tq’/z)| < =,
larg(tq®/2)| < 1 and |arg(z)| < 7.

Definition 2.2. [20] The fractional g-integral operator D . of a function f(z) of
order 6(0 < 6 < 1) is defined by

Dy = Dyui2 () = p gy Da [ (- ta) st (26)

0

where f(z) is suitably constrained and the multiplicity of (z — tq)—« is removed as
in Definition 2.5 above. In particular, for § =1, we have Dézf(z) =D, f(z).

Definition 2.3. Under the Definition 2.6, the The fractional g-derivative for a
function f(z) of order d is defined by

D), =Dy I f(z). (2.7)

9,27 4q,%
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In addition, the g¢-differ-integral operator ng A, = Ap, for § < p+1,
0<g<1landnéeN, defined as follows:
Ly(p+1-9)
Lq(p+ 1)

. Tp+1=00,(k+1)
Z’LZ Ty(p+ DT,k +1-08)"""

s _ L)
Q‘Iapi z Dq,z

(2.8)

where DS,Z represents, respectively, the fractional g-integral of f(z) of order § when
—00 < § < 0 and the fractional g-derivative for a function f(z) of order § when
0 <6 < p+ 1.Clearly, we have Q) | f(z) = f(z). Wongsaijai and Sukantamala [24]
defined the generalized Ruschweyh type differential operator ng:;" A, = Ap, for
m € N, as follows:

Ropf (2) = f(2)

? 5
e Dy(€ , f(2)),

ﬁDq(fRS:},f(Z)) +RLf(2),

RSl ()_

ap
5,2 _
2R f(2) =

in general

. o.m g MRS £ (). .
[p]qD‘Z(:Rq,p ( ))+ Rq,p ( ) (2 9)

For f € A, given by (1.1), the equation (2.9) yields

6m gL\ — P a1 (k+ D\ o ([Kla), &
RO f( z+k§1< wT T i) O arz®,  (2.10)

(m+ )Ry f(2) =

where
tt+1)...(t+m)
m! '

Cm (t) =

Lemma 2.4. [j] Let v, 8 be complex constants and h(z) be univalently convex in
the unit disc U with h(0) = p and R(Bh(2)+7) > 0. Let g(2) = 2P+ gy bippz™ TP
be analytic in U. Then

M z) implies z z
g(zz)Jrﬂg(Z)+7 < h(z) implies g(z) < h(2).

Lemma 2.5. [18] Let h be convex in the open unit disk U and let E > 0. Suppose
B(z) (z € U) is analytic in U with R(B(z)) > 0. If g(z) is analytic in U and
h(0) = ¢(0). Then

E2%g"(2) + B(2)g9(z) < h(z) = g(2) < h(2). (2.11)
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Definition 2.6. Let Qo (2) be a univalent starlike function with respect to 1 which
maps the open unit disk U onto a region in the conical domain and is symmetric
with respect to the real azis, Qy,a(0) = p, Q). ,(0) > 0. A function f € Ay is in

the class 8§7b(Qk,a) if

Dy(Rg7f ()

1
1+ - 5,m
b Rep f(2)

(1+ itanﬂ)% (z ) —itanf — 1] < Qk,a(z) (2.12)

(zeUb#0; -5 <B<T).
Let Q be the class of analytic functions of the form
w(z) = w1z + waz? +wzz® + -+ (2.13)

in the open unit disk U satisfying |w(z)| < 1. To prove our main result, we need
the following.

Lemma 2.7. [1] If w € Q, then

—t af t<-—1
lwp —twi| << 1 if —1<t<1 (2.14)
tif t>1.

When t < —1 or t > 1, the equality holds if and only if w(z) = z or one of its
rotations. If —1 <t < 1, then equality holds if and only if w(z) = 2% or one of its
rotations. FEquality holds for t = —1 if and only if

A+ z
z
14+ Az

w(z) = 0<A<1) (2.15)

or one of its rotations, while for t = 1, the equality holds if and only if

(0<A<1) (2.16)

or one of its rotations.
Although the above upper bound is sharp, it can be improved as follows when
—-l1<t<1:

lwe —twi| + 1+t jwn|> <1 (~1<t<0),

(2.17)
lwe — tw}] + (1 —t) [wy | < 1 (0<t<1).
Lemma 2.8. [17] If w € Q, then for any complex number t,
|wa — tw?| < max{1; [¢t[}. (2.18)

The result is sharp for the functions w(z) = z or w(z) = 22
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3. Inclusion Relation Problems

Theorem 3.1. Let f(z) € A(p). If Ry™ f(z) € k — 8Ty(r). Then RIMH1f(z) €
k— 8T, ().

