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ABSTRACT: In this paper, we investigate special Smarandache curves with regard
to Sabban frame for Bertrand partner curve spherical indicatrix. Some results have
been obtained. These results were expressed depending on the Bertrand curve. Be-
sides, we are given examples of our results.
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1. Introduction and Preliminaries

The Bertrand of the curve is well known by the mathematicians especially the
differential geometry scientists. Bertrand curves have been studied by some authors
[5,6,7]. Bertrand curves detected by J. Bertrand in 1850 are one of the important
and interesting matters of classical special curve theory. A Bertrand curve is defined
as a special curve which parallel its principal normals with another special curve,
called Bertrand partner curve. If the curve a* is Bertrand partner of «, then we
may write that

a(s*) = a(s) + A(s)N(s) (1.1)

where A=constant, [6] . It is proved in most studies on the subject that the char-
acteristic property of Bertrand curve is the existence of a linear relation between
its curvature and torsion as [6],

A+ pur =1, p=—Xcoth. (1.2)

where Z(T,T*) = 6. Whose position vector is composed by Frenet frame vectors
regular curve is called a Smarandache curve [12]. Special Smarandache curves have
been studied by some authors [1,2,4,8]. K. Taskoprii, M. Tosun studied special

Smarandache curves according to Sabban frame on S? [11]. Senyurt and Cahgkan
investigated special Smarandache curves in terms of Sabban frame of spherical
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indicatrix curves and they gave some characterization of Smarandache curves [3].
Let o : I — E3 be a unit speed curve, we defined the quantities of the Serret-Frenet
apparatus, respectively

T(s) = o/(s), N(s)= ”Z::% B(s) = T(s) A N(s), (1.3)

K(s) =T (s)ll, 7(s) = (N"(s), B(s)) (1.4)

we have an orthonormal frame {T', N, B} along «. This frames is called the Frenet
frame of a. This curve the Frenet formulae are, respectively, [6]

T'(5) = k(s)N(s), N'(s) = —k(s)T(s) +1(s)B(s), B'(s) = —71(s)N(s). (1.5)
Let o : I — E3 unit speed and o* : I — E? be the C?%-class differentiable two
curves and the amounts of {T'(s), N(s), B(s)} and {T*(s*), N*(s*), B*(s*)} are
entirely Frenet-Serret frames of the curves o Bertrand and the Bertrand partner
o, respectively, then [5]

T = cos0T —sinB, N* =N, B* =sinf0T + cos6B (1.6)

For the curvatures and the torsions we have

. Mk —sin20 _  sin?0
K=, T = 5. (1.7)
A1 — Ak) AT

In addition to
sin* =sin(p — ), cosp® =cos(p —0), ™' =¢, |[W*||=|W]. (1.8)

Let v : I — S% be a unit speed spherical curve. We denote s as the arc-length
parameter of v. Let us denote by

Y(s) =7(s), ts) =7/(s), d(s) =r(s) At(s) (1.9)
{7(s),t(s),d(s)} frame is called the Sabban frame of v on S2. Then we have the
following spherical Frenet formulae of ~

Y (s) = t(s), t'(s) = —(s) + rg(s)d(s), d'(s)=—rg(s)t(s) (1.10)

where £, is called the geodesic curvature of the curve vy on S? which is

rg(s) = (t'(s),d(s), [11]. (1.11)

2. Smarandache Curves for Spherical Indicatrix of the Bertrand
Curves Pair

In this section, we investigate special Smarandache curves created by Sabban
frame, {T*, Tp«,T* N Tp«}, {N*,Tn+«, N* NTn+} and {B*, T+, B* A Tp~}, that
belongs to spherical indicatrix of a a* curve are defined. We will find some results.
These results will be expressed depending on the Bertrand curve. Let o, (sp-) =

T*(s*), ay.(sn+) = N*(s*) and a,,. (sp+) = B*(s*) be a regular spherical curves
on S?. Sabban frame for (T*), (N*) and (B*) are, respectively

T* =T*, Tps = N*, T* ATps = B*, (2.1)
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N* = N*
Tn+ = — cos *T* + sin p* B* (2.2)
N* NTn+ = sin*T* 4 cos p* B*,
and
B* = B*, Tg« = —N*, B* ATg« =T". (2.3)
From the equation (1.10), we have the following spherical Frenet formulae of (T*),
(N*) and (B*) are, respectively,

