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ABSTRACT: In this paper, we introduce a new concept of (1 — a)-Meir-Keeler-
Khan type mappings in partial metric spaces. The presented theorems generalize

and improve many existing results in the literature. Moreover, an examples is given
to illustrate our results.
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1. Introduction

In 1978, Fisher [1] proved the following revised version of result of Khan[2].

Theorem 1.1: ([1]) Let (X,d) be a metric space and f be a self map on X
satisfying the following:

d(z,fz)d(z,fy)+d(y,fy)d(y,fr)
d(fx, fy) <k d(z, fy)+d(y, =) ,ke0,1),

if
d(z, fy) +d(y, fr) # 0,

and

d(fz, fy) =0 if d(z,fy)+d(y, fz) = 0.

Then f has a unique fixed point t € X. Moreover, for every ty € X, the se-
quence {f"to} converges to t.

In the sequel, ¥ denotes the family of all (¢)-comparison functions. A self map
¥ on [0,00) is said to be a (c¢)-comparison function, if Y7 9" (t) < oo for each
t > 0, where ¥" is the nth iterate of ¢.Clearly, ¥(0) = 0 and ¥(t) < t for all ¢ > 0.
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Recently, Samet et al. [3] introduced the notion of a-admissible mappings as fol-
lows:

Definition 1.2:([3]) Let f be a self map on X and o : X2 — [0,00). If a(z,y) >
1= afz, fy) > 1, for all z,y € X, then f is said to be a-admissible.

One can refer [4-5] for class of a-admissible mappings and more information on
subject.

Matthews [6] introduced the notion of partial metric spaces as follows:

Let X be a nonempty set and p : X2 — [0, 00) satisfy the following:

(pml) z =y < p(z,7) = p(z,y) = p(y,y);
(pm2) p(x, ) < p(z,y);
(pm3) p(x,y) = p(y, ©);
(pm4) p(x,y) < p(x, 2) +p(2,y) — p(z,2),

for all x,y,z € X. Then p is called a partial metric and the pair (X, p) is called a
partial metric space.

We note that the function dj, : X x X — RT defined by

dp(x,y) = 2p(z,y) — p(z,x) — p(y, y)
satisfies the conditions of a metric space X and hence it is a usual metric on X.

Definition 1.3: [6]

(i) A sequence {x,} in the PMS (X,p) converges to x if and only if p(z,z) =
lim,, , oo p(x, ).

(ii) A sequence {x,} in the PMS (X,p) is called a Cauchy sequence if
limy, 00 P(Tn, ) exists and is finite.

(iii) A PMS (X, p) is called complete, if every Cauchy sequence {x,, } in X converges.

The following Lemma will be used in the sequel.

Lemma 1.4: [6]

1. A sequence {z,} is a Cauchy sequence in the PMS (X, p) if and only if it is a
Cauchy sequence in the metric space (X, d,).

2. A partial metric space (X, p) is complete if and only if the metric space (X, d,)
is complete. Moreover

lim, | o dp(z,2,) =0 < p(z, ) =lim, oo p(z, 2n) = liMy ;00 P(Tn, Trm).

In 1969, Meir and Keeler [7] proved an interesting fixed point theorem on a metric
space (X, d). Further, Redjel et al. [8] introduced the concept of (o — 1))-Meir-
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Keeler-Khan mappings in metric spaces.

2. Main Results

In this section, we introduce a new concept of (¢ — «)-Meir-Keeler-Khan map-
pings in partial metric spaces and we establish a fixed point theorem via a-admissible
mappings. In the sequel, we consider that if T': X — X, then

for all z,y € X, 2 #y = p(x, Ty) + p(y, Tz) # 0.

Definition 2.1.: Let (X, p) be a partial metric space, T : X — X and ¢ € U.
Then T is called a generalized Meir-Keeler-Khan type t-contraction whenever for
each € > 0, there exists § > 0 such that

¢ < p(HETEE T TP T0) ) < ¢ - §(c) = p(Tx, Ty) < e.

Definition 2.2.: Let (X,p) be a partial metric space, T : X — X, ¢ € ¥ and
a: X? — [0,00). Then T is called a generalized Meir-Keeler-Khan type ¢ — a-
contraction if the following conditions are satisfied:

(i) T is « admissible;

(ii) for each € > 0, there exists 0 > 0 such that

p(x, Tx)p(x, Ty) + p(y, Ty)p(y, Tx)

e = ¥ p(z, Ty) + ply, T) )
< e+d(e)
= ax,x)aly,y)p(Tz,Ty) <e. (2.1)

Remark 2.3.: It is clear that if T': X — X be an 9 — a-Meir-Keeler-Khan type
mapping then

plz, Tz)p(x, Ty) + py, Ty)p(y, T'z)
p(z, Ty) + ply, Tx)

oz, z)aly, y)p(Tx, Ty) < ( ), (2.2)

for all z,y € X.

