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Generalized Contraction Mappings of Rational Type and Applications
to Nonlinear Integral Equations
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ABSTRACT: The aim of the present paper is to introduce a new class of pair of
contraction mappings, called ¢ — («, 3, m)-contraction pairs, and obtain common
fixed point theorems for a pair of mappings in this class, satisfying a minimal com-
mutativity condition. Further, we use mappings of this class to analyze the existence
of solutions for a class of nonlinear integral equations on the space of continuous
functions and in some of its subspaces. Concrete examples are also provided in order
to illustrate the applicability of these results.
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1. Introduction and preliminaries

Generalizations of the Banach contraction principle have been extensively used
to study common fixed points for contractive type pair of mappings, as well as in
the existence of solutions of differential and integral equations, (see e.g., [3,4,6,7,10,
11,12,15,17,18,19,20]). In this paper, first, we establish some common fixed point
theorems for a class of contractions of rational type wherein contractive inequality
is controlled by a positive function satisfying a stability condition at 0. Then, we
use the class of mappings in consideration (see, Definition 2.1), to establish the
existence and uniqueness results for solutions of some nonlinear integral equations.
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A pair of self-mappings (5,7T") on a metric space (M, d) is said to be compatible

[8] if and only if lim, oo d(ST2y, T'Sx,) = 0, whenever (z,,), C M is such that

lim Sz, = lim Tx, =t

n—oo n—oo
for some ¢t € M. A pair of self-mappings (5,7) is said to be noncompatible
[16] if there exists at least one sequence (x,), C M such that lim, . Sz, =
lim;, 00 T2y, =t for some t € M, but lim,,—, oo d(STxy,, T'S2;,) is either nonzero or
non-existent. A pair of self-mappings (S, T) is said to satisfy the property (E. A.)
[1] if there exists a sequence (x,,), C M such that

lim Sz, = lim Tz, =t,

n—oo n—oo
for some ¢t € M, and (S,T) is said to satisfy the common limit in the range of T
property (CLRr) [21] if there exists a sequence (), C M such that

lim Sz, = lim Tz, =Tt,
for some t € M. Notice that the C LRy property circumvents the requirement of
the condition of the closedness of the ranges of the involved mappings.

A point z € M is called a coincidence point (CP) of S and T if Sz = Tx. The
set of coincidence points of S and T' will be denoted by C(S,T). If x € C(S,T),
then w = Sz = Tz is called a point of coincidence (POC) of S and T.

Finally, a pair of mappings (5,7 is said to satisfy non-trivially weakly com-
patible (WC), condition [9], if they commute at their coincidence points, whenever
the set of coincidences is nonempty.

Remark 1.1. It may be observed that non-trivial weak compatibility is a neces-
sary, hence minimal condition for the existence of common fixed points of con-
tractive type mapping pairs. Commutativity at coincidence points is equivalent to
the condition that Sz is a coincidence point of S and T whenever x is a coinci-
dence point. Therefore, non-trivially weakly compatible mappings may equivalently
be called as coincidence preserving mappings. Compatible mappings are necessar-
ily coincidence preserving since compatible mappings commute at each coincidence
points. Howewver, the converse need not be true.

To prove our results we will use the following lemma [2].
Lemma 1.2. Let (M,d) be a metric space. Let (x,,) be a sequence in M such that

nh_}n;o d(p, Tpt1) = 0.

If (z,) is not a Cauchy sequence in M, then there exist an g9 > 0 and sequences
of integers positive (m(k)) and (n(k)) with
m(k) > n(k) >k
such that,
d(Tm(k)s Tnk)) = €05 ATmk)—1> Tnk)) < €0

and
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(i) limy o0 d(Trm(k)—15 Tn(k)+1) = €0,
(i) Timg o0 d(Zpn(k)s Tn(k)) = €05
(iii) 1imy— o0 d(Tm ()1, Tn(k)) = Eo-
2. ¢ — («a, 8, m)-contraction pairs and their point of coincidence

As in [11], we will use functions a, § : Ry — [0, 1) satisfying that a(t)+8(t) <
1, for all t € Ry :=[0,00), and

limsup 3(s) <1

s—0t

. a(s)
limsup ——— <1, V¢t > 0. 2.1
T @

Now, we introduce the following class of pair of contraction mappings.

