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1 Introduction and Preliminaries

The Bertrand of the curve is well known by the mathematicians especially the dif-
ferential geometry scientists. Bertrand curves have been studied by some authors|5,
6, 7|. Bertrand curves detected by J. Bertrand in 1850 are one of the important and
interesting matters of classical special curve theory. A Bertrand curve is defined
as a special curve which parallel its principal normals with another special curve,
called Bertrand partner curve. If the curve «q is Bertrand partner of «, then we
may write that

a1(s) = a(s) + A(s)N(s) (1.1)

where A=constant,[6] . It is proved in most studies on the subject that the char-
acteristic property of Bertrand curve is the existence of a linear relation between
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its curvature and torsion as [6],
A+ pr =1, p=—Acotf. (1.2)

where Z(T,T1) = 6. Whose position vector is composed by Frenet frame vectors
regular curve is called a Smarandache curve [10|. Special Smarandache curves have
been studied by some authors [1, 2, 4, 8]. K. Taskoprii, M. Tosun studied special
Smarandache curves according to Sabban frame on S? [9]. Senyurt and Cahgkan
investigated special Smarandache curves in terms of Sabban frame of spherical
indicatrix curves and they gave some characterization of Smarandache curves [3].
Let a : I — E® be a unit speed curve, we defined the quantities of the Serret-Frenet
apparatus, respectively

_ O//(S)
lla (s)II”

T(s) = o/(s), N(s) B(s) = T(s)AN(s), (s) = |T"(s)[l, 7(s) = (N'(s), B(s)).

(1.3)
we have an orthonormal frame {T', N, B} along a. This frames is called the Frenet
frame of «. This curve the Frenet formulae are, respectively, [6]

T'(s) = k(s)N(s), N'(s)=—r(s)T(s)+7(s)B(s), B'(s)=—-7(s)N(s). (1.4)

Let o : I — E3 and «, : I — E3 be the C%-class differentiable unit speed two
curves and the amounts of {T'(s), N(s),B(s)} and {T,(s), N,(s),B,(s)} are en-
tirely Serret-Frenet frames of the curves o Bertrand and the Bertrand partner o,
respectively, then [5]

T =cosfT —sindB, N, =N, B, =sinfT + cosfB (1.5)

For the curvatures and the torsions we have

Ak — sin® 0 sin’ 0
— = . 1.6
TN A = w) T (L.6)
In addition to
sinp, = sin(p —0), cosp, =cos(p—0), ¢, =¢', W[ =|W]. (1.7)

Let v : I — S? be a unit speed spherical curve. We denote s as the arc-length
parameter of . Let us denote by

Y(s) =7(s), t(s) =7"(s) d(s) =(s) At(s) (1.8)

{7(s),t(s),d(s)} frame is called the Sabban frame of v on S2. Then we have the
following spherical Frenet formulae of ~y

V' (s) =t(s), t'(s) = —v(s) + kg(s)d(s), d'(s) = —rg(s)t(s) (1.9)



where 4 is called the geodesic curvature of the curve v on S? which is
kg(s) = (t'(s),d(s)) [9]- (1.10)

2 Smarandache Curves Related to Sabban Frame
for Spherical Indicatrix of the Bertrand Curves
Pair

In this section, we investigate special Smarandache curves created by Sabban frame,
{1, Tr,, T, NTr, }, {N,, TN, N, ATy, } and {B,, T , B, A Tg }, that belongs to
spherical indicatrix of a a; curve are defined. We will find some results. These
results will be expressed depending on the Bertrand curve. Let o, (s) = T,(s),

Q. (s) = N,(s) and ag (s) = B,(s) be a regular spherical curves on S2. Sabban
frame for (7)), (NV,) and (B,) are, respectively

T1:T1a T'T1 :N17 711/\1_'T1 :B17 (21)
N, =N,
In, = —cos, T, +sing, B, (2.2)

N, NTn, =sing, T, +cosp, B,
and

B,=B,, Tp, = —N,, B,ATp =T,. (2.3)

From the equation (1.9), we have the following spherical Frenet formulae of (7)),
(N,) and (B,) are, respectively,

T =Tr, Tr,' =T, + 2T, ATy, (T, NTr,) = ——~Tp,, (2.4)
K Ky

1

/ !/

L) ¥y

N,/ =Ty, Ty'=-N N, ATy, (N, ATy ) =21 Ty | 2.5
¢TI Do = N A T B AT )= St (29)
and
/ ’ Ky ’ Ky
B1 :TB1’ ’TB1 :7B1+fBl/\TBI, (Bl/\TBl) :*7TBI~ (26)
Tl Tl

