SOME RESULTS ON COMPLEX VALUED METRIC SPACES
EMPLOYING AN IMPLICIT RELATION WITH COMPLEX
COEFFICIENTS AND ITS APPLICATIONS
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ABSTRACT. In this paper, we establish coincidence point and common fixed point theorems
involving two pairs of weakly compatible mapping satisfying contraction condition with
complex coefficient are proved in complex valued metric space. The presented theorems
generalize, extend and improve many existing results in the literature. An example is given
at the end of the paper.

1. INTRODUCTION WITH PRELIMINARIES

In 2011, Azam et al.(cf.[1]) and Fayyaz et al. (cf.[2]) studied complex valued metric spaces
wherein some fixed point theorems for mappings satisfying a rational inequality were estab-
lished. Naturally, this new idea can be utilized to define complex valued normed spaces and
complex valued inner product spaces which ,in turn, offer a lot of scopr for further investi-
gation. Though complex valued metric spaces form a special class of cone metric space, yet
this idea is intended to define rational expressions which are not meaningfull in cone metric
spaces and thus many results of analysis cannot be generalized to cone metric spaces. Indeed
the definition of a cone metric space banks on the underlying Banach space which is not a
division Ring . However , in complex valued metric spaces, we can study improvements of a
host of results of analysis involving divisions.

In this paper we prove coincidence point and common fixed point theorems involving two
pairs of weakly compatible mappings satisfying complex inequality expressions in complex
valued metric space.

To begin with, we collect some definitions and basic facts on the complex valued metric
space, which will be needed in the sequel.
Let C be the set of complex numbers and z;, 2o € C. Define a partial order = on C as
follows:
21 3 2o if and only if Re(z1) < Re(zq), Im(z1) < Im(zs).

Consequently, one can infer that z; = z3 if one of the following conditions is satisfied:
(i) Re(z1) = Re(z2),Im(z1) < Im(z2),
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(ii) Re(z1) < Re(zq), Im(z1) = Im(z2),

(iii) Re(z1) < Re(za), Im(z1) < Im(z2),

(iv) Re(z1) = Re(z2), Im(z1) = Im(z9).

In particular, we write z; 3 2 if 21 # 22 and one of (i), (ii), and (iii) is satisfied and
we write z; < 2o if only (iii) is satisfied. Notice that 0 3 z1 T 22 = |21| < 2], and
21 = 29,29 = 23 = 21 < Z3.

~Y

Definition 1.1. (cf.[2]) Let X be a nonempty set whereas C be the set of complex numbers.
Suppose that the mapping d : X x X — C, satisfies the following conditions:

(dy). 0 3 d(z,y), for all z,y € X and d(x,y) = 0 if and only if z = y;

(dy). ( y) =d(y,z) for all z,y € X;

(d3). d(x, )<d(:v z) +d(z,y), for all z,y,z € X.

Then d is called a complex valued metric on X, and (X,d) is called a complex valued
metric space.

Example 1.1. (cf.[2]) Let X = C be a set of complex number. Define d: C x C — C, by
d(z1,29) = |21 — 22| + i1 — yo
where 2y = z1 + iy, and z3 = x9 + iys. Then (X, d) is a complex valued metric space.
Example 1.2. Let X = C be a set of complex number. Define d : C x C — C, by
d(z1, 25) = €|z — 2|
where z; = 21 +iy; and z3 = 25 + iys. Then (X, d) is a complex valued metric space.

Definition 1.2. Let (X, d) be a complex valued metric space and B C X

(i) b € B is called an interior point of a set B whenever there is 0 < r € C such that
N(b,r)C B

where N(b,r) ={y € X : d(b,y) < r}.

(ii) A point x € X is called a limit point of B whenever for every 0 < r € C,

N(z,r)N(B\X) # 0.

(iii) A subset A C X is called open whenever each element of A is an interior point of A.
A subset B C X is called closed whenever each limit point of B belongs to B.The family

F={N(z,r):ze€ X,0=<r}

is a sub-basis for a topology on X. We denote this complex topology by 7.. Indeed, the
topology 7, is Hausdorff.