Definition 2.1. Let (M,d) be a metric space and let S,T : M — M be mappings.
The pair (S,T) is called a ¥ — («, 8, m)-contraction pair if for all x,y € M

¥ (d(Sz, Sy)) < ad(Tx, Ty))p(d(Tz, Ty)) + Bd(Tz, Ty))y (m(z,y))
where 1 : Ry — R4 is a continuous function satisfying that
P(tn) =0 implies t, — 0, (2.2)
a,f: Ry — [0,1) are functions satisfying (2.1) and

1+ d(Sz, Tx)

m(ac, y) (= max {d(Sy,Ty)m

,d(Tz, Ty)} . (2.3)

Remark 2.2. Due to the symmetry of the distance, the ¥ — (a, 8, m)-contraction
pair implicitly includes the following dual one

¢ (d(Sz, Sy)) < a(d(Tz, Ty))P(d(Tz, Ty)) +
B(d(Ta, Ty)y(max {d(Sz, To) FEAFET d(Tw, Ty) }),

obtained by interchanging x and y.

Example 2.1. Let (M, d) be a metric space. If we consider S = a, a constant map,
and T any selfmapping on M, we can check that the pair (S,T) is a ¥ — («, 8, m)-
contraction pair for all functions «, 8 : Ry — [0,1) such that a(t) + B(t) < 1, for
all t € Ry and satisfying (2.1).

Proposition 2.3. Let (M,d) be a metric space and let S,T : M — M be map-
pings with S(M) C T(M). If the pair (S,T) is a ¢ — («, B, m)-contraction pair,
then for any xo € M, a sequence (yp) defined by

Yn = STy =Txpe1, n=0,1,...

satisfies:
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(1) limy 00 d(Yny Ynt1) = 0.
(2) (yn) C M is a Cauchy sequence in T'(M).

Proof: To prove (1), let 29 € M be an arbitrary point. Since S(M) C T'(M), then
there exists 1 € M such that Sxg = Tx;. By continuing this process inductively
we get a sequence (z,,) in M such that

Yn = STy =Txpy1.

Now

3

(AT n 1, Tins2)) = (S0, Sns1)) <

(T, T 1)V, Tnn)) + BT, Ty b(m s, 2ns1)) (2.4)
where

14+ d(Szy, Tay,)
14+ d(Txn, Taxpi1)
1+ d(Tzpy1, Txy)
1+ d(Txn, Tepi)
=max{d(Txnt+1,Txny2),d(Txn, Txni1)}.

m(&y, Tpi1) =max {d(anH,Tan) (T2, Tpy1)

=max {d(T:cn+2, Txp1) ,d(Tx,, Txn+1)}

If m(zy, nt1) = d(Txpy1, Topyo), then from (2.4) we obtain

Y(A(Txnt1, Tangz)) S(d(Tan, Tang1)) Y (d(Ton, Tang1))
+ B(d(T2p, Tans1)) Y (d(TTn41, TTn2)).

Thus, it follows that

- a(d(Txp, Txni1))
—1- B(d(TxnaTxn-i-l))

P(d(Tzpi1, Tony2)) P(d(Tan, Trngr))- (2.5)

On the other hand, if m(x,, 2p41) = d(T 2y, Tant1), then from (2.4) we get

Y(d(TTn41, Tang2)) Sa(d(Tan, Tan1))P(d(TTn, Toni1))
+ B(d(T 2, T2ps1))0(d(T 2, Tng1)).

In view of above inequality we get

Y(d(Txns1, Tangz)) < ((d(Txn, Tang1)) + B(d(Tn, Tany1)))
X P(d(Txp, TTnt1)). (2.6)

From (2.5) and (2.6), and by using the properties of the functions o and 5 we
obtain

GlA(T 011, Trns2)) < G(A(T, Targin).



MAPPINGS OF RATIONAL TYPE AND APPLICATIONS TO INTEGRAL EQUATIONS 135

Thus, (z,) = (W(d(Txn, Txny1))) is a decreasing sequence of positive numbers
bounded below by zero, and so converges to a > 0. Now, if ¢ > 0 then by taking
limsup on both sides of the above inequality we have a contradiction. Thus,

lim z, = lim ¢Y(d(Tzn,Trp+1)) = 0.

n—oo n—oo

Consequently, from the stability condition at zero (2.2) we conclude that
nh—>rrolo A(Yn, Yn+1) = n11—>1r<>lo d(Szy, Stni1) = nh_}n;@ d(Txp41,Tans2) =0.  (2.7)

To prove (2), we are going to suppose that (y,,) C T (M) is not a Cauchy sequence.
Then, there exists €9 > 0 and sequences (m(k)) and (n(k)) with m(k) > n(k) > k
such that