From the equation (1.10) we have the following geodesic curvatures of (7)), (NN,)
and (B,) are, respectively,
Ty T Ny 991/

B K
[ = d =%, 2.7
fo Tk e Tiw Y T @7
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B1-Smarandache Curve, can be described by,

1
Bi(s) = E(Tl +Tr, ), (2.8)
or from the equation (2.1), we can write
1
=— (T, + N,). 2.9
Bl(s) \/i( 1 + 1) ( )
Differentiating (2.8), we reach
1 T,
TBI :ﬁ(_Tl +N1+7B1)' (210)
2+ () 2

Considering the equations (2.9) and (2.10), with ease seen that

1 T T
Bi A Tp, = ———= (1T, = =N, +2B,). (2.11)
1

4—|—2(;—11)2 Ky !
Differentiating (2.10),

M= -2 (2)+ (2)(2),

Fq

am 230 () (2 (). 212
Ao =2(2) + ()" + ()
including we can write,
T}, = %(Alﬂ + XN, + AsB,). (2.13)
(2+@))
From the equation (1.10), (2.11) and (2.13), ﬁgl geodesic curvature of f; is
1
G- R e

Substituting the equations (1.5) and (1.6) into equation (2.9), (2.10), (2.11) and
(2.13), Sabban apparataus of the 1-Smarandache curve for Bertrand curve are

1
= —(cosOT + N —sin0B), 2.15
B1(s) \/i(cos sin 0 B) (2.15)
9\ sinf — 1 _ i
Ty = tan(p — ) sin — cos 0 N tan(p — 0) COSe—I—SlIl@B’ (2.16)
2 + tan?(p — 0) 2+ tan?(p — 0) 2+ tan?(p — 0)
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2sin 6 + tan(p — ) cos GT— tan(p — 6) N 2cosf — tan(p — 6) sm@B

ﬁlATﬁl =

\/4+2tan2(<p—0) \/4—|—2tan2(gp—9) \/4—|—2tan2((p—9) ’
(2.17)
Azsinf 4+ \; cos 0)v/2 A2V/2 A3 cosf — A\ sinf)y/2
T _ (Assin Sl );[T—i— 22\[_ 2N+( hikimis L );[B (2.18)
(2+tan®(p — 6)) (24 tan®(p — 6)) (24 tan“(p — 6))
and
1 _ — J—
kP = = (tan(p — 0) A1 + tan(p — 0) A2 + 2A3), (2.19)
(2 + tan?(p — 0))*
where

A1 = —2 —tan?(p — 0) + tan’ (¢ — 0) tan(p — 0)
A2 = —2 — 3tan?(p — 0) — tan*(p — 0) — tan’(p — 0) tan(p — 0) (2:20)
A3 = 2tan(p — 0) + tan®(p — ) + 2tan’(p — 0).

Bo-Smarandache Curve can be described by

Pa(s) = L(TTl +T, NTr,) (2.21)

[\

or from the equations (1.5) and (2.1), we can write

Ba(s) = %(siné)T + N + cosB). (2.22)

Differentiating (2.22), we can write

_ tan(p —0)sinf — cos tan(p — 0) N tan(p — ) cos @ — sin

T — J—
Pa 1+ 2tan?(p — 6) 1+ 2tan?(p — 6)2 V1 +2tan?(p — 0)

(2.23)

Considering the equations (2.22) and (2.23), with ease seen that

BZ/\T62:sm@+2tan(<p70)cos0T_ 1 N COS@*'J&H((,O*Q)SIH@B
\/2+4tan2(<p_9) \/2+4tan2(g0—0) \/2+4tan2(g0—0)
(2.24)

Differentiating (2.23), where



g1 = tan(p — 0) + 2tan3(¢ — 0) + 2tan’(p — 0) tan(p — 0)
Zo = —1 — 3tan?(p — 0) — 2tan*(p — 0) — tan’(¢ — 0) (2.25)
23 = tan?(p — 0) — 2tan(p — 0) + tan’(p — 0),

including we have

y (E3sinf + &1 cos 9)\/§T z2v/2 (Escosf — & Sine)\/i

b T 2tan(p—0)2 (14 2tan2(p—0)2 " (14 2tan’(p —0))?