* *
T = Tps, Tps' = —T* + %T* ATpe, (T* A Tps) = —%TT*, (2.4)
N* = Tn«, Ty« =—N*+ L;N* ATn+, (N* ATn<) = —L*;TN*, (2.5)
(Il (Il
and . .
B* =Tge, Tge' = —B* + %B* ATg+, (B* ANTg+) = _%TB*_ (2.6)

From the equation (1.11) we have the following geodesic curvatures of (T*), (N*)
and (B*) are, respectively,

v T N* o*! B* K"
Kg = v Ky = W and Kk, = g (2.7)

B;-Smarandache Curve, can be defined by,

1
Bl(ST*) = E(T* +TT*)7 (2.8)

or from the equation (2.1), we can write

1
By(s*) = —Q(T* +N¥) (2.9)

Differentiating (2.8), we reach
Ty, (s*) = %(—T* +N*+ ). (2.10)
2+ (3=) "

Considering the equations (2.9) and (2.10), with ease seen that

1 * *
(By ATp,)(s%) = —————= (==T" — —N* +2B"). (2.11)

Vate(z)t
Differentiating (2.10),

% =—2=3(2) = ()" = () (). (.12

including we can write,

Th,(57) = —————5 (T + XaN" + X3B"). (2.13)
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From the equation (1.11), (2.11) and (2.13), ﬁgl geodesic curvature of 3, (s*) is

1
W=

T* T*
Substituting the equations (1.6) and (1.7) into equation (2.9), (2.10), (2.11) and
(2.13), Sabban apparataus of the 3;-Smarandache curve for Bertrand curve are

1

Bi(s) = ﬂ(COSGTJersin@B),

tan(p — 0)sinf — cos 1

+ N
2 + tan2(p — 0) V2 + tan2(p — 0)

tan(p — @) cos 0 + sin 6 B

V2 + tan2(p — 0)

T[gl (8) =

2sin 6 + tan(yp — 0) cos 6 tan(p — 6)
(ﬁl/\Tﬂl)(s) = 2 Tﬁ 2
V4 4+ 2tan?(p — 0) 4+ 2tan?(p — 0)
Jr20059 — tan(p — 6) sin@B
4+ 2tan2(p — 0)
) (s) (Xg sin@ + \; cos «9)\/5 Aav/2
s =
2 (2+tan2(p—0)2 | T (2+tan(p— 0))2
(X3 cos @ — A1 sin 9)\/5
@+ tanZ(p — 0))2
and )
Ky = ———————————(tan(p — O)A1 + tan(p — )Xz + 2X3),
(2 +tan?(p — 0))2
where

A1 = —2 —tan?(p — ) + tan’(p — 6) tan(p — 0)

A2 = —2 — 3tan?(p — 0) — tan?(p — 0) — tan’(p — 0) tan(p — )

A3 = 2tan(p — 0) + tan®(¢ — 0) + 2tan’(p — 0).
Bo-Smarandache Curve can be defined by

ﬁQ (ST*) = %(TT* +T* A TT*) (215)

or from the equations (1.6) and (2.1), we can write
Ba(s) = %(SiHGT-FN-FCOSGB). (2.16)
Differentiating (2.16), we can write

_ tan(p — 6) sinf — cos GT tan(p — 6) N tan(p — @) cos @ — sin 0

Ts. (s —
52( ) 1+ 2tan2(p — 0) 1+ 2tan2(p — 0)2 1+ 2tan?(p — 0)

B. (2.17)
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Considering the equations (2.16) and (2.17), with ease seen that

(By AT, )(5) — smt9+2tan(<p79)cos€T7 1 N
V2 +4tan?(p — 0) V2 +4tan?(p — 0)

cosf — tan(p — ) sin 6
B
V2 +dtan?(p — 0)

(2.18)

Differentiating (2.17), where

g1 = tan(p — 0) + 2tan® (o — 0) + 2tan’ (¢ — 0) tan(p — 6)
g2 = —1—3tan?(¢ — 0) — 2tan(p — ) — tan’ (¢ — ) (2.19)
Z3 = tan?(p — 0) — 2tan?(p — 0) 4 tan’(¢ — 0),

including we have

(3 sinf + &1 cos 0)\/5 a2 (Ez cos — €1 sin 9)\/5

U+ 2tam2(p—0)2 T T 2tanl(@ 02" T (1% 2tan2(p — 0))2

T} (5) = B. (2.20)

n§2 geodesic curvature of B,-Smarandache curve according to Bertrand curve is

1
B2 = 5 (2tan(p — 0)g1 — &2 +&3). (2.21)

e (1+2tan?(p — 6)) 2

Bs-Smarandache Curve, can be defined by

Ba(sr+) = %

or from the equations (1.6) and (2.1), we can write

(T* —+ TT* —+ T A TT*) (222)