AYm k) Yn(k)) = €0 and  d(Ymr)—1, Yn(k)) < €0-
From Lemma 1.2 and the continuity of 1) we have

Y(eo) =limsup Y(d(T T (k)+1, TTn(r)+1)) = 1111211 sup Y (d(STpm (k) STn(k)))
— o0

k—o00

<limsup a(d(TTom k), T k) )Y (AT T (), T (1))

k—o0

+ limsup B(d(T T (k) s T (1)) ) (U L (1) s Trui))) (2.8)

k—o0

where
m(xm(k) ) zn(k)> =

1+ d(Szm, T2
max{d(szn(k),mn(k)) (SZm k), TTm(k))

L+ d(T@ iy, TTn(r))

s (T T (1) 5 Txn(k))}

L+ d(Txpmpys TTm(k)+1)
L+ d(Tx iy T (ry)

max {d(T:Cn(k), T:L'n(k)+1) y d(T:Cm(k), T:L'n(k))} . (29)

Letting k — oo in (2.9), and by (2.7) we obtain that

li = = €.
k;%m(zm(k)azn(k)) max{05€0} €o

Therefore, (2.8) is now

Y(eo) <limsup a(d(T k)1, TTrr)—1))% (€0)

k—o00
+ h/]in sup B(d(T @ (k) -1, T (iy—1)) 1 (€0) < ¥(€0).
—00
Which is a contradiction, hence (Tx,,) C T'(M) is a Cauchy sequence. O

Lemma 2.4. Let S and T be two self-mappings on a metric space (M,d). Let us
assume that the pair (S,T) is a ¥ — («, B, m)-contraction pair. If S and T have a
POC in M then it is unique.
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Proof: Let w € M be a POC of the pair (S,T). Then there exits € M such that
Sz =Tx = w. Suppose that for some y € M, Sy =Ty = v with v # w. Then,
P(d(w,v)) = P(d(Sz, Sy))
< a(d(Tz,Ty))(d(Tz, Ty)) + B(d(Tz, Ty))b(m(z, y)).

It follows that,

Pld(w, v)) < a(d(w, v))Y(d(w,v)) + Bd(w,v))p(m(z,y)). (2.10)
Using (2.3) we have

1+ d(Sz, Tx)

— OO Y (T, T
1+d(Tw,Ty)’d( o y)}

m(z,y) =max {d(Sy, Ty)
B 1+ d(w,w) B
= max {d(v, v) T d(w.v) ,d(w,v)} = d(w,v).
Substituting it into (2.10) we get

P(d(w,v)) <a(d(w, )y (d(w,v)) + B(d(w, v))Y(d(w, v))
< (eld(w, v) + Bd(w, v)))) Y (d(w,v)) < P(d(w,v)),

which is a contradiction, therefore w = v. O

Theorem 2.5. Let S and T be self-mappings on a metric space (M,d) such that
(i) S(M)CT(M).
(i1) T(M) C M is a complete subspace of M.

(iii) The pair (S,T) is a ¥ — (o, 8, m)-contraction pair.

Then, the pair (S,T) has a unique POC.

Proof: Let y, = Sz, = Txp41, n = 0,1,..., be a Cauchy sequence defined in
Proposition 2.3 which, as was proved, satisfies that (y,) = (Tap+1) C T(M).
Since T (M) C M is a complete subspace of M, then there exists z € T'(M) such
that

lim y, = lim Sz, = lim Tz,41 = 2,
n—r 00 n— 00 n—r 00

thus we can find v € M such that Tu = z. Now, we are going to show that
Tu = Su. Suppose that Tu # Su. Then,

W(d(Sxpi1,Su)) <a(d(Tzpi1, Tu))Y(d(Txne1, Tw))
+ B(d(T w41, Tu))p(m(zn i1, 1)), (2.11)
where

14+ d(Sxpy1,Tu)
1+ d(Tzp41,Tu)

m(zp4+1,u) = max {d(Su, Tu) L, d(Tp41, Tu)} . (2.12)
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Taking the limits n — oo in (2.11) and (2.12) we obtain

$(d(z, Su)) < limsup a(d(Taos1, Tu)b(d(z, Tu))

n—r oo

+ lim sup B(d(T2p41, Tw))p(d(Su, Tu)).

n— o0

From above inequality we get

¥(d(z, Su)) < limsup B(d(T @41, Tw))P(d(Su, Tu)) < P(d(Su, Tu)),
n—oo
which is a contradiction. Hence, Su = Tu = z. Therefore, z is a POC of S and T'.
From Lemma 2.4 we conclude that z is a unique POC. o

3. Common fixed points for ¢ — (a, 3, m)-contraction pairs

In this section we prove general common fixed point results for a pair of map-
pings belonging to the ¢ — («, 8, m)-contraction class, under a minimal commuta-
tivity condition.