B. (2.26)

ﬁgz geodesic curvature of f3-Smarandache curve according to Bertrand curve is

1
kP2 = —(2tan(p — 0)g1 — &2 + E3). (2.27)

(1 + 2tan?(p — 9))%

B3-Smarandache Curve, can be described by

1
Bals) = Z=(T, + T, + T, A Tr,) (2.28)
or from the equations (1.5) and (2.1), we can write
1 . :
Bs(s) = %<(sm0 +cos0)T + N + (cosf — s1n0)B). (2.29)

Differentiating (2.29), we reach

—9)sinb — cos 1
T, - tan(o — ) sin@ — cos 6 T4 N
V2(1 — tan(p — ) + tan?(p — 0)) V2(1 — tan(p — 6) + tan?(p — 9))
tan(o — ) cosf 4 sin (2.30)
V2(1 — tan(p — ) + tan?(p — 0))
Considering the equations (2.29) and (2.30), it is easily seen
(2tan(e — 0) — 1) cos 0 + (2 — tan(p — 0)) sin 6 1+ tan(p — 0)
B3 A Tﬁs = T —
V6 —6tan(p — 0) + 6tan2(p — 0) /6 — 6tan(p — 0) + 6tan2(p — 0)
n (2 —tan(p — 6)) cosf — (2tan(p — 0) — 1) sinBB (2.31)

/6 —6tan(p — 0) + 6 tan2(p — 0)
Differentiating (2.30), where
¢y = —2+2tan(p — ) — 4tan?(p — 0) + 2tan3(p — 0) — 2tan* (¢ — @) — tan’(¢ — 0)(1 + tan(e — 6))

b3 = 2tan(p — 0) — 4tan?(p — 0) + 4tan3 (¢ — 0) — 2tan(p — 0) 4 tan’(¢ — 0)(2 — tan(p — 0)),
(2.32)

{¢1 = —2+4tan(p — 0) — 4tan?(p — 0) + 2tan3(p — 0) + tan’ (¢ — 0)(1 — 2tan(p — 0))

including we reach



(f58in 60 + ¢, cos0)/3 - B,\/3

4(1 — tan(p — 0) + tan?(p — 0))2 (4(1 — tan(p — 0) + tan?(p — 0))2
(Byc030 — 3, 5m8)V3

4(1 — tan(p — 0) + tan?(p — 6))2 B. (2.33)

N

o
Tﬁsf

m§3 geodesic curvature of f3-Smarandache curve according to Bertrand curve is

(2tan(p — 0) = 1)¢, — (1 + tan(p — 6))¢, + (2 — tan(p — 0))d5

kDS = . (2.34)
4v2(1 — tan(p — 0) + tan?(¢p — 6)) 2
Bs4-Smarandache Curve, can be described by
1
Ba(s) = 7(N1 +Tn,) (2.35)
or from the equations (1.5), (1.7) and (2.2), we can write
Ba(s) = L( —cos T + N +sinpB). (2.36)
V2
Differentiating (2.36), we can write
T, — ¢'sing — [Wllcosp,, Wil ¢eosot [Wising (2.37)
V2[WI? + ¢ V2IW? + ¢ V2IWZ + ¢
Considering the equations (2.36) and (2.37), it is easily seen
/ 2 . / 2 _ ! o3
BAAT, — ' cosp + ||W||sm<pT7 ® N IW |l cosp — ¢ sing (2.38)

VAW + 2¢7 VAIWI2 + 272 VAIWI2 + 272

Differentiating (2.37), where

’ ’ ’

X1 =-2—( ‘%”/)u
X = =2 = 3(ey)* — (rivp)” — (rivg) (i) (2.39)
Xs = 2(qiey) + (i) + (rivy)"

including we can write

T}, = [W[*v/2(Xs3 sin ¢ — X, cos p) Ty X W4 V2 Nt [W[*v2(X5 sin ¢ + X3 COS(P)B
= 2 2 2 .
’ W2 + ¢72) (2[W? + ¢72) (2[W 2 + ¢72)

(2.40)



14354 geodesic curvature of S4-Smarandache curve according to Bertrand curve is

B 1 S0/ S0/
kP — i Y1 — (==X + 2X3). 241
g (2+(Hf{/”)2)g ((HWH) 1 (HWH) 2 3) ( )
Bs-Smarandache Curve, can be described by
1
65(8) = %(T’N1 + ]\/v1 A TNl) (242)

or from the equations (1.5), (1.7) and (2.2), we can write

ﬁ5(s):\%((sinap—cosgo)T—i—(singp—i—cosga)B). (2.43)