Definition 1.3. Let (X, d) be a complex valued metric space and {x,},>1 be a sequence in
X and z € X. We say that
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(i) the sequence{z, },>1 converges to z if for every ¢ € C, with 0 < ¢ there is ny € N such
that for all n > ng, d(x,,z) < ¢, . We denote this by lim,, z,, = x, or z, — =, as n — 0o,

(ii) the sequence{x,},>1 is Cauchy sequence if for every ¢ € C with 0 < ¢ there is ng € N
such that for all n > ng, d(x,, Tpim) < ¢,

(iii) the metric space (X, d) is a complete complex valued metric space If every Cauchy
sequence is convergent.

Definition 1.4. (cf.[4]) Two families of self-mappings {7;}7, and {S;}!, are said to be
pairwise commuting if:

)T = TyT,, 4,5 € {1,2,...m}.

(II)SZSJ = SjSi, 1,] € {1,2, TL}

()79, = S;T, i € {1,2,..m}, j € {1,2,..n}.

Definition 1.5. let S : C — C be a given mapping. we say that S is a non-decreasing
mapping with respect 3 if for every z,y € C,x = y implies Sz = Sy.

Definition 1.6. (cf.[3]) let S and T be two self-maps defined on set X. Then S and 7" are
said to be weakly compatible if they commute at every coincidence point.

In [1], Azam et al. established the following two lemmas.

Lemma 1.1. (cf.[1]) Let (X, d) be a complex valued metric space and let {z,} be a sequence
in X. Then {z,} converges to z if and only if |d(z,,z)| — 0 as n — occ.

Lemma 1.2. (cf.[1]) Let (X, d) be a complex valued metric space and let {x,} be a sequence
in X. Then {z,} is a Cauchy sequence if and only if |d(z,, Zpim)| = 0 as n — oc.

2. MAIN RESULTS

Theorem 2.1. If S,T,1 and J are self-mappings defined on complex valued metric space
(X,d) satisfying TX C I1X,SX C JX and

(2.1) M(Sx,Ty) 2 Ad(Iz,Jy) + Bd({z,Sz) + Cd(Jy,Ty) + Dd(Iz,Ty) + Ed(Sz, Jy),

for all x,y € X, where D,E € R" ) \,A,B,C € C; and0 < A+ B+C+ D+ E < \. If one
of SX, TX,IX or JX is a complete subspace of X, then:

(a) {S,I} and {T, J} have a unique point of coincidence in X,

(b) if {S,1} and {T,J} are weakly compatible, then S,T,I and J have a unique common
fized point in X.

Proof. Let xq be an arbitrary point in X. Since SX C JX, we find a point x; in X such that
Sxo = Jxy. Also, since TX C IX, we choose a point xo with T'z; = Ix5. Thus in general for
the point zs,_5 one find a point x5,_; such that Sxs,_o = Jx9,_1 and then a point z,, with
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Txoy 1 = Ixy, for n = 0,1,2,--- . Repeating such arguments one can construct sequences
{z,} and {y,} in X such that,

Yon—1 = Sx2n—2 = JxZn—lv Yon = TxQn—l = Ix2n7 n = 07 17 2a .

Using inequality 2.1, we have

M(STon, Txopnt1) 3 Ad(Ixgy,, Jront1) + Bd(1xa,, Stan) + Cd(Jxani1, Tyons1) + Dd(I 29, TTon11)
+Ed(Sxan, JToni1),

or
)\d(yznﬂ, y2n+2) ,'5, Ad(y2n, Z/2n+1) + Bd(yzm 3/2n+1) + Cd(y2n+17 y2n+2) + Dd(yzm y2n+2)
+Ed(Yon+1, Yont1),

and

A (Yon+41; Yont2) S Ad(Yan, Yont1) + Bd(Yan, Yon+1) + Cd(Yont1, Yont2) + Dd(Yan, Yon+2),
since D € R*,