Theorem 3.1. Let (M,d) be a metric space and S, T : M — M mappings satis-
fying the hypotheses of Theorem 2.5. Moreover, let us suppose that the pair (S,T)
is non-trivially weakly compatible pair, then S and T have a unique common fized
point.

Proof: Since the pair (S,T) is non-trivially weakly compatible, then they commute
at their unique coincidence point. Hence, SSu = STu = T'Su = TTu, using
uniqueness of the POC, we obtain that Su is a common fixed point of (S,T).
Uniqueness of the common fixed point can be proved using the same reasoning as
above. O

Now, we drop the condition S(M) C T(M) from the above theorem and obtain
the following result.

Theorem 3.2. Let (M,d) be a metric space and S, T : M — M mappings satis-
fying the property (E.A.). Let us suppose that the pair (S, T) is non-trivially weakly
compatible ¥ — («, B, m)-contraction pair. If T(M) C M is closed, then S and T
have a unique common fixed point.

Proof: Since the pair (S, T') satisfies the property (E. A.), there exists a sequence
(xn) C M such that

lim Sz, = lim Tz, =z
n— 00 n— 00

for some z € M. Since T(M) is closed, then z € T(M) and z = Tu for some
u € M. As in the proof of the Theorem 2.5, we can prove that z = Tu = Su and
that z is a unique POC of S and T. The existence of the unique common fixed
point follows as in the proof of Theorem 3.1. O
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Remark 3.3. Since noncompatible mappings on a metric space (M, d) satisfy the
property (E. A.) . Therefore, conclusion of Theorem 5.2 remains valid if we con-
sider S and T, noncompatible mappings.

We can replace conditions (i) and (ii) of Theorem 2.5 by a single condition and
obtain the following result. Here S(M) denotes the closure of the range of the
mapping S.

Theorem 3.4. Let S and T be self-mappings on a metric space (M,d) such that

(i) S(M) C M is a complete subspace of M.
(ii) The pair (S,T) is a ¥ — (a, B, m)-contraction pair.

Then the pair (S,T) has a unique POC. Furthermore, if the pair (S,T) is non-
trivially weakly compatible, then S and T have a unique common fixed point.

In the next result, we drop the closedness of the range of mapping and replace
the property (E. A.) by C LRy property.

Theorem 3.5. Let (M,d) be a metric space and S, T : M — M satisfying the
CLRy property. Let us suppose that the pair (S,T) is a ¥ — («, 3, m)-contraction
pair. If the pair (S,T) is non-trivially weakly compatible, then S and T have a
unique common fized point.

Proof: Since the pair (S,T) satisfies the CLRr property, then there exists a se-
quence (z,) C M such that

lim Sx, = lim Tx, =Tz, forsomez¢c M.
n— oo n—oo

The rest of the proof runs with similarities to the proof of the previous results. O

Remark 3.6. Notice that by considering particular functions, as constants, for
the functions a, 8 as well as by considering v = id (the identity mapping), or by
choosing a particular form for m(x,y) in the class of ¥ — («, B, m)-contraction
pairs, we can obtain several subclasses of mappings, including various important
classes of contraction-type of mappings, as the given by B.K. Das and S. Gupta
[4], G. Jungck [7], M.S. Khan et al [10], J.R. Morales and E.M. Rojas [12,13]
among other authors.

4. On the existence of solutions for a class of nonlinear integral
equations

In this section we will study the existence of solutions for a class of nonlinear
integral equations by using the existence of coincidence and common fixed points
for mappings belonging to the 1) — (a, 8, m)-contraction class.
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Let M = C([0,T],R) denote the space of all continuous functions on [0,7],
which, as it is well-known, is a complete metric space when it is equipped with the
uniform metric d

d(u,v) = tes[lépT]ﬂu(t) —ov(t)|}, wu,ve M. (4.1)

Now, following the idea in ([15], see also [5]) , we discuss an application of fixed
point techniques to the solution of the nonlinear integral equation:

T

t
2(t) zgl(t)—gg(t)—i-u/ Vi(t, s)hn (s, 2(s)) ds+A/ Va(t, s)ha(s, 2(s))ds, (4.2)
0 0
where t € [0,T], 1, A are real numbers, g1,g92 € C([0,T],R) and Vi (¢, s), Va(t,s),
hi(t,s), ha(t,s) are continuous real-valued functions in [0, 7] x R.