1 . .
Ba(s) = %<(51n9 +cos0)T 4+ N + (cosf — sm@)B). (2.23)

Differentiating (2.23), we reach

tan(p — 6) sinf — cos 0 1
T, (s) = T+ N
V2(1 —tan(p — 0) + tan2(p — 0)) V/2(1 —tan(p — 0) + tan2(p — 0))
tan(p — ) cos O + sin 0 (2.24)
V2(1 — tan(p — 0) + tan2(p — 0))
Considering the equations (2.23) and (2.24), it is easily seen
2tan(p —0) — 1) cos 6 + (2 — tan(p — 0)) sin 6

(Bs ATs)(s) = (2tan(p — 0) — 1) ( (¢~ 0))sinb (2.25)

/6 —6tan(p — 0) + 6tan2(p — 0)

B 1+ tan(p — 60)
/6 —6tan(p — 0) + 6tan2(p — 0)

4 (2 — tan(p — 0)) cos§ — (2tan(e — 0) — 1) sin@B. (2.26)

/6 —6tan(p — 0) + 6tan2(p — 0)
Differentiating (2.24), where
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b, = —2+4tan(p — 0) — dtan’®(p — 0) + 2tan®(p — ) + tan’ (¢ — 0)(1 — 2tan(p — 6))
By = =2+ 2tan(p — 0) — 4tan’®(p — 0) + 2tan®(p — 0) — 2tan* (¢ — 0)
—tan’(¢ — 0)(1 + tan(p — 0))

by = 2tan(p — 0) — 4tan?(p — ) + 4tan® (¢ — 0) — 2tan? (¢ — 6) 4 tan’(¢ — 0)(2 — tan(p — 0)),

including we reach

(¢3sin 6 + ¢y cos0)V/3 V3

Tgy(s) = 4(1 — tan(p — 0) + tan?(p — 0))? o
(3 cos0 — ¢, sin0)V/3

Jr4(1 —tan(p — 0) + tan?(p — 0))2

Iigs geodesic curvature of B3-Smarandache curve according to Bertrand curve is

. (2tan(p — 0) — )¢, — (1 + tan(p — 0))d, + (2 —tan(p — )¢5
4v2(1 — tan(yp — 0) + tan?(p — 0)) 2

B4-Smarandache Curve, can be defined by

Balsn+) = %(N* +Toe)

or from the equations (1.6), (1.8) and (2.2), we can write

1
s) = —=(—cos¢T + N +singB).
Ba(s) \/5( © ¢B)
Differentiating (2.31), we can write
Ty, (s) = ¢'sing — [[Wllcosp,, W] N 4 Pcosp + [W]|sing

V2IWI2 + ¢ V2IW(? + ¢ V2IW(? + ¢
Considering the equations (2.31) and (2.32), it is easily seen
¥ cos<p+2||W||sin<pT ! 2||Wcos ¢ — ¢’ sinp

@
N
VAW + 2" VAIWIZ + 272 4[W? + 27

Differentiating (2.32), where

(B4 /\T54) (s)

/ ’

X1 =—2— (||$V\ )2+ (II‘fVU)/( H(";V,”)
X2 = =2 = 3(7h)? — () — (7)) (7)

/

Xs = 2(ph) + (rfp)® + (piey)

including we can write

S <inep
T (5) = W *vV2(x;3sing xicow)T
: IV 2 + )
X W v2
@IW 1> + ¢2)*
[W[|*V2(x2 sin ¢ + X3 cos )
@I |2 +¢2)?

B.

(4(1 — tan(p — 0) + tan2(p — 0))2

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

B. (2.33)

(2.34)

(2.35)
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4 geodesic curvature of 8,-Smarandache curve according to Bertrand curve is

/

Ba _ L ((
@+ (157)? s Wl

K X1 — (||W||)X2+ 2X3)-

Bs-Smarandache Curve, can be defined by

1
E(TN* + N* /\TN*)

or from the equations (1.6), (1.8) and (2.2), we can write

Bs(sn+) =

i((sina,ofcosgo)TJr (sin<p+cos<p)B).