Proof: Let s
Dq(R55'f(2))

5,m
Rap f(2)
where s is an analytic function in U with s(0) = p. By using (2.9), we get

s(z) ==z (z el (3.1)

Ry ()
5 .
:Rq,;nf (2)
Differentiating logarithmically with respect to z and multiplying by z, we obtain

zs'(z) qu(jo;”“f(Z))
Ot bl T Rt

s(z) +mlplg = (m +1)[plq

From this argument, we may write
z8'(2)
s(2) +m[plq

Therefore, the theorem follows Lemma 2.4 and the condition (1.5) since Qg o (2) is

univalent and convex in U and R(Qx o (2)) > %Jr—f‘ O

s(z) + < Qk.a(2).

Theorem 3.2. Let f € A,. If ng;;” (2) € k —UCV,(a), then iRg;]THf(z) €
kE—UCV,(«a).

Proof: From the equations (1.2), (1.3) and the Theorem 3.1 we have

R f(2) € k= UCV, () 2Dy (R)7 £(2)) € k — 8Ty(a)
SREM2D(f(2)) € k — 8Tp(ax)
SREMTLD(f(2)) € k — 8Ty(ev)

SR (2) € k — UCV,H(av)
and the proof is complete. O

Theorem 3.3. Let f ¢ A. If ng:;” (z2) € UCCH(k, v, ), then ng:;”“f(z) €
uee, (k, a, ).

Proof: Since
RO f(z) € UCC(K, v, B)
2Dg(Rg5 f(2))

"o < Qk,a(z),for some k(z) € k—8T,(p).
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For g(z) such that R} ""g(z) = k(z) we have

Dy(Rom f(2))
W = Qra(2). (3.2)
Letting
h(z) = w and H(z) = M_
qu,p 9(z) q,p g(z)

We observe that h(z) and H(z) are analytic in U and h(0) = H(0) = p.
Now, by Theorem 3.1,

ng:;"g(z) €k —8T,(8) and R(H(2)) > kkp:f
Also note that
2Dy(Ryy' f(2)) = (Ryp9(2))h(z). (3.3)
Differentiating both sides of (3.3), we obtain
#Dyg(2Dg(Ry1(2))) — Do(Ri:79(2))
= h h(z) = h h(z).
RTg(2) SR (2) + 2Dgh(z) = H(z).h(z) + 2Dgh(2)
(3.4)
Now using the identity (2.9),we obtain
2Dg(RyHf(2)) Ry (2Dg(£(2)))
Rap ez) Ry T()
_ qu(fR5 5'2Dq(f(2))) + mlplgRy 7 (2Dq(f ()
Dy(Rg35'9(2)) + mlplyRa5'g(2)
ZDq(joL”ZDq(f(Z)) Rop (2Dq(£(2)))
I R (3.5)
2Dy(Rg3'9())
Ry g(z) +mlplg
_ H(2)h(z) + 2Dgh(z) + m[p]qh(2)
H(z) +mlplq
B zDgh(z)
BB

From (3.2), (3.4) and above equation, we conclude that

zDgh(z)
h(z) 4+ —=a2) o ).
G HG rmpp, O
On letting £ =0 and B(z) = m, we obtain

R(H (2) + m[ply)

Hz) +mlply2 "

R(B(2)) =
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and the above inequality satisfies the conditions required by Lemma 2.5. Hence
h(z) < Qka(2)
and so the proof is complete. a

Using similar argument as in Theorem 3.3, we can prove the following theorem.

Theorem 3.4. Let f €¢ A. If ng:;” (z) € UQCy(k,n, ), then ng;;”“f(z) €
uQGp(kﬂ]aﬂ)

4. Coefficient Bounds Problems

Theorem 4.1. Let Qg o(2) = 1+ Q12 + Q222 + ..., where Qs are real with
Q1 >0 and Q2 > 0. Let m € Ny, and