To attain our aim, we will use some functional associated with h-concave and
quasilinear functions [14]. Let C be a convex cone in the linear space X over R and
let L be a real number L # 0. A functional ¢ : C — R is called L-superadditive
on C if

flx+y) > L(f(x)+ f(y)), foranyaz,yeC.

Let K be a real non-negative function, a functional v satisfying

Pt) = K(t)¢(x)

for any ¢t > 0 and x € C, is called K-positive homogeneous. Notice that necessarily
K(1)=1.

The existence of solutions for the nonlinear integral equation (4.2) will be ana-
lyzed by using some auxiliary operators S and T' (see, (4.4)-(4.5) below) belonging
to the ¥ — («, 8, m)-contraction class. The conclusion is obtained from the exis-
tence of coincidence points or common fixed points for (S,7T"). We would like to
point out that our results remain valid if in equation (4.2) we replace the kernels
hi(s,x(s)) for ones of the form h;(t, z(s)).

To prove our result we will make use of the following lemma.

Lemma 4.1 ([14]). Letu,v € C and : C — R be a non-negative, L-superadditive
and K -positive homogeneous functional on C. If M > m > 0 are such that u —muv
and Mv —u € C, then

LE(m)p(v) < ¢(u) < =K (M) (v).

The existence result can be formulated as follows.

Theorem 4.2 (Existence). Suppose the following assumptions are satisfied:

. T .
(Z) f() SUP¢el0,T) |‘/1(ta S)|dS =L; <0, 1€ {172};
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(11) for each s € [0,T) and for all x,y € M, there is M; > 0 such that

[hi(s, 2(s)) — hi(s,y(s))| < Milz(s) —y(s)], i€ {1,2}.

Then the integral equation (4.2) has at least one solution in M, provided that

|| LMy + [A[MaLy = 1. (4.3)

Proof: We define the following operators, for each = € M,

Sz(t) = —ga(t) + ,u/o Vi(t, s)hi(s,z(s))ds (4.4)

and
Tx(t) = x(t) — g1(t) — A/O Va(t, s)ha(s, z(s)) ds, (4.5)

where ¢t € [0,T], pu, A are real numbers, g1, g2 € C([0,T],R) and Vi (¢, s), Va(t,s),
hi(t,s), ha(t, s) are continuous real-valued functions in [0, 7] x R satisfying assump-
tions (i)—(ii) above.

Clearly, S and T are self-operators on M. Now, for all x,y € M by using
(i)—(ii), we get

t
|Sz(t) — Sy(t)] < |u|/ [Vi(t, s)l|hi(s,z(s)) — hi(s,y(s))|ds
0
t
<l sup |Vi(t,s)||h1(s,z(s)) — hai(s,y(s))|ds
0 te[0,T]
t
<l sup |hy(t,s)|M|x(s) —y(s)|ds
0 t€[0,T]
t
< o=yl [ sup [ha(ts)lds
0 te[0,T]
< MLyl — .
This implies that
Sz — Syl = sup [Sx(t) — Sy(t)| < [u|MiL|lz — yl|. (4.6)

te[0,T)
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By a similar reasoning we get

T T
A/o Vg(t,s)hg(s,x(s))ds—A/O Va(t, s)ha(s,y(s))ds

< IAI/ [Va(t, s)llha(s, (s)) — ha(s,y(s))|ds

SIAT [ sup Vot )lha(s,2(6) — ot (o))l
te[0,T

< 1Al / sup [Va(t, )| Mal(s) — y(s)|ds
t€[0,7)
< [AIMs Loz — ],

which implies

sup
(0,17

A/O Va(t, $)ha(s, (s)) ds — A/O Va(t, $)ha (s, y(s)) ds| < |A|LaMsl|lz — yl|.