V2

Differentiating (2.38), we can write

Bs(s) =

@' (sinp + cos p)T — ||W||N + ¢'(cos p — sinp)B

VIWI? 4297

From the equations (2.38) and (2.39), we can write

Tpy(s)

(cosp +sin)T + 2¢' N + (cos p — sinp)B

o)) = (WP + iy

Differentiating (2.39), where

including we have,

[W*V2(85 sinp — 52 cos ) SUW4v2
(W2 +22)" (W2 +2¢72)”
[W|*V2(82 sin ¢ + 53 cos )
(IW|2 + 2¢72)

) (s) =

B.

555 geodesic curvature S5-Smarandache curve according to Bertrand curve is

Kos = ! 5 s
=5 1—82+4d3
" (2+(ﬁ)2)§( Wl )

Be-Smarandache Curve, can be defined by

1
Be(sn+) = %(N* + T+ + N* ATn=)
or from the equations (1.6), (1.8) and (2.2), we can write

Bg(s) = %((sincp— cosp)T + N + (sincp—l—coscp)B).

Differentiating (2.45), we have

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)



34 SULEYMAN SENYURT, YASIN ALTUN AND CEYDA CEVAHIR

T, (s) ¢'sing — (W[ —¢)cosp 144
¢ V2(IWI2 = [Wle’ +2¢72) V2(IW2 = [W]l¢’ + 2¢72)
/ N
p'eosp+ (Wl = ¢)sing (2.46)
V2(IW2 = IWle" +2¢72)
From the equations (2.45) and (2.46), we can write
2AW || — ') si Wl + ¢’ 2/ — |W
(Be A T3g)(s) = QW - ¢)sinp + (Wl +¢')cos e, o — W
VOIW2 —6[W][¢’ + 6472 VEIW2 = 6[W]l¢’ + 6472
W] ) cosp — (W] +)sinee o
VOIWIZ —6][W]l¢" + 6472
Differentiating (2.46), where
P1 = =2+ 4fy) — 4ie)” + 2 + 208 Q) — D
_ o ! ’ 2 ’ 3 / 4 ’
P2 = =2+ 2(qigy) — 4qip)” + 2pr)” - 2pem)” -~ ()" (U + () (2.48)
P3 = 2 iry) — 4Cpe)? + 4ry)® — 20" + Qi)' @ = )
including we can write
1y = WIYEGsing = pycoss) W43 10
. . . .
° 4([W12 = W le" + ¢"2) 4([W]2 = W le" + ¢"2)

[W*v/3(p3 sin ¢ + 73 cos ¢)
2
4(IW 2 = W lle’ + ¢2)

Iig 6 geodesic curvature Sg-Smarandache curve according to Bertrand curve is

o _ @ — Dy + (-1 — &)72 + (2; ﬁv'—,,)ﬁg_ (2.50)
W20 = (15) + (7h)?)?

Br-Smarandache Curve, can be defined by
1

\/5(3* +Tg-) (2.51)

or from the equations (1.6) and (2.3), we can write

B7(sp*) =

1
s) = —(sinfT + N + cos6B). 2.52
Differentiating (2.52), we reach

cot(p — @) cosf — sin 6 1 N cot(p — 0) sinefcoseB (2.53)

RN ) BN B e P 2+ cot?(p — 0)

From the equations (2.52) and (2.53), we have
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cot(p — 0)sinf + 2coso9T
VIt 2002(p0)
cot(p — 0)
ST 200 (p = 0)
+cot(<p —0)cosf — 2sin€B
4+ 2cot?(p — 0)

(B7 AT, )(s) =

Differentiating (2.53), where
w1 = —2 —cot?(p — 0) + cot/ (¢ — 0) cot(¢ — 6)
Wa = —2 — 3cot?(p — ) — cot* (¢ — 0) — cot’ (p — 6) cot(p — 0)
w3 = 2cot(p — 0) + cot3(p — 0) + 2cot’ (p — 0),
including we can write
(w1 sin @ + w3 cos 0)\/5 wa2 (w1 cos O — w3 sin 9)\/5

o) = oo 0 L it 0 T (2t colilp —0))2

Iig 7 geodesic curvature B,-Smarandache curve according to Bertrand curve is

1
1157 = (cot(ap — 0)wy — cot(p — O)wa + 253).

(2+ cot?(p — 6)) 2

Bg-Smarandache Curve, can be defined by

1
sp+) = — (T« —|—B’k N T+
Bg(sp*) \/5( B B*)
or from the equations (1.6) and (2.3), we can write
Bs(s) ! (cos0T — N — sin6B)
s) = —(cos 0T — N — sin .
8 \/i

Differentiating (2.59), we reach

cot(p —0) cosf — sinGT cot(p —0) N cot(p — 0)sinf + cos 6
V14 2cot2(p — ) V14 2cot2(p — ) V14 2cot2(p — )

Tpe(s) =

From the equations (2.59) and (2.60), we can write

2cot(¢ — 0)sin + COSGT
V2 4+ 4cot2(¢p — 0)
1
4y N
V24 4cot?(p — 0)
2 cot(p — 0) cos O — sinGB
2+ 4cot?(p — 0) .