; 2
S szlQ% (_Q1+Q2_ ([p-l—l]q—i—p)(/ll—i-ztanﬁ)le)’
; 2
— BP?Q% (Q1+Q2_([P+1]q+p)(jl+@tan6)bQ1),
e = 4 (Q _(p+ 1]q+p)<1+itan6>bQ%)
’ BpbQ? A '

where

Ty(p+1—6)Ty(p+ 2))2’” 2 ([p+ 1]q>
Fq(pJF 1)Fq(p+ 3— 5) " [p]q

Fq(p+1—6)f‘q(p+3) " [p+2]q
rq(p+1>rq<p+46>) C’"( 7l )

If f(z) given by (1.1) belongs to Sﬁb(Qk@), then

A= (1+itanB)*([p+1] —p)? (

B = (1+itan 8)(p-+2)—p) (p+2)a ) (

|ap+2 — pag |

b 1 1+itan .
bpQ: [Q_? — pQiblpritp)(titan§) upglb} if p<o

IN
=
=S
©

if o1 <pu<o(4.1)

if p>oa.

_bpQs [@ _ p@ib([p+i]+p)(I+itan B) uleb}
B 1 A A

Further, if o1 < p < o3, then

b Q3b(1 +itan 3 b3 bpQ
!ap+2—ﬂa§+1!+§p [Ql—Qng”p 16( . )+upA i |ap+1|2§%_

(4.2)
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Further, if o3 < p < o2, then

bp ppQ1b(1 +itan B)  upbQi 2 _ bpQ1
’ap+2—ﬂa,2)+1’+§[Q1+Q2— (A )— ) ! lap1]|” < 5
(4.3)
For any complex number p,
2 pQ1b
sz = | ST an )

Q:  pQib(lp+1]+p)(1+itanf)  pwBab

Q1 A A

.max{l,

Proof: If f(z) € S’gp(Qk@), then there is a Schwarz function w(z) € Q of the form
(2.13) such that

(4.4)

Ll titang) (D@ )\ o o i
o < R ) tan 3 1] = Qra(w(2).  (45)
Since
DARGZIC) _
TR = p+Ap1(p+1=p)z+(Apr2(lp+2]—p)+ A1 (P +1+p) 2"+ .
(4.6)
Qr.a(w(2)) =1+ Qrwr + (Qrws + Qawi)z* + (Qrws + 2Qowiws + Q3w?)2® J(r ) )
4.7
we have from (4.6) and (4.7)
_ pQ1bw;
Aot = At A (p 1= p) (4.8)
(Apta(lp+2] = p) + A4 ([0 + 1] +p))
_ (Quwr+Qouwi)pb p*Qib*wi(lp +1] + p) (4.9)
(P+2l+p)A+itanB) (1+itanB)*([p+2] —p)(p+ 1] —p)* "
where
_ (Lalp+1=0Tap+0)\" , (lp+da)
o= (B e) O () o @10
From (4.8), (4.9) and (4.10), we get the following
pir = pQibwy
P N

pQibwy | pQabwi  p?QIV?([p+ 1]+ p)(1 + i tan B)w]
U2 = —p— t—p AB '
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Therefore we have 0.b
p&j10
ap+2 — M%Jrl B w2 — vwi] (4.11)

where

Q2 leb([p + 1] +p)(1 +itan ) N ppQ1b
Ql A A

The results (4.1)— (4.4) are established by an application of Lemma 2.7, inequality
(4.5) by Lemma 2.7 and (4.2) follows from Lemma 2.8.

To show that the bounds in (4.1)-(4.4)are sharp, we define the function Ky, (n =
2,3,...) by

1
14+ =
+b

) —itan3 — 1] = Qral(z")

(L+itanf) Dy(Rip Kgn(2))
p :Rg;nK(bn( )

Kn(0) =0 = [K4n]'(0) — 1
and the function F) and G (0 < A < 1) by

1|1 +itanB) [ Dg(RIMFy(2)) , B A+ 2
1+E » <z jogf;,\(z) —itanB — 1| = Qr,a (zl+)\z)
F\(0)=0=[F](0)—1
and
1|(14itang) [ Dg(ROmMGA(2))) B Atz
R G R (:) )””ﬂﬁQ“<2ﬁ+M)

GA(0) = 0 = [GA]'(0) — L.

Clearly the functions Kg,, F\, G\ € S » (). Also we write Ky 1= Kgo. If
W < o1 or g > o9, then the equality holds if and only if f is Ky or one of its
rotations. When o, < p1 < o2, then the equality holds if and only if f is Kg3 or
one of its rotations. If 4 = o1 then the equality holds if and only if f is F) or one
of its rotations. If 4 = o5 then the equality holds if and only if f is G or one of
its rotations. O
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