Differentiating (2.43), we can write

T, - ¢ (sin + cos )T — ||W||N + ¢'(cos ¢ — sincp)B. (2.44)

i VIIW? + 2

From the equations (2.43) and (2.44), we can write

By ATy, — (cosp +sin)T + 2¢' N + (cos ¢ — sin @)B. (2.45)

V2[IW1? + 4p"

Differentiating (2.44), where

§2 =-1 _/3(!WH )2 _/2(ll|w|\ )4 j (H‘fV\I )/ (2-46)
— (. _9(-¢ @y
03 = = (ipy)” = 2(pie)” + (o)
including we have,
4 9 oo _ 5 s 4 9
= IWIVIGysing —Fycosp) | BIWIVE
(W12 + 2¢72) (W12 +2¢2)
W ||*V/2(5 si J
WI3Gsing + Fycose) -
(W2 +2¢2)
555 geodesic curvature fs-Smarandache curve according to Bertrand curve is
W= (0B 5 ). (2.48)
G+ (D W]
Beg-Smarandache Curve, can be described by
1
Be(s) = E(Nl +Tn, + N, ANTy,) (2.49)



or from the equations (1.5), (1.7) and (2.2), we can write

1
Be(s) = %((singo —cosp)T + N + (singaJrcosgo)B). (2.50)
Differentiating (2.50), we have
T, — ¢'sing — (Wl —¢')cosp ., W]
° V2(IW2 = [Wle" + 2¢72) V2(IW2 = [W[e" + 2¢72)
¢eosp+ (W]l - ¢)sing (251)
V2(IW2 = IW]l¢" + 2¢2)
From the equations (2.50) and (2.51), we can write
_ @W = ¢")sing + (W] + ¢) cos g 2¢" — [|[W]]
B A Tﬁﬁ B 2 7 2 T 2 7 2
VO[WI2 = 6[W[e" + 6 VOIWI2 = 6][Wlle" + 6
o _ AP
W = ¢')cosp — (IWI| + &) sing 25
VO[WI2 = 6[W[e + 6p72
Differentiating (2.51), where
P = =2+ 4(qy) — 4(r)* + 2050y + 2(pfey) () — )
P2 = =2+ 2( ) — 4(ppp)? + 2(5i5y)° — 2(pfe)” = (i) L+ () (253)
Ps = 2(qfey) — Apimy)? + 4(pep)” — 250" + (o)’ 2 = (i)
including we can write
4 /A5 i = - 4
o WINVEGsne —meosg),  mIWINE o
AW 2 = [W]le" + ¢2) AW = [Wle' + ¢2)
VB + gy o)
2
AW = W le' + ¢2)
k176 geodesic curvature Bg-Smarandache curve according to Bertrand curve is
fo geodesi 86-S dach. ding to B d i
SD, . _ . . L/ _ . QPI _
o v = UP1 + (71— )P + (2 — pipp)Ps (255)
g 7 7 5 . .
4v2(1 - (HIfV”) + (||1fv\|)2)2
Br-Smarandache Curve, can be described by
1
B7(s) = E(B1 +Tg,) (2.56)

Nej



or from the equations (1.5) and (2.3), we can write

Br(s) = %(SineT—f—N—i-cosGB). (2.57)

Differentiating (2.57), we reach

T, - cot(p — ) cosﬁfsinﬂTi 1 Nﬁcot(gofe) sinf)fcosﬂB' (2.58)
2 + cot?(p — 0) 2 + cot?(p — 0) 2 + cot?(p — 0)

From the equations (2.57) and (2.58), we have

B ATy, = cot(<p—0)sin9+2cos9T cot(p — 0) cot(¢p — 6) cos — 2sinf
T V4 +2cot?(p — 0) V4 +2cot?(p — 0) V4 +2cot?(¢ — 0)
(2.59)

Differentiating (2.58), where

w1 = —2 — cot?(p — 0) + cot/ (¢ — ) cot(p — 0)
Wy = —2 — 3cot?(p — 0) — cot(p — ) — cot’(p — ) cot(p — 0) (2.60)
@3 = 2cotlsp — ) + cot®( — 0) + 2cot/( — 0),

including we can write

T = (wy sin 6 +2@3 COSQ)\ET, 522\@ N (wy cos b ;wg sin&)\/ﬁB' (2.61)
T (24 coti(p - 0))? (2 + cot™(p — 0))? (2 4 cot*(p — 0))?