Theorem 2.4.: Let (X,p) be a complete partial metric space and ¢ € U. If
a: X2 — RT satisfies the following conditions:

(i) there exists xg € X such that a(xg, z¢) > 1;

(ii) if a(ag, zk) > 1 for all k € N, then limg_ o0 a(xg, z) > 1;

(iii) o : X2 — R is a continuous function in each coordinate.

Suppose that T : X — X is a generalized Meir-Keeler-Khan type ) —a-contraction.
Then T has a fixed point in X.

Proof.: Let zo € X and x4 = Tap = T*xg, for k = 0,1,2,3,.... Since T is
a-admissible and a(zg, o) > 1, we have
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a(Txy, Tro) = a(xy,21) > 1.

Proceeding in the same manner, we get

axg, x) > 1, (2.3)

for all k € NU {0}.
If 23y+1 = wg, for some ky € N, then xy, is the fixed point of T.So, we suppose
that xj1 # xy for all k € NU {0}. Using the definition of ¢, we have

,l/)(P(Ik,Tﬂﬂk)l?(ﬂﬂk,Tﬂﬂk+1)+p($k+17le+1)p(wk+17le) ) >0
p(xr, Trpy1)+p(Tet1,TTr) ’

for all k € NU {0}.
We shall assert that

limy oo p(xk, -Tk-i-l) =0,%.e., limg_ dp(l'k, $k+1) =0.
From (2) and (3), we have

p(xri1, 2ry2) = p(Tap, Trgir)
a(zr, xp)a(Trpr, Trp1) DTk, Torg)
w(p(iﬂk, Tay)p(xr, Trprr) + p(2ry1, Topr1)p(@rg, Tey) )
Pk, TTrq1) + p(@pr1, Txr)
P, iy 1)p(Th, Try2) + P(Tpi1, Trp2)D(Thg1, Thin)
W( )
P(Tks Tht2) + D(Tht1, Thy1)

IN

N

(2.4)

If p(zk, ry1) < p(Trr1, Thy2), then

_ w(p(szrl,szrQ)p(zk,l'kJrQ)er(l'kJrl,$k+2>p($k+17$k+1>)
P(Tk, Thv2) + P(Tht1, Tht1)

Y(P(Tht1, Tht2))

< p(@Trs1, Try2),

P(Thr1, Thi2)

which is a contradiction, and hence p(zg, xg+1) < p(Tr—1, Tk).
Using the same argument as above, we have for each n € N,

P(rry1, 2ry2) = p(Tap, Trryr)
< p(zk, Tpg)- (2.5)

Since the sequence {p(zy,zr11)} is decreasing, it must converge to some € > 0,
that is,
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klinolop(zk, Tp+1) = €. (2.6)
From (5) and (6), we have
Jim P(p(er, 2r41)) = € (2.7)

Here e = inf{p(zk, xx+1) : k € N} We assert that e = 0. On the contrary, suppose
that, e > 0. Since T is a generalized Meir-Keeler-Khan type ¢ — a-contraction,
corresponding to € use, and using (7), there exists § > 0 and a natural number n
such that

€ <Y(P(xn, Tnt1)) < €+ 0 = (T, Tn)o(Tpt1, Tng1 ) P(T X, Tany1) < €,

implies that,
p(xn-i-la xn+2) - p(Txna Txn-l—l) S O(((En, xn)a(xn-l-la xn-{-l)p(Txna Txn-l—l) < €,

which is a contradiction, since

e=inf{p(zr,zr+1) : k € N}.

Thus, we have that

klir{.lop(xk,xk_‘_l) =0. (2.8)
Also, from (pm2), we have
klim p(zk, ) = 0. (2.9)

Since dp(z,y) = 2p(z,y) — p(x,x) — p(y,y), for all z,y € X, using (8) and (9), we
get

klim dp(xp, xps1) = 0. (2.10)

Now, we assert that {z;} is a Cauchy sequence in the partial metric space (X, p).
To show, it is sufficient to that {xx} is a Cauchy sequence in the metric space
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(X,dp). On the contrary, let us suppose {z} is not a Cauchy sequence. So, there
exists 7 > 0 such that for any ¢ € N, there are n.,,m. € N with n, > m, > ¢
satisfying

dp (T, Tn,) 217 (2.11)

Also, for m. > ¢, we can choose a smallest positive integer n. such that n, > m, > ¢
and d(z2m, , T2n,) = 1.
Therefore, we have

dp(Trm s Tro—2) < 1. (2.12)

Now, we have that for all ¢ € N,

’r] S dp(xmcaxnc)
< dp(xmcaxnc—2) + dp(xnc—annc—l) + dp(xnc—laxnc)
77+dp(znc,2,znc,1)erp(znc,l,znc). (2.13)