(A= C = D)(d(yan+1, Y2nt2)) T (A+ B+ D)(d(Yan, Yan+1)),

therefore,
A= C = Dl|d(yan+1, Yan+2)| < [A+ B+ D|[d(yan, Yant1)l,
and
|A+ B+ D|

d n ) n S ™~ A~ . 1~ d n n )

| (y2 +1, Y2 +2)| |)\_ (C+D)|| <y2 Yo +1)|
(2.2) |d(Yon+1, Yont2)| < Pald(Yon, Yoni1)|,
where, hy = ]A“‘_ngig)].

since D,E € RT, A\ A,B,C €C, and0 < A+B+C+D+E < Xthen hy = \%| < 1.
Again, using inequality 2.1,
M(Sxon, Twon—1) 3 Ad(Ixen, Jron_1) + Bd(Ix2,, Stay) + Cd(Jxon_1, TYon—1) + Dd(Ixa,, Tx2,-1)
+Ed(Sxa,, Jron_1),
or
A (Yons1,Yom) T Ad(Yon, Yon-1) + Bd(Yon, Yons1) + Cd(Yan—1, Yon) + Dd(yon, yon)
+Ed(Yani1, Yan—1)-
Since F € RT,

(A = C = E)(d(y2nt1,Y2n)) T (A+ B+ E)(d(y2n, Y2n-1));
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therefore,
| A+ B+ FE
d n ) n S ™~ N . d ns n— )
| (y2 +1 y2 )‘ ’)\_ (C+E)“ (92 y2 l)|
and
(2.3) |d(Yon+1, Yon)| < hold(Yan, Y2n—1)],
where, hy = )\A_JECBL% |.

since E € R" \,A,B,CeCLand 0<A+B+C+ D+ E < X then hy = |/\{JECBI§)| <1.
Combining 2.2 and 2.3, we have

|d(Yon+1, Yons2)| < hld(y2n, Yon—1)],
where h = hihs.
Continuing this process, we get

(24) |d(y2n+17 y2n+2)| S hn|d(y17 y2)|

By using inequality 2.1, we have

Ad(Yon+3, Yont2) = Ad(STonya, TTont1)
3 Ad(Yant2, Yant1) + Bd(Yant2, Yonts) + Cd(Yant1, Yonv2) + Dd(Yani2, Yon+2)
+Ed(Yant3, Yont1)
= Ad(Yan+2, Yont1) + Bd(Yant2, Yonts) + Cd(Yant1, Yon+2) + Ed(Yan+s, Yont1)-

Since E € RT, we get,

)\d(y2n+3> an+2) ,5 Ad(an-i—Qa y2n+1) + Bd<y2n+27 y2n+3) + Cd(92n+1, y2n+2)
+E(d(Yan+3, Yon+2) + d(Yant2, Yont1))-

and,
(A= E — B)d(y2n+3, Yon+2) = (A4 C+ E)d(yan+i2, Yont1),
therefore,
A+C+FE
(2.5) d(Yon+3, Yon+2) < ’)\_E,—_B’d(an+27y2n+l) = hsd(Yon+2, Yan+1),
where hz = |{+¢+E|. Combining 2.4 and 2.5, we have
(2.6) |d(Yon+2: Yants)| < R hsld(y1, y2)|-

From 2.4 and 2.6, we get

max{1, hs}

h (\/E)n|d(y17y2>|7f0r TLZQ,S,"' .

|d(Yn, Yn+1)| <
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Therefore, for any m > n, we have
A, Ym)| < 1AW Yns1)] + 1AW Yna2) |+ 1 (Unazs Ynrs) |+ -+ (Y1, Y|
< PR VR VT VT )
[Ln
h(1 —+/h)

since 0 < h < 1, so that

Jmax{1, ks }|d(y1, yo)|

\/En
h(1 —V/h)

In view of Lemma 1.2, the sequence {y,} is Cauchy sequence in (X, d).Now suppose X is

complete subspace of X ,then the subsequence 5, = Txs,_ 1 = Ix9, converges to some u in
IX. That is,

|d(Yn, ym)| < | Jmax{1, hs}|d(y1,92)| — 0 as n — oo.