Consequently, we note that

|7z — Ty
T T
>z -yl - sup |A / Va(t, $)ha(s, 2(s)) ds — A / Va(t, s)ha(s, y(s)) ds
te[0,T] 0 0
> (1— |A|LsMy) e — ] (4.7)

since condition (4.3) implies that |A|L2Ms < 1, the above inequality gives

E T — Ty, (48)

-l < =)
Finally, by (4.6), (4.8) and condition (4.3), we get
ISz — Sy|l < [Tz — Ty].
Moreover, there exists 0 < m < 1 depending of z and y such that
m|[Te —Ty|| < [|Sa - Sy|| < [Tz — Ty, (4.9)
Now, let ¥ be a non-negative, continuous, 2-superadditive and K-positive homoge-

neous functional on the cone R satisfying (2.2). For u = ||Sz—Sy||,v = || Tx—Tyl||
and the inequality (4.9), the Lemma 4.1 allows us to conclude that,

Y(||Sz — Syl) < SU(| Tz — Tyl)).

DN | =
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Let o, 8 : Ry — [0,1) satisfying (2.1) with 3 < «(t) for any t € Ry. Hence, we
obtain
1
V(152 — Syl)) <5¢(ITz - Tyll)
<a(|Tz = Tyl)e(ITz = Tyl)) + BTz = Tyl (m(z,y)).

Therefore, (S,T) is a ¢ — («, 8, m)-contraction pair.

Since S is a continuous map and M is complete, S(M) is a complete subspace
of M, therefore from Theorem 3.4, the pair (S, T) has a unique POC (say y); i.e.,
yo = S, (t) = Tw.(t). Thus,

t T
~o(t) £ [ Valt s s.(5))ds = . (0) = ()= A [ Vot ha(s. ()

or equivalently,

t T
20(0) = 91(8) = 92(0) + 1 | Va(t.a(s.(s)ds 4 A [ Vat s ha(s, . (5)ds.
0 0
Therefore, .. € M is a solution of the nonlinear integral equation (4.2). ]

Remark 4.3. In the light of above theorem, we note that if the auziliary pair (S,T)
associated to equation (4.2) and defined by formulae (4.4)-(4.5) has a unique POC,
then all CP related with the POC is a solution of the equation.

Under the notion of non-trivial weak compatibility of the pair (S,7T) given
in (4.4)-(4.5), the next result shows that there exists a (unique) solution of the
equation (4.2) satisfying a certain integral equation.

Proposition 4.4. Under the hypotheses of Theorem 4.2, if the pair of mappings
(S,T) defined in (4.4)-(4.5) is non-trivially weakly compatible, then there is a
unique solution ¢ of the equation (4.2) satisfying the integral equation

T
g1(t) = —A/O Va(t, s)ha(s, ¢(s))ds.

Proof: Since the pair (S,T) is non-trivially weakly compatible, from Theorem
3.1 there is a unique solution ¢ satisfying that S¢(t) = T'¢(t) = ¢(t), moreover
ST¢(t) = TSH(t), where

ST(t) = — galt) + / Va(t, 5)h (s, 6(s))ds

t T
TSo(t) = — galt) + / Va(t, $)hi (5, 6(5))ds — ga(£) — A / Va(t, s)hals. 6(s))ds.
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From here we obtain,
t

*m®+ué‘ML$MS@@WEZ*W@+MA‘Mtﬁmwﬁﬁwk*m@
T
A /O Va(t, s)ha(s, 6(s))ds

T
nt) == & [ Valt,o)hals 6(s))ds.
0
This completes the proof. O

Remark 4.5. In view of the proof of Proposition 4.3, one can observe that the
only solution which satisfies the equation ¢1(t) = —A fOTVQ(t, s)ha(s, ¢(s))ds, is a
unique common fized point of the pair (S,T) defined in (4.4)-(4.5).

4.1. The equation (4.2) on compact subspaces of (M, d)

In that follows by (X, d) we denote a compact subspace of M endowed with the
induced uniform metric d defined in (4.1).

In order to establish the existence result in this case, we will use the operator
S given in (4.4) and the next auxiliary mapping:

Rx(t) = ka(t) — g1(t) — A/o Va(t, s)ha(s,z(s))ds, 0 <k <1. (4.10)

Theorem 4.6. Under assumptions (i)-(ii) of Theorem 4.2, if S, R defined in (4.4)
and (4.10) are non-trivially weakly compatible self-mappings of (X,d), then the
equation

T

x(t) = gl(t)—gg(t)Jru/O Vi(t, s)hi(s, z(s)) ds+A/0 Va(t, s)ha(s,z(s))ds, x € K.

has a unique solution ¢ € X satisfying

T
n(6) =2 [ Valt,hals, o(s))ds,
0
provided that
|M|L1M1 + |A|M2L2 = K, (0 <K< 1), holds. (411)

Proof: We claim that (S, R) has the property (E. A.) if it is non-trivially weakly
compatible. In fact, let ¢,, — ¢ a sequence of functions on X converging to ¢,
where the function ¢ is a unique point of coincidence of the weakly compatible pair
(S, R). From the continuity of the function h;(t, s) we have

lim 5¢,(t) = — g2(t) + M/O Vi(t, s)ha (s, nh_>H010 b (8))ds = Sé(t),

n—oo

T
7ggﬁ%®WAﬂm®AA Va(t, $)ha(s, lim 6,,(t))ds = Re(r)
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Then, we conclude that (S,T") has the property (E. A.).