K§7 geodesic curvature Sr-Smarandache curve according to Bertrand curve is

1
KT = - ((cot(p — 0)m1 — cot(p — 0)s + 23 ). (2.62)

! (2+cot?(p—0))*

Bs-Smarandache Curve, can be described by

1

58(8) \/ﬁ(TBl + 31 A\ TBl) (263)
or from the equations (1.5) and (2.3), we can write
1
Bs(s) = ﬁ(cos 0T — N —sin6B). (2.64)

Differentiating (2.64), we reach

cot(p — 0) cos§ — sinGT cot(p — 0) N_ cot(p — 6)sin @ + cosf
\/1+2cot2(cp—9) \/1+2c0t2(<p—6‘) \/1+2c0t2(<p—6‘)

Bs —
(2.65)

10



From the equations (2.64) and (2.65), we can write

2cot(p — ) sin b + cos 6 1 2cot(p — @) cos@ — sin b
Bs AT, = - T n N 2
V2 +4cot?(p — 0) V2 +4cot?(p — 0) V2 +4cot?(p — 0)
(2.66)

Differentiating (2.65), where

Wy = cot(p — 0) +2cot (¢ — 0) + 2 cot/ (p — 0) cot(p — )
Py = —1 — 3cot?(p — 0) — 2cot*(p — 0) — cot’ (¢ — 6) (2.67)
Py = —cot?(p — 0) — 2cot*(p — 0) + cot’(p — 0),

including we have

(11 sin @ + 15 cos 0)\/§T Pyy/2 N (11 cos O — 15 sin0)y/2

T = irzeolp—0)? | T+ 2000 T (12000 0)

B.
(2.68)

Iigs geodesic curvature fSg-Smarandache curve according to Bertrand curve is

1 -
Bs _ B - N |
5 = s zeori(p g7 CoHP O = ety (2:69)

Bo-Smarandache Curve, can be described by

1
=—(B,+T, +B, AT 2.70
Bo(s) \/g( B, B,) (2.70)
or from the equations (1.5) and (2.3), we can write
Bo(s) = L((Sine +cos)T — N + (cosf — sin9)B). (2.71)
V3

Differentiating (2.71), we have

T cot(p — 0) cosf — sin @ T 1 —cot(ep —0)
Bo = -
\/2(1 — cot(p — 0) + cot?(p — 0)) \/2(1 — cot(p — ) + cot?(p — 6))
cos 6 + cot(p — 6) sin 6

- \/2(1 — cot(p — 0) + cot* (¢ — 0))

N

B. (2.72)

From the equations (2.71) and (2.72), we reach
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Bo NTs, = (2cot(p —0) —1)sinf + (2 — cot(¢p — 0)) COSGT
V6 — 6cot(p — 0) + 6 cot?(p — 0)
1+ cot(p —0)
_|_
\/6 —6cot(p —0) + 6cot?(p — 0)
+(2 cot(¢p — 0) — 1) cos O + (cot(p — 0) — 2) sinHB

/6 — 6cot(p — 0) + 6cot?(p — 0)

Differentiating (2.72), where

¢, = _2+4(HW{H) +4(IIV'{H) _ (I\le\)2 + Z(M)S + (HW,II)’(QHVI{H ~1)
T, — —2+2(W0y gy fwiys o fwiye  dwiy g 7oy
> © © © © K ©
Gy = 2(125) a1ty & a3y 281y (1t o — )
including we can write
¢ ((ysinp + (o cos9)V3 ¢"(5V3

T} = T +
P AW 2 = [Wlle" +¢2)2 " 4
<P/4(§1 cosp — (o sin @)\/g

ANWIR = [Wlle" + )2

W2 = Wil +¢12)

_|_

ng‘v’ geodesic curvature Sg-Smarandache curve according to Bertrand curve is

o _ (2eotlp—0) = )T, = (1+cotlp = 0)G, + (2= cotlo = )G,
4v2(1 + cot(p — 0) + (cot(yp — 0))2)

K

5
g 2

Example. Let us consider the unit speed spherical curve:

2 1 2 1 4
a(s) = {3 sin (2t) — o sin(St),—g cos (2t) + 0 cos(8t),1—5

sin (31)}

(2.73)

(2.74)

(2.75)

(2.76)

in the context of definitions, we reach Spherical indicatrix curves (T)), (N,) and (B,) (see
Figure 1) and Smarandache curves according to Sabban frame on S2. £y, B2, 83, B4, Bs,

Be, Br, Bs and By (see Figure 2,3,4).
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Figure 3: (4-curve [s-curve [Bg-curve

Figure 4: (;-curve Bs-curve Bo-curve
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