(2.7) Yoo = Ix9, =TT9,_1 —u as n — o0o.

As {y,} is a Cauchy sequence which contains a convergent subsequence {ys, }, therefore the
sequence {y,} also converges implying thereby the convergence of the subsequence {y2,_1}
being a subsequence of convergent sequence {y,}. Consequently, we can fined v € X such
that

(2.8) Iv =u.
We calim that Sv = u. Using inequality 2.1 and 2.8, we have
A(Sv,yan) = d(Sv, Txo,—1) = Ad(lv, Jro,_1) + Bd(Iv, Sv) + Cd(Jxon—1,TT2,-1)
+Dd(Iv,Txa, 1) + Ed(Sv, Jro, 1)
= Ad(u, yan—1) + Bd(u, Sv) + Cd(Yon—1, Yon)
+Dd(u, ya,) + Ed(Sv, yan_1).

Letting n — oo in the above inequality, using 2.7, we have
Ad(Sv,u) Z (B + E)d(Sv,u).
since 0 < B + E < ), this implies that d(Sv,u) = 0, that is,
(2.9) Sv = u.
Now, combining 2.8 and 2.9, we have
Iv = Sv = u,

that is, u is a point of coincidence of I and S.
Since u = Sv € SX C JX, there exists w € X such that

(2.10) u=Juw.
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We claim that Tw = u. Using inequality 2.1, we have
Ad(u, Tw) = Ad(Sv, Tw) 3 Ad(Iv, Jw) + Bd({v, Sv) + Cd(Jw,Tw) + Dd(Iv, Tw) + Ed(Sv, Jw),
or,

M(u, Tw) 2 Cd(u, Tw) + Dd(u, Tw),
which by using, 0 < C'+ D < A, we have d(u, Tw) = 0, that is
(2.11) u="Tw.
Combining 2.10 and 2.11, we have

u=Jw="Tw,

that is, u is a point of coincidence of .J,T.
Now, suppose that u' is another point of coincidence of I and S, that is,

u = TIv = Sv,
for some v’ € X. Using inequality 2.1, we have
MU' u) = Md(SV', Tw) 3 Ad(u',u) + Bd(u',u') + Cd(u, u) + Dd(v',u) + Ed(u’, u)
= Ad(u',u) + Dd(u',u) + Ed(u',u)),
which implies (by using 0 < A+ D + E < \) that d(v/,u) = 0, that is, v’ = w.
Now, suppose that w is another point of coincidence of J and T, that is ,
u=Juw =Tuw,
for some w’ € X. Using inequality 2.1, we get
Ad(u, @) = Md(Sv, Tw') 3 Ad(u,u) + Dd(u, 1) + Ed(u,)),
which implies (by using 0 < A+ D + E < \) that d(u,u) = 0, that is, u = u. Therefore, we
proved that u is the unique point of coincidence of {1, S} and {.J,T}.

Now, we prove S, T, I and J, have a unique common fixed point.
Since {I, S} and {J, T} are weakly compatible, and u = [v = Sv = Jw = Tw, we can write

Su = S(Iv) = I(Sv) = Iu = w; (say)
and,
Tu=T(Jw)=J(Tw) = Ju = w, (say).
By using inequality 2.1, we get
Md(wy, we) = Md(Su, Tu) = Ad(lu, Ju) + Bd(Iu, Su) + Cd(Ju,Tu) + Dd(Iu, Tu)
+Ed(Su, Ju) = Ad(wy, wy) + Dd(wy, ws) + Ed(wy, ws),
which implies(by using 0 < A+ D + E < \) that w; = wy, that is,
Su = ITu=Tu= Ju,
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which by using inequality 2.1 we have

M(Sv, Tu) = Ad(Iv, Ju)+ Bd(Iv,Sv) + Cd(Ju,Tu) + Dd(Iv, Tu)
+Ed(Sv, Ju) = Ad(Sv,Tu) + Dd(Sv,Tu) + Ed(Sv, Tu),

we deduce (by using 0 < A+ D + E < \) that Sv = Tu, that is, u = T'u. This implies that
u=>5Su=1Iu=Tu=Ju.