(Bs NTpg)(s) =

Differentiating (2.60), where

)y = cot(p — ) 4+ 2cot3 (¢ — 0) + 2 cot’ (¢ — ) cot(p — 6)
Py = —1—3cot?(p — 0) — 2cot*(p — 0) — cot’ (¢ — 0)
Py = —cot?(¢ — 0) — 2cot? (¢ — ) + cot’ (¢ — 0),

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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including we have

_ (¥ sin O + 1 cos@)\/iT Va2 N4 (¥ cos O — by sin0)V/2

(t2elo— 0 @ (t2eo2e- 02 T (2o o Z%

Tp(s)

ng 8 geodesic curvature Bg-Smarandache curve according to Bertrand curve is

Bs _ ! 2cot(p — 0)ib; — Po + Da). 2.64
Kg (1+2cot2(<p—0)) (CO (v )1 — g ¢3) ( )

Njo

Bg-Smarandache Curve, can be defined by

1
* :7B*+T*+B*/\T* 2.65
Bo(sp+) \/5( B B*) (2.65)
or from the equations (1.6) and (2.3), we can write
1
Bo(s) = 7 ((sinG +cos0)T — N + (cosf — sin@)B). (2.66)
Differentiating (2.66), we have
_ — s 1— _
To (s) = cot(p — 0) cos @ — sin 6 T cot(p —0) N
\/2(1 — cot(p — 0) + cot?(p — 0)) \/2(1 — cot(p — 0) + cot?(p — 0))
B cosf + cot(p — 6) sinf B, (2.67)
\/2(1 — cot(p — 0) + cot?(¢ — 0))
From the equations (2.66) and (2.67), we reach
2cot(p —60) —1)sin@ + (2 — cot(p — 0)) cos b
(Bo ATh,)(s) = (2 cot( )—1) ( 2( ) cosb .,
/6 —6cot(p — 0) + 6cot?(p — 0)
1 t(p— 0
+ + cotly — 6) (2.68)
V6 —6cot(p —0) + 6cot2(p — 6)
+(2 cot(p — @) —1)cos@ + (cot(p —6) — 2) sin@B
/6 —6cot(p — ) + 6cot2(p — 0)
Differentiating (2.67), where
Gy =2 +4(IIZ‘CH) +4(II‘;‘CH)2_ (H:r/:jll):_i_ Q(H‘%‘jll)?’:_ (II‘T’Q‘CH)’(QH‘;KII —1)
- /
Gy = ,2+2(IIZ‘{H) ,4(”2{\\) +( IZ‘{H) —2( IZ‘{H) —( IZ‘{H) (1+ IIZ‘{H) (2.69)
= w Wil\2 W{\3 Wl\4 W1\ w
Cy = 2(”<p’H) _4(\\¢/II) +4(HWII) — 2 \WII) + (HWII) (2— HWII)7
including we can write
, ¢"*(Cysinp + (5 cos p)V3 ¢'*¢5V3
Ty (s) = 2 o Lt 2 / 12)2
o (W12 = IWlle" + ¢"2) AW = [Wlle" + ¢"2)
14 (F &
L#(G cosp = Gy sinp) V3 (2.70)

ANW2 = Wl +¢2)2

Iig 9 geodesic curvature ¢-Smarandache curve according to Bertrand curve is
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B _ (2cot(p —0) —1)¢; — (14 cot(p — 0)) ¢y + (2 — cot(p — 0)) 3
9 = .

. (2.71)
4v/2(1 + cot(p — 0) + (cot(e — 0))?) 2

Example. Let us consider the unit speed spherical curve:
2 1 2 1 4
a(s) = {g sin(2s) — m sin(88)7—g cos (2s) + m cos (8s), G sin (3s)}
in the context of definitions, we reach Spherical indicatrix curves (T*), (N*) and (B*) (see Figure

1) and Smarandache curves according to Sabban frame on S2. 8, 85, Bz, B4, By, B, By, Bg and
Bg (see Figure 2,3,4).

Figure 3: ,-curve B5-curve Bg-curve
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Figure 4: ,-curve Bg-curve By-curve
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