On the other hand, it is easy to check that the operator R is continuous on
(X,d). Since X is a compact and Hausdorff space, the Closed Map Lemma implies
that R(X) is closed. Thus, from Theorem 3.2, R and S have a unique common
fixed point ¢ € K. The existence of a unique solution satisfying the above relation
is obtained from the proof of Theorem 4.2, replacing the mapping 7" by R. The
representation for the solution follows from the proof of Proposition 4.4, upon
replacing T by R. O

4.2. The equation (4.2) on non-complete metric space

The existence Theorem 4.2 was proved by applying Theorem 3.4, since S(M) is
a complete subspace. However, if equation (4.2) is posed in a non-complete metric
subspace (X,d) of (M,d), we are not able to apply such theorem. By imposing an
extra condition we obtain the following existence result for this case.

Theorem 4.7. (Ezistence: mon-complete metric space). Suppose the following
assumptions are satisfied:

T .
(i) Jo supsepor [Vilt,8)lds = Li < 00, i € {1,2},
(ii) for each s € [0,T] and for all x,y € M, there is M; > 0 such that

[hi(s, 2(s)) = hi(s,y(s))| < Milz(s) —y(s)l, ie€{1,2},

(iii) AfOT Va(t, s)ha (s, i [y Vi(s, k)k1(k, 2(k))dk + g1(s) — g2(s)) ds = 0.

Then, the integral equation (4.2) has a unique solution, ¢ € X, satisfying

g1 (t) = —A/O Va(t, s)ha(s, ¢(s))ds

provided that
|,U,|L1M1 + |A|M2L2 =1.

Proof: From the proof of Theorem 4.2, it is sufficient to show that the pair (S,T)
defined in (4.4)-(4.5) has a POC in X. To do so we will apply Theorem 2.5, thus
we prove that S(M) C T(M).

In fact, adopting the same reasoning as in [15], by assumption (¢i7), for z(t) € X
we have

T(Sx(t) + 91(t))

T
= Sa(t) + g1(t) — 1(t) — A/O Va(t, s)ha(s, Sz(s) + g1(s))ds

— Sa(t) - A/OT Va(t, s)ha (s, u/os Vi (s, 8)ha (i, 2 () )dis + g1 (5) — gg(s)) ds
— Salt).



MAPPINGS OF RATIONAL TYPE AND APPLICATIONS TO INTEGRAL EQUATIONS 145

Thus, from Theorem 2.5 S and T have a unique POC, so all coincidence point
related with the POC is a solution of the integral equation (4.2) in X. As the proof
of Proposition 4.4, the formula for the solution is a consequence of the non-trivially
weakly compatibility and the existence of a unique common fixed point. O

5. Examples

In this section we are going to consider some nonlinear integral equations on
C(]0,1],R) defined in (4.2). The existence of solutions will be established as an
application of the previous results.

Example 5.1. Let us consider the following the nonlinear integral equation:

xwzm@_%@+%lggﬂﬂﬁ+%é4&;§gw

=q1(t) — g2(t) + %/0 sz(s)ds — %/0 t3sx(s)ds, te€[0,1]. (5.1)

Taking 1 = A = % and the kernel C([0, 1] xR, R)-functions h;(s, z(s)) and Vi(s,z(s)),
1 € {1,2} given by

Mls.o() = Ja(s), hafs.a(s)) =~ 22
and
Vi(t,s) = 2t, Va(t,s) = 4t°s.