Then, v is the unique common fixed point of S, I, J and T. The proofs for the cases in which
SX,JX, or TX is complete are similar, and are omitted. [l

3. APPLICATION

As an application of Theorems 2.1, we prove the following theorem for two finite families
of mappings.

Theorem 3.1. If {T;}7 {J;}] and {S;}} {L;}} are two finite pairwise commuting finite fam-
ilies of self-mapping defined on a complex valued metric space (X, d) such that the mappings
S.T.I and J (with T = T'15..T,,, J = J1Ja...dp, I = L115...1,, and S = 515,...5;) satisfy
TX CIX and SX C JX and the inequality 2.1.1f one of TX,SX,1X or JX are complete
subspace of X, then the component maps of the two families {T;}7 {J;}} and {S;}| {L;}7}
have a unique common fized point.

Proof. Appealing to componentwise commutativity of various pairs, one immediately con-
cludes that ST = IS and T'J = JT and hence, obviously both the pairs (S,7) and (7, J)
are weak compatible. Note that all the conditions of Theorem ?? (for mappings S, T,
and J) are satisfied ensuring the existence of unique common fixed point u in X, i.e.
Su =Tu = Iu = Ju = u. We are required to show that u is common fixed point of all
the components maps of the families. For this consider
S(Sku) = ((SlSQSl)Sk)u:(SngSl_l)((SlSk)u)
= (51...55_2)(35_1Sk(81u)) = (Sl...Sl_Q)(SkSl_l(Slu)) = ...
= 515k<525354...51u) = Sk51(525354...51u) = Sk(SU) = Sku

Similarly one can show that

Jku = TJku = JJku, Sku = ISkU = SSkU
which show that (for every k)Syu, Tyu, Iyu and Jyu are other fixed points of S, T, I and J.
By using the uniqueness of common fixed point for S, 7T, I and J, we can write Spu = Tpu =

Iyu = Jyu = u (for every k) which shows that u is a common fixed point of the family {7;}7",
{SH ALY, and {J;}7 (for every k). This completes the proof of the theorem. O
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By setting Sl = SQ = ... = Sl = G,Tl = T2 = ... = Tm = F,]l = IQ = ... = ]n = Q and
Ji1 = Jy = ... = J, = R in Theorem 3.1, we derive the following common fixed point theorem
involving iterates of mappings.

Corollary 3.1. If F, R and G,Q are two commuting self-mappings defined on a complex
valued metric space (X, d) satisfying F™X C Q"X,G'X C RPX and

M(G'x, F™y) 3 Ad(Q"x, RPy) + Bd(Q"x,G'x) + Cd(RPy, F™y) + Dd(Q"x, F™y) + Ed(G'z, RPy))

forallz,y € X. If one of G'X, F™X, Q"X or RPX is a complete subspace of X, then G, F,Q
and R have a unique common fixed point in X.

Remark 3.1. If S =T and [ and J are identity mapping, A = 1,A = B = 0 and C # 0,
in the particular case, when (X, d) is a metric space, we obtain Kannan fixed point theorem

(cf. [5]).

Remark 3.2. If S =T and I and J are identity mapping, A=C =0,B € C, and B # 0,
in the particular case, when (X, d) is a metric space, we obtain Chatterjia theorem (cf. [6]).

Remark 3.3. If S = T and I and J are identity mapping, A, B,C' € R and A = 1 in the
particular case, when (X, d) is a metric space, we obtain Hardy and Rogers theorem (cf. [7]).
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