A

Letting ¢ — oo, we get

lim dy(@m,, Tn,) = 1. (2.14)

c_, 00
On the other hand, we have

dp(Tm, s Tn,)

dp (T Tmot1) + dp (Tmet1, Tnog1) + dp (Tnot1,Tn,)
dp (T Tmet1) + dp (Tmet1, Tm,) + dp (T s Tn,)
+d

p(xnc s Tnet1) + dp(xnc-i-la Tn,)-

Ui

IA N IA

Letting ¢ — oo, we get

lim dp(@m, 41, Zn.+1) =10 (2.15)

c_,00

Since dp(z,y) = 2p(z,y) — p(z, z) — p(y, y) and using (14) and (15), we have that

lim dy (2, , Tn,) = g (2.16)

c_, 00
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and

lim dy (T, 41, Tn,11) = g (2.17)

c_,00
From (2), we have

P(@mo+15Tno+1) = p(TTm,, TTy,)
< (Tmes T, )Ty Tn )P(T T, , T2n,)
w(p(xmc s T2 )p(@m, s Ton,) + p(@ng, T2 )p(@n, TTm,) )
p(@m,, Tn,) + p(Tn,, TTm,)
P(@mes T+ 1)P(@me s Tnet+1) + P(@n,s T+ 1)P (@0, s Tin+1) )
P(@Tmes Tnet1) + P(Tng s Tmo41)

A

<(
(2.18)

Since,

P(Tmes Tno+1) < P(@Tme, Tme1) + P(@me+1, Tng1) — P(Tme+15 Tmg+1), (2.19)

and

P(@nes Tme+1) < P(@Tng, Tog+1) + P(Tnet+1, Tme+1) = P(Tngt1, Tng+1)- (2.20)

Using (9), (18), (19) and (20) and making ¢ — oo, we have

n n n
— < )< =
5 <¥(5) <35

a contradiction.

Hence {x}} is a Cauchy sequence in the metric space (X, dp).

Now, we assert that T has a fixed point z.

Since (X, p) is complete, so by Lemma 1.4, (X, d)) is also complete. Thus, there
exists z € X such that limy o dp(xr, 2) = 0. Moreover, from Lemma 1.4, we have

p(z,2) = klim p(xk,2) = kllim p(zk, ). (2.21)
Further, since {3} is a Cauchy sequence in the metric space (X,d,), so
limkﬁoo dp(:L'k,:L'l) =0.
Since, dp(z,y) = 2p(x,y) — p(z,z) — p(y,y), we get

lim p(zp,z) =0. (2.22)

k,l_, 00
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From (21) and (22), we have
p(z, 2) = limg_, oo p(@k, 2) = limy_, o p(zk,,2) = 0.
Again, from (2), we get

p(ars1,Tz) = p(Tw,Tz)

a(zg, xp)a(z, 2)p(Tey, T2)

w(p(iﬁu Tay)p(xw, Tz2) + p(2, T2)p(2, Tzk))

p(xk, Tz) + p(2, To)

w(p(fﬂkv Tr1)p(x, T2) + p(2, T2)p(2, Tp+1) )
p(wk, T2) + p(2, Tpt1)

IN

N

(2.23)

Making k — oo, we get
p(z,Tz) <1(0) =0, that is, Tz = z.

Corollary 2.5.: Let (X,p) be a partial metric space and ¥ € ¥U. Suppose that
T : X — X is a generalized Meir-Keeler-Khan type ¥-contraction. Then T has a
fixed point in X.

Proof.: By putting a(z,y) = 1 in Theorem 2.4, we get the result.

Example 2.6.: Let X = [0,1] and p(x,y) = max{z,y}, then (X,p) is a par-
tial metric space. Define o : [0,1]> = RT by a(x,y) =1+2z+y,and T : X — X
by Tz = §. Also, let ¥ : [0,00) — [0,00) be defined by v (t) = i. Clearly, T is a-
admissible. Without loss of generality, assume that > y. Then for all z,y € [0, 1],
we have a(z,z)a(y, y)p(Tx,Ty) > §. Now, p(z,z) = z,p(y, Ty) = y,p(z,Ty) =
p(z, %) =z,p(y, Tz) = p(y, §)-

Case 1. If p(y, §) = y, then

1p(p(ﬂc,Tﬂc)p(ﬂc,Ty)-i-p(y7Ty)P(y7ch)) = (L) — g z?+y? ) < z?+y? < % — %

p(z,Ty)+p(y,Tx) z+y /T T Nd(z+y) 4

Case 2. If p(y, §) = §, then

z,Tz)p(x, 5 Tx T.x+y. § T z x
YRR — () — v < B - £

Hence all the conditions of Theorem 2.4 are satisfied and 0 is the fixed point of T'.
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