Notice that the functions h;(s,z(s)), i € {1,2} satisfy
1
(s, 2(5)) = hi(s,y(s))| < Sla(s) —y(s)l,  for all z.y € ([0, 1], R), i€ {1,2}

and the functions Vi(s,x(s)), i € {1,2} satisfy

1
/ sup |Vi(t,s)|ds = 2.
0 tefo,1]

Thus, Theorem /.2 guarantees that this equation has at least one solution, and from
the proof of the mentioned theorem, the solution is the CP of the mappings S and
T defined by

Sz(t) = — ga(t) + %/0 tsx(s)ds,

Tx(t) =x(t) — g1 (t) + % /o t3sx(s)ds.
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Now, let x* be a coincidence point of (S,T), and we assume that the following
system is satisfied

z*(t) = g1(t) — g2(?)
{ L[ #3sa*(s)ds = 3 [ tsa*(s)ds for all t € [0,1]. (5.2)

Since t = 0 obviously holds, we assume t # 0. Notice that the second equality of
the system is equivalent to

1 t
t3/ sx*(s)ds :t/ sx*(s)ds
0 0
1 t
t2/ sx*(s)ds:/ sx*(s)ds.
0 0

Differentiating with respect to t, equality above is equivalent to
1
2t/ sz (s)ds = ta*(t)
0
1
2/ sz*(s)ds = x*(t).
0

That means, the constant functions are the only coincidence point of (T, S) satis-
fying (5.2), provided g1(t) — g2(t) is also constant. Let x*(t) = ¢ € R, we obtain

1 [ 1
S¢=—ga(t) + —/ tseds = —go(t) + —t3,
2 )y 4

1/t 1
T¢=¢—gi(t) + 5/ t3scds = ¢ — g1(t) + Zt3g.
0

Therefore, equation (5.1) for gi1(t) — g2(t) = ¢ € R has a solution which is nothing
but the constant function z*(t) = .
On the other hand, notice that the pair (S,T) is not weakly compatible. In fact,

1/t 1
STs =—go(t) + 5/ ts(—ga(s) + ngg)ds
0

and

1 et 3t
786 = al0) ~ 0+ 10— 5 [ galo)sis + 5 [ stas
1 2 J 8/,

11 ot
=c+ —t3¢ — —/ g2(s)sds.
40 2 Jo

Therefore, the solution x(t)* = ¢ does not satisfy the integral equation given in
Proposition 4.4.
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Example 5.2. Now, we will consider the following integral equation

~ (cos(1) —cos(e))e " et — et . 1 /1 ot .
x(t) = I ) +e' + 1), e*'sin(x(s))ds
1 )
+ 62 . /O €t+ e TdS7 t e [0, 1] (53)

Equation (5.3) is of the form (4.2), for

t
mlta(t) = T Vit s) = e, halt.2(0) = sin(e(t). Valt.s) = e,
(cos(1) — cos(e))e™? et — et .
t) = )= — —
gl() e—1 ) 92() 6(62—6) €
andAf—ei,u %e Notice that L, = e? — e, L2—€71M1—2and
My = 1. Also note that |N\|\M1Ly + |u|L2Ms = 1. Let the mappings (S,T) given in
this case by

at ot t
_t_ ¢ —¢ L ot s T(8)
Sxz(t) =e 6(62*6)4—62*6/0 e — ds

(cos(1) — cos(e))e™t 1
e—1 + e—

Tx(t) =x(t) — . /0 e*tsin(x(s))ds.

We are going to find the coincidence points of (S,T). A point * € M is a CP of
(5,T) if

[4 1 L1
et |1 —
6(e?2 —e) 62—6

e—1 -1
equivalently,
3t _1q 1 ¢ x*(s)
2t 1 2s d
[ 6(62—€)+€2—€ 06 g
1) — I
— a(t)et — 9 e)_(l“’s(e) + 6_1/0 e* sin(z* (s))ds (5.4)

Since the term

~ cos(1) — cos(e) 1
e—1 e—1

1
/ e’ sin(z*(s))ds
0
is constant and the left side of equality (5.4) depends of t, necessarily we have that

1 o _ cos(1) — cos(e)
/0 e’sin(z*(s))ds = ————=

e—1 e—1
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whose solution is z*(t) = e'. Notice that equality (5.4) is satisfied for this function.
Therefore, x*(t) = €' is a unique coincidence point of (T,S), moreover,

Sel =Te' =et, STe' =TSe' =e'.
Thus, the pair (S,T) is non-trivially weakly compatible, so from Proposition 4.4,
equation (5.3) has a solution satisfying the integral equation
1
a(t)=— A/ Val(t, s)ha(s, z(s))ds
0

(cos(1) — cos(e))e™" 1

1
_ s—t .
p— = /0 e* ' sin(z(s))ds,

whose solution is x(t) = et.
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